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Abstract

SR and SZ algorithms for the symplectic (generalized) eigen-
problem that are based on the reduction of a symplectic matrix
to symplectic butterfly form are discussed. A 2n x 2n symplectic
butterfly matrix has 8n — 4 (generically) nonzero entries, which are
determined by 4n — 1 parameters. While the SR algorithm oper-
ates directly on the matrix entries, the SZ algorithm works with the
4n — 1 parameters. The algorithms are made more compact and effi-
cient by using Laurent polynomials, instead of standard polynomials,
to drive the iterations.

Dedicated to Professor Ludwig Elsner
on the occasion of his 60th birthday.

1. Introduction

This paper furthers the development of the family of @) R-like algorithms
for solving eigensystem problems. Professor Ludwig Elsner, to whom this
paper is dedicated, has made significant contributions to this development,
as demonstrated by both his own publications [13, 17, 30, 31, 32] and those
of his students [5, 11, 12, 14, 19, 25] (for example) and grandstudents.
Here we focus on symplectic matrices and pencils. Recent developments in
this area have been guided by the unitary case, which the symplectic case
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resembles to some degree. An important landmark has been the work of
Bunse-Gerstner and Elsner [13] on the unitary eigenvalue problem.

Symplectic (generalized) eigenvalue problems occur in many applica-
tions, e.g., in discrete linear quadratic optimal control, discrete Kalman
filtering, the solution of discrete algebraic Riccati equations, discrete sta-
bility radii and H..-norm computations (see, e.g., [23, 26] and the refer-
ences therein) and discrete Sturm-Liouville equations (see, e.g., [9]). The
solution of the symplectic (generalized) eigenvalue problem has been the
topic of numerous publications during the last 30 years. Even so, a nu-
merically sound method, i.e., a strongly backward stable method in the
sense of [10], is yet not known. The numerical computation of an invariant
(deflating) subspace is usually carried out by an iterative procedure like
the QR (QZ) algorithm; see, e.g., [26, 28]. The QR (QZ) algorithm is nu-
merically backward stable but it ignores the symplectic structure. In order
to develop fast, efficient, and reliable methods, the symplectic structure of
the problem should be preserved and exploited. Then important properties
of symplectic matrices (e.g., eigenvalues occurring in reciprocal pairs) will
be preserved and not destroyed by rounding errors.

Using the analogy to the continuous-time case, i.e., Hamiltonian eigen-
value problems, Flaschka, Mehrmann, and Zywietz show in [19] how to
construct structure-preserving methods for the symplectic eigenproblem
based on the SR method [16, 25]. This method is a Q) R-like method based
on the SR decomposition. In an initial step, the 2n x 2n symplectic ma-
trix is reduced to a more condensed form, the symplectic J-Hessenberg
form, which in general contains 2n% + 3n — 1 nonzero entries. As in the
general framework of GR algorithms [30], the SR iteration preserves the
symplectic J-Hessenberg form at each step and is supposed to converge to
a form from which eigenvalues and invariant (deflating) subspaces can be
read off. A 2n x 2n symplectic J-Hessenberg matrix is determined by 4n—1
parameters. The SR algorithm can be modified to work only with these
parameters instead of the 2n? +3n — 1 nonzero matrix elements. Thus only
O(n) arithmetic operations per SR step are needed compared to O(n?)
arithmetic operations when working on the actual J-Hessenberg matrix.
The authors note that the algorithm “...forces the symplectic structure, but
it has the disadvantage that it needs 4n—1 terms to be nonzero in each step,
which makes it highly numerically unstable. ... Thus, so far, this algorithm
is mainly of theoretical value.” [19, page 186, last paragraph].

Recently, Banse and Bunse-Gerstner [5, 3, 4] presented a new condensed
form for symplectic matrices, the symplectic butterfly form. The 2n x 2n
condensed matrix is symplectic, contains 8n — 4 nonzero entries, and is,
similar to the symplectic J-Hessenberg form of [19], determined by 4n — 1
parameters. As observed in [3] the SR algorithm preserves the butterfly
form in its iterations. It is pointed out that the SR algorithm can be



rewritten in a parameterized form that works with 4n — 1 parameters in-
stead of the (2n)? matrix elements in each iteration. Hence, the symplectic
structure, which will be destroyed in the numerical process due to round-
off errors, can easily be restored in each iteration for this condensed form.
There is reason to believe that an SR algorithm based on the symplec-
tic butterfly form has better numerical properties than one based on the
symplectic J-Hessenberg form; see Sections 3 and 5.

The 4n — 1 parameters that determine a symplectic butterfly matrix
B cannot be read off of B directly. Computing the parameters can be
interpreted as factoring B into the product of two even simpler matrices
M and N: B = M~'!N. The parameters can then be read off of M
and N directly. Up to now two different ways of factoring symplectic
butterfly matrices have been proposed in the literature [2, 6]. In Section
2 we will introduce these factorizations and consider their drawbacks and
advantages.

In Section 3 we will revisit the SR algorithm for symplectic butterfly
matrices. Such an algorithm was already considered in [3, 6]. In those pub-
lications, it is proposed to use a polynomial of the form p(\) = Hle (A—pu;)
to drive the SR step, just as in the implicit QR (bulge-chasing) algorithm
for upper Hessenberg matrices. Here we will show that it is better to use
a Laurent polynomial to drive the SR step. This reduces the size of the
bulges that are introduced, thereby decreasing the number of computa-
tions required per iteration. It also improves the convergence and stability
properties of the algorithm by effectively treating each reciprocal pair of
eigenvalues as a unit. The method still suffers from loss of the symplectic
structure due to roundoff errors, but the loss of symplecticity is normally
less severe than in an implementation using a standard polynomial, because
less arithmetic is done and the similarity transformations are generally bet-
ter conditioned. Moreover, using the factors M and N of the symplectic
butterfly matrix B, one can easily and cheaply restore the symplectic struc-
ture of the iterates whenever necessary.

To derive a method that is purely based on the 4n — 1 parameters that
determine B and that thus forces the symplectic structure, one needs to
work with the factors M and N. This leads us to develop (in Section 4)
an SZ algorithm for the matrix pencil M — AN, whose eigenvalues are
the same as those of the symplectic matrices M ~'N, NM~', MN~! and
N-'M.

Numerical examples are presented in Section 5.



2. Symplectic butterfly matrices and pencils

A matrix M € R*™*?" is called symplectic (or J-orthogonal) if
MJIMT =] (1)

(or equivalently, MT . JM = .J) and a symplectic matriz pencil M—AN, M, N €
R>"*?" is defined by the property

MJMT = NJNT, (2)

where
0o I,
J = { I, 0 } (3)

and I, is the n x n identity matrix. While symplectic matrices are non-
singular (M~! = JMTJT), a symplectic matrix pencil M — AN is not
necessarily regular, i.e., there is no guarantee that det(M — AN) does not
vanish identically for all A € C. M and N may be nonsingular or singular.
Hence (2) is in general not equivalent to M7 JM = NTJN.

The spectrum of a symplectic matrix pencil/matrix is symmetric with
respect to the unit circle. Or, in other words, the eigenvalues of symplectic
symplectic matrix pencils occur in reciprocal pairs: if A # 0is a (generalized
finite) eigenvalue, then so is A~!. Furthermore, if A = 0 is an eigenvalue of
a symplectic pencil, then so is oc. Let y”7 € R*"\{0} be a left eigenvector
of M — AN to the eigenvalue )\, then x = JM7Ty is a right eigenvector
to the eigenvalue A~!. Hence for symplectic matrices we have: if X is an
eigenvalue of M with right eigenvector z, then A~! is an eigenvalue of M
with left eigenvector (Jz)T. Further, if X\ € C is an eigenvalue of M (or
M — AN), then so are \, \™", A\—1.

A symplectic matrix

p[ o 2] NN
B B O INON

is called a butterfly matrix if By; and By are diagonal, and Bis and Bas
are tridiagonal. Banse and Bunse-Gerstner [3, 5] showed that for every
symplectic matrix M, there exist numerous symplectic matrices S such
that B = S™'M S is a symplectic butterfly matrix. In [3], an elimination
process for computing the butterfly form of a symplectic matrix is presented
(see also [6]).

where B;; € R™"",
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In [3], a strict butterfly matriz is introduced in which the upper left
diagonal matrix of the butterfly form is nonsingular. This allows the de-
composition of B into two simpler symplectic matrices:

S R NN e

where V = Bﬂl By is tridiagonal and symmetric. Hence 4n — 1 parameters
that determine the symplectic matrix can be read off directly. Obviously,
n of these parameters have to be nonzero (the diagonal elements of Bj;).
If any of the n — 1 subdiagonal elements of V' is zero, deflation can take
place; that is, the problem can be split into at least two problems of smaller
dimension, but with the same symplectic butterfly structure.

This decomposition was introduced because of its close resemblance to
symplectic matrix pencils that appear naturally in control problems. These
pencils are typically of the form

_ F 0 I _G _ T _ T nxn
M—AN_{H I}_A[OFT}’ FFG=G',H=H" e R"™".
(Note: For F # I, M and N are not symplectic.) Assuming that M and
N are nonsingular (that is, F' is nonsingular), we can rewrite the above
equation

[é FOT}(M—,\N):JTI—AJ\?:{F};H FOT}—AH _IG}.

(Note: M and N are symplectic matrices.) Solving this generalized eigen-
problem is equivalent to solving the eigenproblem for the symplectic matrix

~_ 1 F-! 0 I -G
-1 _
I

In [6], an unreduced butterfly matriz is introduced in which the lower
right tridiagonal matrix is unreduced, that is, the subdiagonal elements of
By are nonzero. Using the definition of a symplectic matrix, one easily
verifies that if B is an unreduced butterfly matrix, then Ba; is nonsingular.
As above, this allows the decomposition of B into two simpler symplectic
matrices:

A A NN N
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where T' = B2_11 B,5 is tridiagonal and symmetric. Hence 4n — 1 parameters
that determine the symplectic matrix can be read off directly. Obviously,
the diagonal elements of By have to be nonzero. If any of the n — 1 subdi-
agonal elements of T is zero, deflation can take place; that is, the problem
can be split into at least two problems of smaller dimension, but with the
same symplectic butterfly structure. Hence, 2n — 1 of the parameters de-
termining an unreduced butterfly matrix B € R***?" have to be nonzero.
The introduction of the class of unreduced butterfly matrices and the
associated decomposition (5) was motivated by purely theoretical consid-
erations. The unreduced butterfly matrices play a role analogous to that
of unreduced Hessenberg matrices in the standard QR theory [3, 6]. We
need a couple of definitions to start with. Given a symplectic matrix M,
we define generalized Krylov matrices K(M,v) by
K(M,v) = [v,M tv,...,M " v, Mv, M?v,...,M"]. (6)

Y

A matrix R is called J-triangular if

AR

where all submatrices R;; € R"*" are upper triangular and R, is strictly
upper triangular. By e;,7 = 1,...,m we will denote the jth unit vector in
R™.

(7)

LEMMA 1. Let B = S 'MS, where S and M are symplectic, and B is
a symplectic butterfly matriz. Let R = ST'K(M,Se;) = K(B,e1). Then
R is J-triangular. Furthermore, R is nonsingular if and only if B is an
unreduced butterfly matriz.

The proof is straightforward. As a first consequence of Lemma 1, we note
that the equation K(M, Se;) = SR gives a factorization of (M, Se;) into
a symplectic matrix times a J-triangular matrix, i.e., an SR factorization.
If B is unreduced, then R is nonsingular, and the SR factorization is essen-
tially unique [12]. (Precisely, the factorization is unique up to symplectic,
J-triangular factors, which can be passed back and forth between S and
R. Symplectic, J-triangular matrices have the form

c' F
RE ®)
where C and F are diagonal matrices. We will call these trivial matrices.)
Given M, the matrix K(M, Se;) is determined by the first column of S.
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The essential uniqueness of the factorization (M, Se;) = SR tells us that
the transforming matrix S for the similarity transformation B = S~tM S is
essentially uniquely determined by its first column. This implicit-S theorem
can serve as the basis for the construction of an implicit SR algorithm for
butterfly matrices, just as the implicit-Q) theorem [21, § 7.4.5] provides a
basis for the implicit QR algorithm on upper Hessenberg matrices. In both
cases uniqueness depends on the unreduced character of the matrix.

Obviously, not every unreduced butterfly matrix B is a strict butterfly
matrix, but B can be turned into a strict one by a similarity transformation
by a trivial matrix (8). Numerous choices of C' and F will work. Thus, it
is practically true that every unreduced butterfly matrix is strict. In [6] it
is shown that the converse is false. There are strict butterfly matrices that
are not similar to any unreduced butterfly matrix.

Because not every strict butterfly matrix is unreduced, the class of strict
butterfly matrices lacks the theoretical basis for an implicit SR algorithm.
If one wishes to build an algorithm based on the decomposition (4), one
is obliged to restrict oneself to unreduced, strict butterfly matrices. The
following considerations show that this is not a serious restriction.

REMARK 2. If both Bj; and Bs; are nonsingular, then the matrices
V= B1_11B12 and T = B2_11B22 are related by V =T — Bl_llBQ_f. Thus the
off-diagonal entries of V' and T' are the same. It follows that corresponding
off-diagonal entries of Bys and Bas are either zero or nonzero together. In
connection with the decomposition (4), this implies that whenever B is
not unreduced, V will also be reducible, and we can split the eigenvalue
problem into smaller ones.

This relationship breaks down, however, if Bo; is singular. Consider,
for example, the class of matrices

1 0‘ a g
101 g c
B= 1 0j14a g
0 0 0 1

with g # 0. These are strict butterfly matrices for which Bj, is unreduced
but Bs is not. Notice that the (2,2) and (4,4) entries are eigenvalues and
can be deflated from the problem.

In general, if By is singular, a deflation (and usually a splitting) is pos-
sible. If (Ba1)i; = 0, then (B1);,; must be nonzero, since B is nonsingular.
This forces (BQQ)Z'7Z'_1 = (BQQ)Z"Z'+1 = 0, because BlT;lBQQ — B2TlBlQ =1.1t
follows that (Bi1);; and (Ba22);,; are a reciprocal pair of eigenvalues, which
can be deflated from the problem. Unless ¢ = 1 or ¢ = n, the remaining
problem can be split into two smaller problems.
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In [3] (see also [6]), an elimination process for transforming a symplectic
matrix to butterfly form is given. Based on this reduction process, an SR
algorithm for computing the eigenvalues of symplectic butterfly matrices
can be developed; see Section 3. The method works explicitly with the
butterfly matrix B. Roundoff errors will destroy the symplectic structure.
However, because the butterfly form is very compact, one can easily and
cheaply restore the symplectic structure of the iterates whenever necessary
by making use of the decompositions (4) or (5). See the next section for
details. As the parameters that determine a symplectic butterfly matrix
cannot be read off directly, one should work with the decompositions B =
M~IN (4) or (5) in order to develop a method that is purely based on the
parameters and thus forces the symplectic structure. This leads us to take
a closer look at the symplectic pencil M — AN.

Before doing so, we introduce some notation. The diagonal entries
of By will be denoted by by,...,b, and the diagonal entries of By by

ai,...,a,. The symmetric tridiagonal matrix T' = B2_11 Bss will be denoted
by
¢ dy
T = d2 Co (9)
dn
dn cp

The symplectic butterfly matrix B can be decomposed into the product
M~'N asin (4) or (5). Instead of considering the symplectic eigenproblem
Bz = Az, the generalized eigenproblem (AM — N)z = 0 or equivalently
(M — AN)z = 0 can be considered. For the decomposition (4) we obtain

3 _[ B3 o0 ]_ IV
A I Y S TS

while for (5) we obtain

| Bax —Bn B 0 —-I
v [BB B[ A @

It is well-known, see, e.g., [24, 26] that if M — AN is a symplectic matrix
pencil, Q € R>"*?" is nonsingular, and S € R?"*?" is symplectic, then
Q(M — AN)S is a symplectic matrix pencil and the eigenproblems M — AN
and QM S — AQN S are equivalent. Obviously the eigenproblems Mz — AN,
and M, — AN, are equivalent: Q(M; — AN,) = M,, — AN,, where

0 -1
Q= [ I BB, }



Hence, if x4 is a right eigenvector of My — AN;, then z, = z, is a right
eigenvector of M, — AN,. If y, is a left eigenvector of M, — AN, then
ys = QTy, is a left eigenvector of M, — AN,.

Which of these two equivalent eigenproblems should be preferred in
terms of accuracy of the computed eigenvalues? As a measure of the sensi-
tivity of a simple eigenvalue of the generalized eigenproblem A — AB, one
usually considers the reciprocal of

V(" Az)? + (y" Ba)?
(]2 [1y]l2

(12)

as the condition number, where z is the right eigenvector, y the left eigen-
vector corresponding to the same eigenvalue u. If the expression (12) is
small, one says that the eigenvalue p is ill conditioned. Let A be an eigen-
value of B, z, and y, the corresponding right and left eigenvectors of
M, — AN,, and z; = z, and y; = QTy, the corresponding right and left
eigenvectors of My — AN,. Simple algebraic manipulations show

lzslla = llzull2,
|y£IMs$S| = |y5[Mu$U|
‘nysws| = |nyu37u‘a
while ||ys|la = [lyL Q||2. Therefore, the expressions for the eigenvalue con-

dition number differs only in the 2-norm of the respective left eigenvector.
Tests in MATLAB! indicate that the pencil M, — AN, resolves eigenvalues
near 1 better then the pencil M, — AN,,, while M,, — AN,, resolves eigen-
values near v/—1 better. For other eigenvalues both pencils show the same
behavior. Hence, from this short analysis there is no indication whether to
prefer one of the pencils because of better numerical behavior.

In [3] an elimination process for computing the reduced matrix pencil
form (10) of a symplectic matrix pencil (in which both matrices are sym-
plectic) is given. Based on this reduction process, an SZ algorithm for
computing the eigenvalues of symplectic matrix pencils of the form (10)
can be developed. As the algorithm works on the factors of the butterfly
matrix, it works directly on the 4n — 1 parameters that determine a sym-
plectic butterfly matrix. An elimination process for computing the reduced
matrix pencil form (11) of a symplectic matrix pencil (in which both matri-
ces are symplectic) is given in Section 4. Based on this reduction process,
an SZ algorithm for computing the eigenvalues of symplectic matrix pen-
cils of the form (11) is developed. It turns out that the SZ algorithm for
the pencil (11) requires slightly fewer operations than the SZ algorithm
for the pencil (10); see Section 4 for details.

TMATLAB is a trademark of The MathWorks, Inc.
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3. SR algorithm

Eigenvalues and eigenvectors of symplectic butterfly matrices can be com-
puted efficiently by the SR algorithm [12], which is a @R-like algorithm
in which the QR decomposition is replaced by the SR decomposition. Al-
most every matrix A € R*™*?" can be decomposed into a product A = SR
where S is symplectic and R is J-triangular (7). The SR algorithm is an
iterative algorithm that performs an SR decomposition at each iteration. If
B is the current iterate, then a spectral transformation function q is chosen
(such that ¢(B) € R***?") and the SR decomposition of ¢(B) is formed,
if possible:
q(B) = SR.

Then the symplectic factor S is used to perform a similarity transformation
on B to yield the next iterate, which we will call B:

B=S"'BS. (13)

If rank(¢(B)) = 2n and B is a symplectic butterfly matrix, then so is B in
(13) [3, 5]. If rank (¢(B)) = 2n—v =: 2k and B is an unreduced symplectic
butterfly matrix, then B in (13) is of the form (see [6] for a proof)

N _ -
( \ |:| \ |:| B | Bis Tk
~ B B n—k
B= < =5t { L (14)
31 33
\ \ B Bua fn—k
L |:| |:| 1~ ~ ~ =~
k n—-k k n-k
where
. 511 513 is a symplectic butterfly matrix and
Bs1  Bss
° the eigenvalues of §22 §24 are just the v shifts that are eigen-
12 By
values of B.

An algorithm for computing S and R explicitly is presented in [14]. As
with explicit QR steps, the expense of explicit SR steps comes from the
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fact that ¢(B) has to be computed explicitly. A preferred alternative is
the implicit SR step, an analogue to the Francis QR step [20, 21, 22]. The
first implicit transformation Sy is selected so that the first columns of the
implicit and the explicit S are equivalent. That is, a symplectic matrix Sy
is determined such that

S7'q(B)e; = aey, a € R.

Applying this first transformation to the butterfly matrix yields a symplec-
tic matrix S; ' BS; with almost butterfly form having a small bulge. The
remaining implicit transformations perform a bulge-chasing sweep down
the subdiagonals to restore the butterfly form. That is, a symplectic ma-
trix Sy is determined such that 5515;135152 is of butterfly form again.
As the implicit SR step is analogous to the implicit QR step, this technique
will not be discussed here. The algorithm for reducing a symplectic matrix
to butterfly form as given in [3, 6] can be used as a building block for the
implicit SR step. An efficient implementation of the SR step for symplec-
tic butterfly matrices involves O(n) arithmetic operations. Hence a gain
in efficiency is obtained compared to the SR algorithm on J-Hessenberg
matrices where each SR step involves O(n?) arithmetic operations.

A natural way to choose the spectral transformation function ¢ is to
choose a polynomial pa(\) = A—p)(A—p~) forp € R (or p € C, |p| = 1)
or pa(A) = A=) A=p= " )Y(A=1)(A—p~1) for p € €, as these choices make
use of the symmetries of the spectrum of symplectic matrices. A better
choice is a Laurent polynomial g2(A) = A" 1pa(A) or g4(A) = A 2ps(N).
Each of these is a function of A + A~1. For example,

) = A2 = (p+pT A E DAY
+(p+p DHE+pt) -2

At first it would appear not to matter whether ps or g4 is used to
drive the SR step; the outcome should be essentially the same: An SR
iteration driven by p4 has the form B = S~!BS, where S comes from an SR
decomposition: ps(B) = SR . On the other hand, q4(B) = B~ %ps(B) =
(B72S)R, which is an SR decomposition of ¢4(B). Thus an SR iteration
driven by g4 gives (B~2S) 'B(B~2S) = S"'BS = B, the same as for py.
This equation ignores the fact that the SR decomposition is not uniquely
defined. S is at best unique up to right multiplication by a trivial matrix
(8). Consequently B is only unique up to a trivial similarity transformation.
The B that is obtained in practice will depend upon whether ps or g4
is used to drive the step. In principle any undesirable discrepancy that
arises can be corrected by application of a similarity transformation by a
trivial matrix. Note, however, that a trivial matrix can be arbitrarily ill
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conditioned. Thus one transformation could be much better conditioned
than the other.

The convergence theory of GR algorithms [30] suggests that Laurent
polynomials will be more satisfactory than ordinary polynomials from this
standpoint. If symplectic structure is to be preserved throughout the com-
putation, eigenvalues must be deflated in pairs: when X is removed, A~!
must also be removed. Thus we want eigenvalues A and A~! to converge
at the same rate. The convergence of GR algorithms is driven by conver-
gence of iterations on a nested sequence of subspaces of dimensions 1, 2,
...y 2n— 1, [29], [30]. If iterations are driven by a function f, the rate
of convergence of the subspaces of dimension k is determined by the ra-
tio | f(Ak+1)1/] f(Ak)|, where the eigenvalues of f(B) are numbered in the
order

[FOD) [ > fA2) >+ > [f(Nan) |- (15)

If f is a Laurent polynomial ¢ of the type we have proposed to use, then
q(\) = q(A71) for every A, so each eigenvalue appears side-by-side with
its inverse in the ordering (15). The odd ratios | f(X2;)|/| f(A2;-1)| are all
equal to one; only the even-dimensional subspaces converge. Reciprocal
pairs of eigenvalues converge at the same rate and are deflated at the same
time.

In contrast, if f is a regular polynomial p(\) = A¥¢(\), then for any
eigenvalue \ satisfying |A| > 1, we will have p(\) = A2¥p(A~1), whence
Ip(\)| > |p(A~!)|. Thus the underlying subspace iterations will tend to
force A and A\~! to converge at different rates. Suppose, for example, B
has a single real eigenvalue \; such that p(\;) dominates all the other
eigenvalues. Then the odd ratio |p(A2)|/|p(A1)] is less than one, and the
sequence of one-dimensional subspaces will converge. This tends to force
ay, the first entry of Bsy, toward zero. If, after some iterations, a; becomes
effectively zero, then by, the first entry of B, will have converged to A;.
As we already noted in Remark 2, the symplectic structure then forces the
(1,1) entry of By to be A\]' and allows a deflation. According to the GR
convergence theory, the eigenvalue that should emerge in the (1, 1) position
of Bas is Ao, where p(A2) is the second largest eigenvalue of p(B). If, as may
happen, Ay # A; ', we have a conflict between the symplectic structure and
the convergence theory. This apparent contradiction is resolved as follows.
The convergence of the matrix iterates depends not only on the underlying
subspace iterations, but also on the condition numbers of the transforming
matrices S [30]. Convergence of the subspace iterations may fail to result in
convergence of the matrix iterations if and only if the transforming matri-
ces are ill conditioned. The tension between the symplectic structure and
the convergence of the subspace iterations is inevitably resolved in favor of
the symplectic structure through the production of ill-conditioned trans-
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forming matrices. This is clearly something we wish to avoid. Example 5
in Section 5 demonstrates that situations like this do arise and can have
undesirable consequences.

Apart from these considerations, the Laurent polynomial is superior
because it allows a more economical implementation than the standard
polynomial does. For symplectic butterfly matrices B,

4
pa(B)e; = Zj:l (Bjej +vjen+j)
has (generically) eight nonzero entries, whereas
q4(B)er = aje; + azes + azes

has only three nonzero entries. For the implicit SR step driven by gy,
a symplectic matrix S has to be determined such that Sgs(B)e; = Me;.
Applying S to B yields

+ o+
x +
+ =

R

+
+

++r e
+aaae

8

8884+ 4+
|

++ &
+ 8 +
8 ++
++a 8
+ 888
8RR 4

8

88 R4+ 4+

where the undesired elements are denoted by +. If we use p4 instead of g4,
the bulge is one row and one column larger in each quadrant of the matrix.
Thus we prefer g4 over ps (and, similarly, g» over p2) also from the point
of view of computational cost.

If the chosen shifts are good approximate eigenvalues, we expect defla-
tion at the end of the SR step as indicated in (14). We propose a shift
strategy similar to that used in the standard QR algorithm. For example,
for a quadruple shift, we choose the 4 eigenvalues of the 4 x 4 symplectic
submatrix

anl,nfl Bn71,2n71 Bn71,2n

G = Bn,n Bn,2n—1 Bn,2n
B2n71,n71 B2n71,2n71 B2n71,2n

B2n,n B2n,2n71 B2n,2n

denoting the entries of B by B;;. There is no need to compute the eigen-
values of G. Comparing p4(B) with the characteristic polynomial of G we
obtain

ps(B) = B* = B(B* + B) +yB* + 1
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where
B = trace(Q)
v = (Bp=1,n=1 + Bon—1,2n-1)(Bn,n + Ban2n) +2 — Bop_1,2nBon 2n—1

(bnfl + anflcnfl)(bn + ancn) +2- anflandi-

Hence q4(B) = p4(B)B~2 = (B+ B™')2 = 3(B+ B~1) + (y — 2)I and the
first column of g4(B) is given by

q4(B)61 = [(b1 + a1c1)2 + alagdg — ﬂ(bl + alcl) + Y — 2]61 (16)
+ [a1da (b2 + asca + b1 + arc1 — B)les + arazdadses.

This is exactly the generalized Rayleigh-quotient strategy for choosing
shifts proposed by Watkins and Elsner in [30]. Hence, the convergence
theorems Theorem 6.2, 6.3, and 6.5 from [30] can be applied here. In
particular, the butterfly SR algorithm is typically cubically convergent.
Let By be a symplectic butterfly matrix with distinct eigenvalues. Let (B;)
be the sequence generated by the SR algorithm starting from By, using the
generalized Rayleigh-quotient shift strategy with polynomials of degree m.
Then, from Theorem 6.5 in [30], it follows that under certain additional

3

assumptions, if each of the iterates

(9) ()
PB;P" = [Xl&) X}%],
X21 X22

2nx2n
where P = [61,63,...,egn_1,62764,...,62n] €cR s

satisfies HXl(;)H = HX2(Z1)H for some fixed norm || - ||, then the iterates con-
verge cubically if they converge. In order to see that our iterates always
satisfy this constraint, we first note that any unreduced symplectic but-
terfly matrix is similar to an unreduced butterfly matrix with b; = 1 and
la;| =1fori=1,...,n and sign(a;) = sign(d;) for i = 2,...n (this follows
as the reduction to butterfly form is not unique, it is only unique up to
scaling by a trivial matrix (8)). Clearly, we can modify the butterfly SR
algorithm such that each iterate satisfies these constraints. Consider for
each iterate B;

Xy x

PB;PT =
’ Xy x4

‘| , XQ(;) e ]R,2l><2l,

where 2/ is the degree of the shift polynomials p;(A\) = Mg;()\). As for
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k=n-101+1
0 -+ 0 bpdg 0 0 0O -+ 0
0 - 0 apdy : : : :
L N S I R
: : : 0 bp_1dy 0 --- 0
0O -+ 0 0 0 ap_1di O --- 0

and by_; = by = 1,]ag| = 1, we have

X llr = /242 = [|X3]|F.

Hence from Theorem 6.5 in [30] we obtain that the convergence rate of the
butterfly SR algorithm is typically cubic.

REMARK 3. a) The SR algorithm based on the reduction to unreduced
J-Hessenberg form as proposed by Flaschka, Mehrmann and Zywietz in [19]
does not typically converge cubically; there is no guarantee that the iter-
ates always satisfy the constraint discussed above.

b) One hypothesis of the convergence theorems given in [30] is (modified
slightly to fit the situation given here): Let Ag € R*"**", and let q be a
Laurent polynomial. Let \q, ... \ay, denote the eigenvalues of Ag, ordered so
that |q(A1)| > |g(A2)| > ... > |q(Aan)|. Suppose 2k is a positive integer less
than 2n such that |qg(Azr)| > [¢(A2k+1)], let p = |g(Aak+1)]/1a(A2k)|, and let
(gi) be a sequence of Laurent polynomials such that ¢; = q and g;(A;) # 0
forj=1,...,2k and alli. LetU be the invariant subspace of PAoPT asso-
ciated with Aogy1, ..., Aapn, and suppose spandey, ..., ear} NU = {0}. Tt is
pointed out in [30] that the condition span{es, ..., ea} NU = {0} is auto-
matically satisfied for unreduced Hessenberg and unreduced J-Hessenberg
matrices. This condition also holds for any unreduced symplectic butterfly
matrix (see [18] for details).

By applying a sequence of double or quadruple shift SR steps to a
symplectic butterfly matrix B it is possible to reduce the tridiagonal blocks
in B to quasi-diagonal form with 1 x 1 and 2 x 2 blocks on the diagonal.
The eigenproblem decouples into a number of simple symplectic 2 x 2 or
4 x 4 eigenproblems. In doing so, it is necessary to monitor the off-diagonal
elements in the tridiagonal blocks of B in order to bring about decoupling
whenever possible. Decoupling occurs if d; = 0 for some j as

By | Bis
B =
[ By | B2 }
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( by bici —al'  bida 1
bads ' '
bn—1dn )
_ — bn — — bndn  bncn —a, (17)
azds
L an—1dn
an andn OnCn h

OI“, equivalently, if (B12)j,j—1, (B12)j—1,j, (BQQ)j7j_1, and (BQQ)]'_17]‘ are si-
multaneously zero.

When dealing with upper Hessenberg matrices, as in the QR setting,
decoupling occurs whenever a subdiagonal element becomes zero. In prac-
tice, decoupling is said to occur whenever a subdiagonal element in the
Hessenberg matrix H is suitably small. For example, in LAPACK [1] if

hpt1.p] < eullhpp| + [hps1,p41l)

for some small constant ¢ and the unit roundoff u, then hj , is declared
to be zero. This is justified since rounding errors of order u||H|| are already
present throughout the matrix.

Taking the same approach here, we check whether

max{|(Bi2)i,i-1|,[(Bi2)ii+11} < €([(Bi2)i—1,i—1| + [(Bi2)iil)
max{|(Ba2)i,i-1], [(B22)iit11} < €([(B2a)i-1,i—1| + [(B22)iil)

are simultaneously satisfied, in this case we will have deflation. Here € is
some small constant, e.g., € = cu.

We proceed with the process of applying double or quadruple SR steps
to a symplectic butterfly matrix B until the problem has completely split
into subproblems of dimension 2 or 4. In a final step we then have to
solve these small subproblems in order to compute a real Schur-like form
from which eigenvalues and invariant subspaces can be read off. That is,
in the 2 x 2 and 4 x 4 subproblems we will zero the (2, 1) block (if possible)
using a symplectic transformation. In case the 4 x 4 subproblem has real
eigenvalues we will further reduce the (1,1) and (2,2) blocks. Moreover,
we can sort the eigenvalues such that the eigenvalues inside the unit circle
will appear in the (1,1) block. For a detailed discussion see [18].

As mentioned in the introduction, Flaschka, Mehrmann, and Zywietz
presented a structure-preserving method for the symplectic eigenproblem
based on the SR method in [19]. That method first reduces the symplectic
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matrix M to symplectic J-Hessenberg form, that is to a matrix of the form

NN
NN

where the (1,1)—,(2,1)— and (2,2)—blocks are upper triangular and the
(1,2)—block is upper Hessenberg. The SR iteration preserves this form at
each step and is supposed to converge to a form from which the eigenvalues
can be read off. An efficient implementation of the SR step for symplectic
J-Hessenberg matrices requires O(n?) arithmetic operations; hence no gain
in efficiency is obtained compared to the standard Hessenberg QR algo-
rithm. Further, the authors report the loss of the symplectic structure due
to roundoff errors after only a few SR steps. As a symplectic .J-Hessenberg
matrix looks like a general J-Hessenberg matrix, it is not easy to check and
to guarantee that the structure is kept invariant in the presence of roundoff
errors. Two examples, one involving a 6 X 6, the other a 12 x 12 symplectic
matrix, are given demonstrating the loss of the symplectic structure.

The symplectic butterfly SR algorithm discussed here also destroys the
symplectic structure of the butterfly matrix due to roundoff errors. How-
ever, the very compact butterfly form allows one to restore the symplectic
structure of the iterates easily and cheaply whenever necessary. This can
be done using either one of the two decompositions (4), (5) of a symplectic
butterfly matrix discussed in Section 2. Whichever decomposition is used,
one assumes that the two diagonal blocks of the butterfly matrix are exact.
That is, one assumes that the parameters ay,...,ay,,b1,...,b,, which can
be read off of the butterfly matrix directly, are correct. Then one uses them
to compute the other 2n — 1 parameters. Using, e.g., the decomposition
(5) one obtains different formulae for the other parameters

¢t = Brinktn/ak
= (Brgsns1 +a; ) /by
dr = B ktn—1/bk

= Bj_1k+n/br=1

= Biink+n_1/0k

= Biin—1k+n/0k—1

Adding the terms on the right hand sides and averaging, corrected values for
the parameters ¢j and dj, are obtained (in actual computations one should
use only those terms for which the numerical computations are save, e.g.
in case by, is zero or very small, the equations with this term are not used).
Using the so obtained parameters, one computes new entries for the (1,2)—
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and (2, 2)—block of the butterfly matrix. Using this procedure to force the
symplectic structure whenever necessary, the SR algorithm based on the
butterfly form has no problems in solving the two abovementioned examples
given by Flaschka, Mehrmann, and Zywietz in [19]; cubic convergence can
be observed, see Section 5.

4. SZ algorithm

In this section we develop an algorithm for computing the eigenvalues of a
symplectic butterfly matrix B that is purely based on the parameterization
of the butterfly matrices in the iteration process and thus preserves the
symplectic structure automatically. No additional adjustments like the ones
described at the end of the last section will be necessary. The algorithm
will work with just the 4n — 1 parameters that determine B.

In order to derive such a method, one should work with the factoriza-
tion B = M~'N (4) or (5), as the parameters of B can be read off of M
and N directly. The eigenvalue problem M~!'Nz = Az is equivalent to
(AM — N)z = 0 and (M — AN)z = 0 because of the symmetry of the spec-
trum. In the latter equations the 4n — 1 parameters are given directly. An
SZ algorithm will be developed to solve these generalized eigenproblems.
The SZ algorithm is the analogue of the SR algorithm for the general-
ized eigenproblem, just as the QZ algorithm is the analogue of the QR
algorithm for the generalized eigenproblem. Both are instances of the GZ
algorithm [32].

Each iteration step begins with M and N such that the corresponding
butterfly matrix B = M ~'N is unreduced. Choose a spectral transforma-
tion function ¢ and compute a symplectic matrix Z; such that

Zl_lq(Mle)el = ae;
for some scalar a. Then transform the pencil to
M — AN = (M — AN)Z,.

This introduces a bulge into the matrices M and N. Now transform the
pencil to - R . o
M — AN =S~ (M — AN)Z,
where M and N are in form (10) or (11), depending on the form of M and
N, S and 7 are symplectic, and Zer = e1. This concludes the iteration.
Letting Z = Z1Z, we have

o~

M —AN =S5""(M - \N)Z.
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The symplectic matrices M~ 'N and NM~! are similar to M~'N and
NM~1, respectively. Indeed

M-'N=2z"YM"'N)Z and NM~'=8"'NM~'S.

The following theorem shows that these similarity transformations amount
to iterations of the SR algorithm on M !N and NM 1.

THEOREM 4. There exist J-triangular matrices R and U such that
q(NM')=SR and q(M 'N)=ZU.

Proof.  The transforming matrix Z was constructed so that Ze; =
Z1Zey = Ziey = a”'q(B)e;, where B= M~!N. Now

q(B)K(B, e1) = K(B, q(B)ey) = ak(B, Ze1) = aZK(B, e1),

where B = Z='BZ = M~'N. By Lemma 1, K(B,e;1) and K(ﬁ,el) are
J-triangular, and K (B, e;) is nonsingular. Hence ¢(M~!'N) = ZU, where

U = aK(B,e))K(B,ey)™!

is J-triangular.

The proof that ¢(NM 1) equals SR depends on which of the decom-
positions (10) or (11) is being used. If (11) is being used, M and M
are J—triangula;\matrices, SO ]\7_161 = fBe; and MEL = ey for some [
and . Since M = S 'MZ, we have Sey = MZM ‘e, = BMZe; =
Ba*Mq(M~tN)ey = Batq(NM)Me; = Batyq(NM 1')e;. Thus
q(NM~1)e; = 6Se; for some nonzero 4. Since the matrices C = NM 1
and C = NM~! are butterfly matrices, and C' is unreduced, we can now
repeat the argument of the previous paragraph with B replaced by C' to
get (NM~1) = SR, where R = 6K(C,e1)K(C,e;)~! is J-triangular.

If the decomposition (10) is being used, M is not J-upper triangular.
However, since J\A/'_lel =e angl Ney = er, we can use the equation N =
STINZ in the form S = NZN ! to prove that q(NM 1)e; = §Se; for
some 4, as above. In this case C and C are not butterfly matrices, but their
inverses are. Thus one can show, as above, that ¢q(NM ') = SR, where
R=6K(C1,e))K(C1,e1) L. O

We now consider the details of implementing an SZ iteration for the
symplectic pencil (11). The spectral transformation function ¢ should be
chosen as discussed in Section 3. Computation of ¢(M~'N)e; does not
require explicit inversion of M. As M ~!'N is of butterfly form, we can use
directly the formula (16) in order to determine (M ~'N)e;. Applying Z; "
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to M — AN introduces a bulge. The main part of the iteration is a bulge
chasing process that restores M Z; * and NZ; ' to their original forms.
We refrain from discussing the bulge chasing process in detail as the
implicit SZ step is analogous to the implicit QZ step. Instead we will
present an algorithm for reducing a symplectic matrix pencil M — AN
where M and N are both symplectic to a reduced pencil of the form (11).
Such an algorithm can be used as a building block of the SZ step. The
algorithm uses the following elementary symplectic transformations:

e symplectic Givens transformation

I
C S
_ In—k:
G(k,c,s) = - ,
—S C
Infk
e symplectic Householder transformation
Iy ‘ .
P vV
H(k,v) = - , where P = I, _py1 — ZE,
P
e symplectic Gauss transformation
( I—» 7
c d
c d
Infk
L(k,c,d) =
(k.. —
C—l
L
In—k: .

e symplectic Gauss transformation of type II,

Iy

L(k,c,d) =
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The symplectic Givens and Householder transformations are orthogonal,
while the symplectic Gauss transformations are nonorthogonal. Algorithms
to compute the entries of the abovementioned transformations can be found,
e.g., in [27] and [15]. The Gaussian transformations can be computed such
that among all possible transformations satisfying the same purpose, the
one with the minimal condition number is chosen.

Zeros in the rows of M and N will be introduced by applying one of
the above mentioned transformations from the right, while zeros in the
columns will be introduced by applying the transformations from the left.
The basic idea of the algorithm can be summarized as follows:

e bring the first column of NV into the desired form
e now iterate for j =1ton
— bring the jth row of M into the desired form
— bring the jth column of M into the desired form
— bring the (n + j)th column of N into the desired form
— bring the jth row of N into the desired form

The remaining rows and columns in M and N that are not explicitly
touched during the process will be in the desired form due to the sym-
plectic structure. For an 8 x 8 symplectic matrix pencil, the elimination
process can be summarized as in the following scheme.

* 8,Gret  T,GP*t 6,GP |« 10,71 9, HPS' 9, HPO®!
13, GP"e * 26, GP°*t 25, GP°% | 013 * 28, LP°st 97, HPost
12, GP™® 30, GP"® * 40, GP°t | 01 030 * 41, Lpest
11,GP"™® 29, GP™® 42, GP"° * 011 029 042 *
16, LP"° 615 615 615 * 615 615 615
15, LP™® 33, Lrre 032 032 015 * 032 032
14, HP™® 32, LP"™® 44, Lere 043 014 032 * 043
L 14, HP™®  31,HP™®  43,LP™ 47,17 | 04 031 043 "
( 4, GP"° 05 05 05 * 05 05 05
3,GPTe 23, GPOt 22 GPOt 21, GPot | 19, GPTe * 24, HPost 24, HPost
2, GPe 024 38, GP°t  37,GP°% | 18,GP™®  35,GPC * 39, HPost
IRt GPe 024 030 46, GPot | 17,GP™®  34,GP"°  45,GP"C *
* 023 022 021 * * 024 024
5, HPTe * 038 037 * * * 039
5, HP"® 024 * 046 20, HP"® * * *
L 5, HP"® 024 039 * 20, HP™® 36, HP"® * *

The capital letters indicate the type of elimination matrix used to eliminate
the entry (G used for a symplectic Givens, H for a symplectic Householder,
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and L,Z for a symplectic Gauss transformation). The upper index indi-
cates whether the elimination is done by pre- or postmultiplication. The
numbers indicate the order in which the entries are annihilated. A zero
that is not created by explicit elimination but because of the symplec-
tic structure, is denoted by 0. Its index indicates which transformation
causes this zero. E.g., if after five steps the first column of N is denoted by
[0000ns5 000]7,n51 # 0, and the first row by [0 % * x n15 * * %], then as
N is symplectic throughout the whole reduction process, from NTJN = .J
we have el (NTJN) = eT.J = e,11, or in other words

—7’L51[0 192 N13 N14 N5 N1 N7 ’nlg] = [0 0 0 0 1 0 0 0]

Hence, the entries of the first row of N have to be zero, only the (n +1,1)
entry is nonzero.

In the following an algorithm for reducing a symplectic matrix pencil
M — AN, where M and N are both symplectic to a reduced pencil of
the form (11) is given. In order to keep the presentation as simple as
possible, no pivoting is introduced here, but should be used in an actual
implementation. This algorithm can be used to derive a bulge chasing
process, e.g., for a quadruple or double shift SZ step.

Algorithm 1 (Transformation to butterfly pencil):

Given a symplectic matrix pencil M — AN, where M,N € R?*"*?"
are both symplectic matrices, the following algorithm computes symplectic
matrices S and Z such that S(M — AN)Z is a symplectic pencil of the form
(11). M is overwritten by SMZ and N by SN Z.

Z =1Iy; S =l

fork=n:-1:1

compute G such that (GN)g1 = 0.
N=GN; M=GM; S=dGS,

end

compute H such that (HN)p42.0n,1 = 0.

N=HN; M=HM; S=HS;

for j=1:n

ifj>1
fork=n:-1:j
compute G such that (NG);x = 0.
N =NG;, M=MG, Z=Z7ZG,
end
end
ifj<n
ifj>1
compute H such that (NH); ji+nt1:0n = 0.
N=NH; M=MH; Z=_Z7H;
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end
fork=n:-1:7+1
compute G such that (MQ);; = 0.
N =NG;, M=MG, Z=Z7ZG,
end
end
ifj<n-—-1
compute H such that (M H); j+24n:2n = 0.
N=NH; M=MH; Z=ZH:;
end
ifj<n
compute L such that (ML); j4yn+1 = 0.
Transformation might not exist!!
N=NL, M=ML; Z=ZL:
fork=n:-1:57+1
compute G such that (GM),; = 0.
N=GN; M=GM; S=GS;
end
end
ifj<n-1
compute H such that (HM) yo4n:2n,; = 0.
N=HN; M=HM; S=HS;
end
ifj<n
compute L such that (LM);i14n,; = 0.
Transformation might not exist!!
N=LN; M=LM; S=LS;
end B B
compute L such that (LM);1,; = 0.
Transformation might not exist!!
N=ILN: M=LM; S=LS;
ifj<n
fork=n:-1:7+1
compute G such that (GN)g, j4n = 0.
N=GN; M=GM; S=dGS,
end
end
ifj<n-—1
compute H such that (HN);io4n:2n,j4+n = 0.
N=HN: M=HM: S=HS:
end
end
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REMARK 5. a) A careful implementation of this process as a bulge
chasing process will just work with the 4n — 1 parameters and some addi-
tional variables instead of with the matrices M and .

b) It is possible to incorporate pivoting into the process in order to
make it more stable. E.g., in the process as described the jth column of M
will be brought into the desired form. Due to symplecticity, the (n + j)th
column of M will then be of desired form as well. One could just as well
attack the (n + j)th column of M, the jth column will then be of desired
form due to symplecticity.

c¢) The use of symplectic transformations throughout the reduction pro-
cess assures that the factors M and N remain symplectic separately. If
the objective is only to preserve the symplectic property of the pencil
(MJMT = NJNT), one has greater latitude in the choice of transfor-
mations. Only the right-hand (Z) transformations need to be symplectic;
the left (S) transforms can be more general as long as they are regular.

In [3] an algorithm for reducing a symplectic matrix pencil M — AN,
where M and N are both symplectic, to the reduced matrix pencil of the
form (10) is developed. That elimination process uses the same elementary
symplectic transformations as the process described here. The algorithm
can also be used to chase the bulge created in MZ;' — ANZ;'. Tt turns
out that in that setting, for a double or quadruple shift step, there are
slightly more nonzero entries in the matrices M and N than there are in
the setting discussed here. This implies that more elementary symplectic
transformations have to be used. In particular, additional n — 1 symplectic
Gaussian transformation of type II have to be used, which are not needed
in the above bulge chasing process.

By applying a sequence of double or quadruple SZ steps to the sym-
plectic matrix pencil M — AN of the form (11) it is possible to reduce
the symmetric tridiagonal matrix 7" in the lower right block of N to quasi-
diagonal form with 1x 1 and 2x 2 blocks on the diagonal. The eigenproblem
decouples into a number of simple 2 X 2 or 4 x 4 eigenproblems. In do-
ing so, it is necessary to monitor 7"’s subdiagonal in order to bring about
decoupling whenever possible. The complete process is as follows.

Algorithm 2 (SZ algorithm for butterfly pencils):

Given a symplectic matrix pencil M — AN of the form (11), the fol-
lowing algorithm computes symplectic matrices Z and S such that for
M := S 'MZ and N := ST'NZ, B := M~!'N is a symplectic matrix
in which the (1,1), (1,2), (2,1), and (2,2) blocks are each block-diagonal
where all blocks are either 1 x 1 or 2 x 2. Moreover, the block structure for
all four blocks of B is the same. Thus the eigenproblem for B decouples
into 2 x 2 and 4 x 4 symplectic eigenproblems. M is overwritten by S~ M Z
and N by S"INZ.
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repeat until g =n
set all sub- and superdiagonal entries ¢; ;1 = ¢;—1,; in T to zero
that satisfy
[tii—1] < e([tizr,i—1] + [til)
find the largest nonnegative ¢ and the smallest nonnegative p such
that if
_Ip
—Inp—q

N = il

I, T
In_p—yg T2
I, Tss
where Ty € RPXP, Tyy € RVP-OX(=P=0) 5nq Tya € RIY,
then T35 is block diagonal with 2 x 2 and 4 x 4 blocks and
T55 is unreduced symmetric tridiagonal.
partition M conformably
X11 Yll
X2 Yoo

where Xi11,Y91 € RPXP,XQQ, Y5 € R(n—p—q)x(n—p—q)} and
X33,Y33 € R?*,
ifg<n
perform a double or quadruple shift SZ step using Algorithm 1
on

{ Xoo | Yoo } B )\[ | —Tn—p—qg
X;Q In—p—q | T

update M and N accordingly
end
end

REMARK 6. Example 2 in Section 5 indicates that eigenvalues of sym-
plectic butterfly pencils computed by this algorithm are significantly more
accurate than those computed by the SR algorithm and often competi-
tive to those computed by the QR algorithm. Hence if a symplectic ma-
trix/matrix pencil is given in parameterized form as in the context of the
symplectic Lanczos algorithm [7] one should not form the corresponding
butterfly matrix, but compute the eigenvalues via the SZ algorithm.
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5. Numerical Examples

The SR and SZ algorithms for computing the eigenvalues of symplectic ma-
trices/matrix pencils as discussed in Sections 3 and 4 were implemented in
MATLAB Version 5.1. Numerical experiments were performed on a SPARC
Ultra 1 creator workstation.

In order to detect deflation, subdiagonal elements were declared to be
zero during the iterations when a condition of the form

hpt1.p] <101 eps([hpp| + |hpt1,pt1])

was fulfilled, where the dimension of the problem is 2n x 2n and eps ~
2.2204 * 10716 is MATLAB’s floating point relative accuracy.

The experiments presented here will illustrate the typical behavior of
the proposed algorithms. For a general symplectic matrix or a symplectic
matrix pencil with both matrices symplectic, our implementation first re-
duces the matrix/matrix pencil to butterfly form/a pencil of the form (11)
and then iterates using only quadruple shift steps. The shifts are chosen
according to the generalized Rayleigh strategy discussed in Section 3. Tests
were run using

e randomly generated symplectic matrices/matrix pencils;

e randomly generated parameters ai,...,an, b1,...,bn, C1,...,Cpn, do,

...,d, € R from which a butterfly matrix and the corresponding
symplectic matrix pencil were constructed;

e examples from the benchmark collection [8];
e the examples discussed in [19].
Our observations have been the following.

e The methods did always converge; not once did we encounter an
example where an exceptional SR/SZ step with a random shift was
necessary (although, no doubt, such an example can be constructed).

e Cubic convergence can be observed.

e The SZ algorithm is considerably better than the SR algorithm in
computing the eigenvalues of a parameterized symplectic matrix/ma-
trix pencil.

e The number of (quadruple-shift) iterations needed for convergence
for each eigenvalue is about 2/3.
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Example 1: For the first set of tests, 100 symplectic matrices for each
of the dimensions 2n x 2n for n = 5 : 5 : 50 were generated by computing
the SR decomposition of random 2n x 2n matrices:

A = rand(2*n); [M,R] = sr(A);

where M is symplectic and R is J-triangular such that A = M R. Some of
the results we obtained are summarized in Tables 1 and 2. In each table,
the first column indicates the size of the problem.

[ 2xn || max(IMTJM - J|,) | [[S'MS-BJ], | condmax | iter |
10 010 ) 010 ™ _0(0 7) | O10%) | 0.608
20 0(10-12) 0(10-13) — 0(10-%) | O(10%) | 0.716
30 0(10-1) 0(10-12) — 0(10-5) | O(10%) | 0.716
40 010 12) 01019 — 0(104) | O(10%) | 0.683
50 0(10- 1) 01019~ 0(104) | 0(10%) | 0.678
60 0(10- 1) 01019~ O(104) | O(10%) | 0.658
70 0(10-10) 0(10-?) — 0(10-%) | O(10%) | 0.661
80 0(10-10) 0(10-%) — 0(10-Y) | O(10%) | 0.653
90 0(10-10) 0(10-%) — (10~ | O(10%) | 0.656
100 0(10-10) 0(109) —0(10%) | 0(10%) | 0.656

Table 1: first set of tests: SR algorithm

As the generated matrices M are only symplectic modulo roundoff er-
rors, symplecticity was tested via |MTJM — J|| for all examples. The
second column of Table 1 reports the maximal norm observed for each di-
mension. It is obvious that for increasing dimension, symplecticity is more
and more lost. Hence, we may expect our algorithm to have some diffi-
culties performing well, as its theoretical foundation is the symplecticity
of the matrix/matrix pencil treated. The SR algorithm computes a sym-
plectic matrix S and a symplectic matrix B such that in exact arithmetic,
S™IMS = B is of butterfly-like form and B decouples into a number of
2x 2 and 4 x 4 subproblems. In order to see how well the computed S and B
obey this relation, ||S~! M S — B||, was computed for each example, and the
maximal and minimal value of these norms for each dimension is reported
in the third column of Table 1. In the course of the iterations, symplectic
Gaussian transformations have to be used. All other involved transforma-
tions are orthogonal. These are known to be numerically stable. Hence,
the Gaussian transformations are the only source for instability. The col-
umn ’condmax’ of the table displays the maximal condition number of all
Gaussian transformations applied during all 100 examples of each dimen-
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sion. The condition number of the Gaussian transformations were never
too large (i.e., exceeding the tolerance threshold, chosen here as 1/eps),
hence no exceptional SR step with a random shift was required. The last
column of Table 1 gives the average number of iterations needed for conver-
gence of each eigenvalue. This number tends to be around 2/3 iterations
per eigenvalue.

| 2%n || max(relerr) | min(relerr) | average(relerr) | average |
10 O(1077) O(10~12) 010~ %) -0(107%) | 24101
20 0(1079) 0O(10719) 010~ - 0(1077) | 2.8%107°
30 O(1077) O(10~10) O(10~ 1) -~ 0(1078) | 2.8%107°
40 O(107?) O(10~1) O(10~12) - 0(107%) | 2.8 1078
50 O(107?) O(10~ 1) O(1072) - 0107 % | 1.6x10°8
60 O(107?) O(10~ 1) O(10712) = 0(107%) | 41%10°8
70 O(107?) O(10~ 1) 010~ - 0(107%) | 1.0%10°7
80 O(107?) O(10~1) o0~ - 0(107%) | 2.5%1078
90 O(10~%) O(10~1) o0~ - 0(107%) | 5.1%1078
100 0(107%) O(10~13) 010~ —0(1077) | 2.2% 1078

Table 2: first set of tests — SR algorithm

Table 2 reports on the accuracy of the computed eigenvalues. For this
purpose, the MATLAB function eig was called in order to solve the 2 x 2
and 4 x 4 subproblems of B to generate a list of eigenvalues computed via
the SR algorithm. These eigenvalues were compared to the eigenvalues
of M obtained via eig; the latter eigenvalues were considered to be the
‘exact’ eigenvalues. This assumption is justified for the randomly generated
examples using as a criterion omin (M — Al2,) which turns out to be of order
eps for eigenvalues computed via eig while for the eigenvalues computed
via the SR algorithm, this ‘residual’ is larger by an order O(10?) where d
is the number of digits lost as indicated by our relative error measure.

The column max(relerr) reports the maximal relative error so obtained,
the column min(relerr) the minimal relative error. In order to get an
idea about the average relative accuracy obtained, we computed for each
example the arithmetic mean; the range in which these values were found is
given in column ’average(relerr)’. Finally, in order to compare our results
with those given in [3], we computed the average relative accuracy for all
examples of each dimension using the arithmetic mean of all examples for
each dimension. In [3], these averages are given for dimensions 10, 20, and
40; our results confirm those results.

The same kind of test runs was performed for randomly generated sym-
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plectic matrix pencils M — AN where M and N are both symplectic using
the SZ algorithm. M and N were generated analogous to M as above. Note
that this introduces more difficulties here than above; our SZ algorithm
makes use of the fact that MTJM = NTJN = J: all of these equalities are
violated. But despite this, the SZ algorithm performs as well as the SR
algorithm. Our implementation of the SZ algorithm first reduces M and
N to the pencil form (11) and than iterates using only quadruple shift steps
where the shifts are chosen according to the generalized Rayleigh strategy.

In the following two tables we report the same information as in the
two tables presented for the SR algorithm. This time we give the data only
for dimensions 30 and 50, in order to save some space but to support our
claim that the SZ algorithm works as well as the SR algorithm. The SZ
algorlthm computes symplectic matrices S, @, M and N such that S(M —
AN)Q = M — AN and the pencil M — AN decouples into a number of 2 x 2
and 4 x 4 subproblems. The eigenvalues of these small subproblems were
computed using the MATLAB function eig and compared to the eigenvalues
obtained via eig(M,N).

2xn |SMQ — M|, ISNQ — N condmax | iter
30 [ 010~ - 01075 | 010~ - O0(107") | O(10°) | 0.574
50 || O(1071%) — 0107 | O(107'%) — O(107%) | O(10%) | 0.546

Table 3: first set of tests — SZ algorithm

2xn || max(relerr) | min(relerr) aver(relerr) average
30 O(10 ) O(10°) | O(10 ) - 010 ") [9.7+10 10
50 01078 | oo | 0(10-2) - 0(10~7) | 1.0% 1078

Table 4: first set of tests — SZ algorithm

Example 2: A second set of tests was performed to see whether the SR
or the SZ algorithm performs better once the symplectic matrix/matrix
pencil is reduced to parameterized form. For this purpose, parameters
A1y oy pybyy o b1y Cnyda, ..., dy € R were generated, from which
a symplectic pencil L — AN and the corresponding butterfly matrix M were
constructed as in (4), (9), and (17), respectively.

The examples generated this way do not suffer from loss of symplectic-
ity, any matrix pencil L — AN of the above form is symplectic. Furthermore



30

no initial reduction to butterfly form is necessary here; L, N, and M are
already in parameterized form. For each n = 5 : 5 : 50, one hundred sets
of parameters were generated, L, N, and M were constructed, and the
SR/SZ algorithm was used to compute the eigenvalues. As before, the
2 x 2 and 4 x 4 subproblems were solved using eig. The eigenvalues so
obtained were compared to eigenvalues computed via eig(M). Table 5 re-
ports some of the results so obtained, using the same notation as above.

SR SR SZ SZ SR/SZ
2xn || max(relerr) average max(relerr) average iter
10 || 01010 [1.7+10 7] 010 ®) [16+10 7] 0.60
20 O(107%) | 84%10712 | O(107'2) | 55%10715 | 0.64
30 | 0(10712) |35x1071 | O(10713) | 23%10"% | 0.65
40 || 0@10-7) | 6.9%1071 | ©O(10-13) | 2.7%10715 | 0.65
50 010711y | 2510714 | ©O(10~') | 27%10715 | 0.64
60 0(10~%) 3610712 | O(0 ) | 1.8x10° | 0.64
70 || 0107°) | 2110712 | O(10713) |34%10" | 063
80 0(1079) 81%107"3 | O(107'%) | 3.5x107"5 | 0.64
90 | 010%) | 5410712 O(10713) | 3.6%10"% | 0.63
100 | 0(107%) | 25%1071' | O(107'2) | 5310~ | 0.63

Table 5: second set of tests

As expected, the examples showed the same convergence behavior no
matter which algorithm was used. That is, the number of iterations needed
for convergence was almost the same, the maximal condition number of
the Gaussian transformations were the same. The maximal relative error
observed for the different examples was bigger for the SR algorithm than for
the SZ algorithm. These results indicate that the SZ algorithm computes
more accurate eigenvalues than the SR algorithm.

Example 3: Tests with examples from the benchmark collection [8]
were performed. None of these examples result in a symplectic pencil
L — AN with symplectic L and N matrices. Hence, whenever possible, a
symplectic matrix M was formed from the given data. Table 6 presents the
results obtained applying the SR algorithm to M. Again, the relative error
in the eigenvalues was computed by comparing the eigenvalues computed
via the SR algorithm with those computed via eig. The first column of the
table gives the number of the example as given in [8]. The next columns
display the dimension of the problem, the maximal and minimal relative
errors for the computed eigenvalues, the maximal condition number used,
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and the total number of iterations needed to achieve convergence.

Example number of
Number || 2*n | max(relerr) | min(relerr) | condmax | iterations
1 4 2.5 0
2 4 25.3 0
6 8 1L0x1071* | 4.0%1071 6.4 4
7 8 | 22%107'2 | 6.8%107 | 5.4%10? 3
8 8 241071 8.5% 10716 8.4 3
9 10 9.3%10713 4.1%10716 204 )

11 18 1.2 %1072 7.1%10712 | 7.9%103 6

Table 6: Example 3

For the first two examples, no SR iteration was necessary: after the
initial reduction to butterfly form, the problem either decoupled into two
2 x 2 subproblems or the eigenvalues could be read off directly. The relative
error of the so computed eigenvalues is of order O(eps). For Example 8
of [8] the eigenvalues computed via the SR algorithm were better than
those computed via eig. This was checked via the smallest singular value
Omin Of (M — M) for the eigenvalues A\ computed via eig as well as via
the SR algorithm. It turns out that opmin(M — Asgl) is smaller then
Omin(M — Xeigl). For Example 11 from [8] one should note that the matrix
M there is only almost symplectic, that is, ||[MTJM — J||» ~ 1x¥1071% and
the condition number of M is given by k(M) ~ 1.6 % 106.

Example 4: Flaschka, Mehrmann, and Zywietz report in [19] that the
SR algorithm for symplectic J-Hessenberg matrices does not perform satis-
factory due to roundoff errors. They present two examples to demonstrate
the behavior of the SR algorithm for symplectic J-Hessenberg matrices.
The first example presented is a symplectic matrix with the eigenvalues
5,1/5,3+4i,0.12+0.164; the matrix itself is given in [19]. It is reported in
[19] that complete deflation was observed after 19 iteration, but the final
iteration matrix was far from being symplectic. The maximal condition
number used during the iterations was 6.4 * 103.

Our algorithm first reduced the symplectic matrix to butterfly form
(this is denoted here as iteration step 0), then two iterations were needed
for convergence. Moreover, cubic convergence can be observed by monitor-
ing the parameters d; during the course of the iteration, as they indicate
deflation. Table 7 reports the values for the d;’s after each iteration.

As can be seen, it takes only two iterations for d3 to become zero with
respect to machine precision. Decoupling is possible and the problem splits
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iteration d> ds
0 1.8576 2.389 % 102
1 -0.2783 | —2.117%107°
2 -4.3422 2.242 % 1016

Table 7: Example 4 — first test

into a 2 x 2 and a 4 x 4 subproblem. The observed maximal condition
number was 57.39.

The second example discussed in [19] is a 12 x 12 symplectic matrix
with the eigenvalues 1+1¢,0.5+£0.5¢,2+2¢,0.25+0.25¢,3 +44,0.12+0.163.
Here, a symplectic diagonal matrix with these eigenvalues on the diagonal
was constructed and a similarity transformation with a randomly generated
orthogonal symplectic matrix was performed to obtain a symplectic matrix
M. The implementation presented in [19] first reduces this matrix to J-
Hessenberg form, then a double shift SR step with the perfect shift 3 + 44
is performed. This resulted in deflation and good approximation of these
eigenvalues, but symplecticity was lost completely.

size of deflated
iteration || deflation? subproblem ds ds

0 no 1.07 % 10° 0.91 % 109
1 no 1.29% 107! —8.50 % 1072
2 no —5.30% 1072 1.37%10~*
3 no —1.49%1072 | —1.26% 10712
4 yes 4 x4 218 %1073 | —3.40% 10~
5 no —4.36 %1010

6 yes 4 x4 3.09%1072°

Table 8: Example 4 — second test

Our algorithm again first reduced the symplectic matrix to butterfly
form, then six iterations were needed for convergence. As before, cubic
convergence can be observed by monitoring the parameters d; during the
course of the iteration. Table 8 reports the values for the d;’s after each
iteration as well as whether deflation occurred and whether a 2 x 2 or a
4 x 4 subproblem was deflated.

The observed maximal condition number was 73.73.

Example 5: We also tested an implementation of the SR algorithm
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using a standard polynomial p instead of a Laurent polynomial ¢ to drive
the SR step. In cases where no trouble arose, both algorithms performed
similarly. That is, although the version that uses the Laurent polynomial
uses fewer arithmetic operations, both versions of the algorithm needed the
same number of iterations for convergence, and the accuracy of the com-
puted eigenvalues was similar. But, as indicated in our discussion in Section
3, using the standard polynomial might sometimes cause some problems.
Using the Laurent polynomial to drive the SR step, the algorithm behaved
as expected. Convergence of even-dimensional subspaces occurred, which
resulted in the convergence of some of the d}’s to zero. But when working
with standard polynomials to drive the SR step, one might observe con-
vergence of a; to zero and stagnation of the algorithm afterwards. This
will be illustrated here by the following example. We generated a 30 x 30
symplectic matrix using the parameters ay,...,as,b1,...,b15, c1,..., 15,
and ds, ...,dy5 as given in Table 9.

a

b

¢

d

00 ~J O O Wi+

0.76880950325
0.96970170497
0.71479723187
0.78196184196
0.23756508204
0.19573076378
0.26321391517
0.71378506459

0.82064368228
0.97047237460
0.48692499554
0.81746853554
0.64157116784
0.30634935951
0.66093213223
0.35801711338

0.06824661097
0.96412426837
0.20765658836
0.16111822555
0.63822138259
0.00022817289
0.33563294335
0.27509982146

0.84800944806
0.72860019101
0.95509863327
0.65635111059
0.74230513350
0.34496601390
0.88402194967

9 || 0.97759973943 | 0.93819943010 | 0.04452752039 | 0.34724408649
10 || 0.63712194084 | 0.48766697476 | 0.09389649759 | 0.05947668054
11 || 0.54592415509 | 0.09099035774 | 0.40999739977 | 0.71841459107
12 || 0.84805722441 | 0.67383411686 | 0.81689231949 | 0.95821429290
13 || 0.80209765848 | 0.51488031898 | 0.87051707180 | 0.15683486507
14 || 0.66830641006 | 0.22157934638 | 0.02255512045 | 0.41635310614
15 || 0.67098263396 | 0.72500937095 | 0.72717698369 | 0.09403486897

Table 9: Example 5 — parameters

The resulting symplectic matrix M has only two real eigenvalues:

n = 1.97700698420

and p~' = 0.50581510737.

The twenty-eight complex eigenvalues occur in pairs (X\,A) where A €
C, |\ =1.

The following table reports the values of aq, by, and ¢; in the course of
the iteration when the SR step is driven by a standard polynomial (the
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first column indicates the number of iterations). The choice of shifts is as

before.

ay by C1
1] 1.8%10-" | 1.98410591 2.2791
2 || 1.6 1072 | 1.97948316 30.8977
3| 22%107% | 1.97726186 233.4375
4| 6.6%10°* | 1.97714161 761.5576
51 3.6%10* | 1.97718534 1397.3210
6 || 44%10~* | 1.97728897 1149.0454
711 9.1%107% | 1.97706343 5575.8521
8 || 1.0 107" | 1.97701113 | 49627.9530
9 || 7.8%«1077 | 1.97700726 | 643154.9327

Table 10: Example 5 — standard polynomial

Already after the first iteration the largest eigenvalue u is emerging as
b1. During the subsequent iterations, by converges towards this eigenvalue
while a; converges to zero. The growth of ¢; reflects the ill conditioning
of the transforming matrices. At the bottom of the matrix, deflations take
place: after iteration 5, a 2 x 2 subproblem is decoupled, after iteration 7
a 4 x 4, after iteration 11 and 12 a 2 x 2, and after iteration 16 another
4 x 4 subproblem is decoupled. At that point a; is less than eps so that
a 2 x 2 subproblem can be deflated at the top which corresponds to the
pair of real eigenvalues, b; &~ p and the (n+1,n+ 1) entry of the iteration
matrix is approximately equal to p~!. The resulting 14 x 14 subproblem
has only complex pairs of eigenvalues on the unit circle. Parametrising
this subproblem, one observes that three of the six parameters d; are of
order ,/eps, the other three are of order 1. This does not change during
subsequent iterations, no convergence is achieved (the required tolerance
for deflation is of order eps).

Using a Laurent polynomial to drive the SR step, the process converges
after 22 iterations, a; does not converge to zero. All eigenvalues are com-
puted accurately (max(relerr) = O(1071%)).

6. Concluding remarks

In this paper we have presented SR and SZ algorithms for the symplectic
butterfly eigenproblem. The SR algorithm works with the 82 — 4 nonzero
entries of the butterfly matrix. Laurent polynomials are used to drive
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the SR step as this results in a smaller bulge and hence less arithmetic
operations than using standard shift polynomials. Forcing the symplectic
structure of the iterates whenever necessary, the algorithm works better
than the SR algorithm for symplectic J-Hessenberg matrices proposed in
[19]. The SZ algorithm works with the 4n — 1 parameters that determine
the butterfly matrix. It reduces a symplectic matrix pencil of the form

ANREN

where M and N are both symplectic, to a form that decouples into a
number of 2 x 2 and 4 x 4 symplectic eigenproblems. The algorithm ensures
that the matrices M and N remain symplectic separately.

Future research will address the development of an SZ algorithm that
works for symplectic matrix pencils M — AN, where MJMT = NJNT # J.
It is still an open research problem to which reduced form such a pencil
can be reduced when M and N are singular.

M - AN =
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