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Abstract
Fast, ecient, and reliable algorithms for up- and downdating discrete
least-squares approximations of a real-valued function given at arbitrary
distinct nodes in [0; 2) by trigonometric polynomials are presented. A
combination of the up- and downdating algorithms yields a sliding window
scheme. The algorithms are based on schemes for the solution of (inverse)
unitary eigenproblems and require only O(mn) arithmetic operations as
compared to O(mn2 ) operations needed for algorithms that ignore the
structure of the problem. Numerical examples show that the proposed
algorithms produce consistently accurate results that are often better than
those obtained by general QR decomposition methods for the least-squares
problem.
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1 Introduction
A problem in signal processing is the approximation of a function known only
at some measured points by a trigonometric polynomial. A number of di erent
models for representing the measured points as a nite superposition of sine- and
cosine-oscillations are possible. One choice could be to compute the trigonometric interpolating function. Then several numerical algorithms are available [1].
But in general a large number of measured points are given, such that this approach leads to a trigonometric polynomial with a lot of superposed oscillations
(and a large linear system to be solved). In practical applications it is often
sucient to compute a trigonometric polynomial with only a small number of
superposed oscillations. A di erent, often chosen approach is the (fast) Fourier
transform [1]. In this case the frequencies of the sine- and cosine-oscillations
have to be chosen equidistant. The following approach gives more freedom in
the choice of the frequencies and the number of superposed oscillations. Given a
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set of m arbitrary distinct nodes fk gmk=1 in the interval [0; 2), a set of m positive weights f!k2 gmk=1, and a real-valued function f whose values at the nodes k
are explicitly known. Then the trigonometric function
t() = a0 +

X̀
j =1

(aj cos j + bj sin j);

aj ; bj 2 IR;

(1.1)

of order at most ` < m=2 is sought that minimizes the discrete least-squares
error
v

u
m
uX
jjf ? tjjIR := t jf(k ) ? t(k )j !k :
2

k=1

2

(1.2)

In general, m (the number of measured functional values) is much larger than
n = 2` + 1 (the number of coecients to be determined).
P
Let the trigonometric polynomial t() = a0 + `j =1(aj cos j + bj sin j) be
the optimal solution of the approximation problem (1.2) corresponding to the
data Ym = fk ; !k2gmk=1. Suppose Ym+1 is obtained from Ym by augmenting
a new node-weight pair (m+1 ; !m2 +1). Solving the approximation problem for
Ym+1 assuming the knowledge of its solution for Ym is called updating the leastsquares t. Solving the approximation problem for Ym assuming the knowledge
of its solution for Ym+1 is called downdating the least-squares t.
Standard algorithms for solving the approximation problem (1.2) require
O(mn2 ) arithmetic operations. It can be observed however, that Szego polynomials, that is polynomials that are orthogonal with respect to an inner product
on the unit circle, arise naturally as a convenient basis for solving the leastsquares problem (1.2). Updating and downdating of polynomial approximations
when all nodes zk are real has received a lot of attention in the literature, see [2]
and the references therein. A collection of algorithms for updating and downdating based on orthogonal polynomials is presented in [3]. Downdating Szego
polynomials is considered in [4], while the updating process is the topic of [5, 6, 7].
Section 2 reviews fast algorithms for solving (1.2) via updating procedures
which make use of the special structure of the problem (1.2). Fast downdating
methods are presented in Section 3. The updating and downdating procedures
can be combined to yield a sliding window scheme, in which one node is replaced
by another.

2 Updating
The problem (1.2) can easily be reformulated as the standard least-squares problem of minimizing
jjDAeet ? Dfejj2 = min
(2.1)
over all coecient vectors et in the Euclidean norm, where fe = (f(1 ); : : :; f(m ))T
is a vector of the measured values of the function f, D = diag(!1 ; :::; !m) 2
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IRmm is a diagonal matrix with the given weights on the diagonal, and
0 1 sin  cos     sin ` cos ` 1
1
1
1
1
..
..
.. C
mn
Ae = B
@ ... ...
.
.
. A 2 IR :
1 sin m cos m    sin `m cos `m
A di erent approach is used by Reichel, Ammar, and Gragg in [5]. They
noted that the problem (1.2) can be reformulated as the following standard
least-squares problem: Minimize
jjDAc ? Dgjj2 = min;
(2.2)
where A is a transposed Vandermonde matrix
0 1 z    zn?1 1
1
1
B
1
z
   z2n?1 C
2
B
A=B
CA 2 Cmn
.. C
@ ... ...
.
1 zm    zmn?1

p

with zk = exp({k ); { = ?1. g = (g(z1 ); :::; g(zm))T 2 Cm is a vector of the
values of a complex function g(z) and c = (c0; :::; cn?1)T 2 Cn is the solution
vector. With the proper choice of g (g = ` f,e fe as above,  = diag(z1 ; : : :; zm ))
it is easy to see that the coecients of the trigonometric polynomial (1.1) that
minimizes the error (1.2) can be read o of the least-squares solution bc of (2.2)
(see [5])
a0 = bc` ; aj = 2Re(bcj +` ); bj = ?2Im(bcj +` ); 1  j  `:
The usual way to solve these least-squares problems is to compute the QR
e Ignoring the special structure of DA or DAe this
decomposition of DA or DA.
requires O(mn2 ) arithmetic operations. It can be observed however, that Szego
polynomials, that is polynomials that are orthogonal with respect to an inner
product on the unit circle, arise naturally as a convenient basis for solving the
above standard least-squares problems. This observation can be used to develop
fast, ecient and reliable algorithms for solving the approximation problem (2.2).
Observe that
0 ! ! z ! z2    ! zn?1 1
1
1 1
1 1
1 1
B
.
.
.
.. C
..
..
DA = @ ..
. A
2
!m !m zm !m zm    !m zmn?1
= (q; q; 2q; :::; n?1q)
= 0(q0 ; q0; 2q0; :::; n?1q0)
with q = (!1; :::; !m)T ; 0 = jjqjj2; q0 := 0?1q and  = diag(z1 ; :::; zm). Thus,
the matrix DA is given by the rst n columns of the Krylov matrix K(; q0; m) =
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(q0; q0; :::; m?1q0). We may therefore use the following consequence of the Implicit Q Theorem [8] to compute the desired QR decomposition. If there exists a
unitary matrix U with Ue1 = q0 such that U H U = H is a unitary upper Hessenberg matrix with positive subdiagonal elements, then the QR decomposition
of K(; q0; m) is given by UR with R = K(H; e1; m). The construction of such
a unitary Hessenberg matrix from spectral data, here contained in  and q0, is
an inverse eigenproblem. Hence the best trigonometric approximation to f can
be computed via solving this inverse eigenproblem. It can be seen that the elements of U are the values of the Szego polynomials at the nodes zk . Thus solving
the inverse unitary Hessenberg eigenvalue problem U H U = H is equivalent to
computing Szego polynomials.
From the above observation, an updating formulation for the approximation
problem (2.2) in terms of the inverse unitary eigenproblem can easily be given :
Given
0 > 0
Hm
unitary upper Hessenberg matrix of size m  m
dm
a vector of length m
(;  2) a node-weight pair
(0; Hm ; dm representing the solution of (2.2) for some data set Ym ) nd 0 > 0,
a vector dm+1 and a unitary upper Hessenberg matrix Hm+1 such that
1. the eigenvalues of Hm+1 are e{ and those of Hm
2. the vector dm+1 contains the rst components of the eigenvectors
P of Hm+1,
that is if the entries of dm are 1 =01; : : :; m =0 and 0 = ( mk=1 k2) 12 , then
the new 0 will be 0 = (02 +  2) 2 and the entries of dm+1 are k =0 for
k = 1; : : :; m and =0.
Hence the approximation problem (1.2) can entirely be solved by updating, starting from the trivial solution for m = 1.
Unitary Hessenberg matrices have special properties which allow the development of ecient algorithms for this class of matrices. Any n  n unitary
Hessenberg matrix with positive subdiagonal elements can be uniquely parameterized by n complex parameters, that is
H = G1( 1 )G2( 2 )    Gn( n )
for certain complex-valued parameters j k j < 1; 1  k < n, and j n j = 1. Here
Gk ( k ) denotes the n  n elementary re ector in the (k; k + 1) plane
Gk = Gk ( k ) = diag(Ik?1 ;

?

k
k

k
k

with k 2 C, k 2 IR+ , j k j2 + k2 = 1, and
Gn( n ) = diag(In?1 ; ? n)



; In?k?1)
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with n 2 C, j nj = 1. The nontrivial entries k are called Schur parameters
and the k are called complementary Schur parameters. This parameterization
can be used to develop an ecient and reliable algorithm for solving the inverse
unitary Hessenberg eigenvalue problem/the updating problem.
Such an algorithm was rst described by Ammar, Gragg and Reichel in [6].
The idea is to build up the Hessenberg matrix successively by adding node-weight
pairs (k ; !k2 ) one at a time, in an updating fashion. The algorithm manipulates
the n complex parameters instead of the n2 matrix elements. An adaption of this
scheme to the computation of the least-squares solution bc can be given, which
requires O(mn + n2) arithmetic operations. For details see [5].
The coecients of the optimal trigonometric polynomial t of (1.2) can be
recovered from bc. This representation of t is convenient if we desire to integrate
or di erentiate the polynomial or if we wish to evaluate it at many equidistant
points on a circle with a center at the origin. If we, on the other hand, only
desire to evaluate t at a few points, then we can use the representation of t in
terms of Szego polynomials.
As DAe in (2.1) is a real m  n matrix with full column rank, there exists
a unique "skinny" real QR decomposition Qe 1Re1 of DAe where Qe1 2 IRmn has
orthonormal columns and Re1 2 IRnn is upper triangular with positive diagonal
entries. This ansatz leads to orthogonal Laurent polynomials and the (generalized) inverse unitary eigenproblem Ue H ( ? I)Ue Ge = Go ? Ge , where Go
and Ge are unitary block diagonal matrices with 1  1 or 2  2-blocks on the
diagonal. The nonzero entries of Go and Ge are just the Schur parameters and
the complementary Schur parameters:
Go = G1( 1 )G3 ( 3 )    G2[(n+1)=2]?1( 2[(n+1)=2]?1)
0? 
1
1
1
B
CC
1 1
B
B
CC
? 3 3
= B
B
CA
3 3
@
...
is the product of the odd numbered elementary re ectors and
GHe = G2( 2 )G4 ( 4 )    G2[n=2]( 2[n=2] )
1
01
CC
B ? 2 2
= B
CA
B@ 2 2
...
is the product of the even numbered elementary re ectors. The (generalized)
inverse eigenproblem Ue H ( ? I)Ue Ge = Go ? Ge, where a Schur parameter
pencil is constructed from spectral data, is equivalent to the inverse unitary
Hessenberg eigenproblem U H U = H = G1( 1 ) : : :Gn( n ) [9].
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Observe that with









F = diag(2; ?{ { 11 ; : : :; ?{ { 11 )
we have
DAe = 21 (q; q; H q; 2q; (H )2 q; : : :; `q; (H )` q)F
= 21 0(q0 ; q0; H q0; 2q0; (H )2 q0; : : :; `q0; (H )` q0)F
= 12 0(; q0; `)F
with q; 0; q0 and  as before. A QR-like decomposition of DAe can be obtained
using the following result [10, 11] : If there exists a unitary matrix V such
that V ( ? I)V H Ge = Go ? Ge; V H e1 = q0, then the QR decomposition of
(; q0; `) is given by V R with R = (Go GHe ; e1 ; `). Hence DAe = 20 V RF and
the optimal solution of (2.1) is given by et = 20?1 F ?1R?1V H Df.e The construction of such a Schur parameter pencil from spectral data is a (generalized)
inverse eigenproblem. Thus the best trigonometric approximation to f can be
computed via solving this inverse eigenproblem. As explained in [7], the elements
of V are the values of orthogonal Laurent polynomials at the nodes k . Thus
solving the inverse unitary eigenproblem V ( ? I)W = Go ? Ge is equivalent
to computing orthogonal Laurent polynomials.
An updating formulation for the approximation problem (2.1) in terms of
the generalized inverse unitary eigenproblem can be given analogous to the one
for problem (2.2). The special structure of the inverse eigenproblem V ( ?
I)V H Ge = Go ? Ge can be used to develop an ecient and reliable algorithm
for computing V; j and j ; j = 1; : : :; n. The advantage of this approach over
(2.2) is that here an algorithm can be given which solves the real-valued problem
(1.2) using only real arithmetic. For details see [11].
The two algorithms sketched above are updating procedures in the sense
that the least-squares t is obtained by incorporating the nodes of the inner
product one at a time. In certain applications it may be desirable to replace
certain node-weight pairs (k ; !k2 ). This can be carried out by successively removing a node-weight pair from the current approximation, and then adding a
new node-weight pair. Downdating Szego polynomials/orthogonal Laurent polynomials and a given least-squares t when one node is deleted from the inner
product can easily be implemented solving unitary eigenproblems. The updating
and downdating procedures, based on solving inverse unitary eigenproblems and
unitary eigenproblems, can be combined to yield a sliding window scheme, in
which one node is replaced by another.

3 Downdating

7
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Assume the solution t of (1.2) corresponding to the data set Ym+1 is obtained
by the updating method based on the inverse unitary Hessenberg eigenproblem
discussed in the Section 2. The problem of downdating the optimal trigonometric
approximation t of (1.2) can then be expressed as follows:
Given
0 > 0
Hm+1 unitary upper Hessenberg matrix of size (m + 1)  (m + 1)
dm+1 a vector of length m + 1
(;  2) a node-weight pair from Ym+1
(0 ; Hm+1; dm+1 representing the solution of (1.2) for some data set Ym+1 =
+1
fk ; !k2 gmk=1
) nd 0 > 0, a vector dm and a unitary upper Hessenberg matrix
Hm such that
+1
n e{
1. the eigenvalues of Hm are fe{k gmk=1
2. the vector dm contains the rst components of the eigenvectors
that
P +1ofH2)m12 ,, then
is if the entries of dm+1 are 1 =0; : 1: :; m+1 =0 and 0 = ( mk=1
k
+1
n
the new 0 will be 0 = (02 ?  2) 2 and the entries of dm are fk gmk=1
normalized by 0.
Such a downdating procedure was rst described by Ammar, Gragg and
Reichel in [4]. They present an O(m) algorithm which is based on the unitary
QR algorithm introduced by Gragg in [12]. Here we will develop a downdating
procedure for the generalized unitary eigenproblem approach using these ideas.
Assume the optimal least-squares solution t of (1.2) corresponding to the
+1
data Ym+1 = fk ; !k2gmk=1
has been computed via the updating algorithm based
on the generalized inverse unitary eigenproblem discussed in Section 2. Then a
unitary matrix Q and a Schur parameter pencil Gmo +1 ? Gme +1 is known such
that
Q( ? I)QH Gme +1 = Gmo +1 ? Gme +1 ; QH e1 = 0?1 (!1 ; : : :; !m+1 )T (3.1)
where
0 = (

mX
+1
k=1

!k2 ) 12 ;

 = diag(1 ; : : :; m+1 );

k = e{k :

Instead of (3.1) we can just as well consider the equivalent equation
QQH = Gmo +1 (Gme +1 )H :
Let (j ; !j2 ) be the node-weight pair to be deleted from the solution. Using
the knowledge of the above solution, we wish to construct a Schur parameter
pencil Gmo ? Gme or equivalently a matrix Gmo (Gme )H such that

cb W
cH = Gmo (Gme)H ;
W

8
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b = diag(1 ; : : :; j ?1; j +1; : : :; m+1 );
cH e1 = b0?1(!1; : : :; !j?1; !j+1; : : :; !m+1)T ;
W
b0 = (02 ? !j2 ) 12

cH e1. In other words, we
or some suitable permutation of b and W
determine a unitary matrix V such that
 1 0  
 1 0 
0eT1
0 V
0e1 Gmo +1 (Gme +1 )H
0 VH
0 
b0beT1
m
= @ b0be1 Go (Gme )H
!j
0
Then, as

b




j

wish to

!j
0
j

1
A:

= PjH Pj where Pj = (e1 ; : : :; ej ?1; ej +1; : : :; em+1 ; ej )

c
W



H H H
1 = Pj Q V :
Analogous to the ideas of Ammar, Gragg and Reichel in [4] we want to
c via a QR-type step. In [13] a QR-like algorithm for Schur paramcompute W
eter pencils is introduced. The method is based on the standard QR algorithm
applied to a matrix of the form Go GHe . No initial reduction to Hessenberg
form is performed. It is shown that each iterate is then of the same form as
Go GHe again. Hence, applying one QR-step with the exact shift j to the matrix
Gmo +1 (Gme +1 )H determines a unitary matrix Ve such that


eV Gmo +1(Gme +1 )H Ve H = X 
j

because j is an eigenvalue of Gmo +1 (Gme +1 )H . X is a unitary matrix of the same
form as Gmo (Gme )H . Ve is a matrix of the form G1(G3G2 G3)(G5 G4G5)   . Hence,
the vector 0e1 will not be transformed as required as Ve e1 is a full vector.
Applying one step of an RQ algorithmwith the exact shift j to Gmo +1 (Gme +1 )H
determines an upper triangular matrix R and a unitary U of the form
G1(G3 G2G3)(G5 G4G5)    = G1G3 G5    G2G3 G4G5   
that is, U = Go H for some upper Hessenberg matrix H and a matrix of the form
Go . R and U are determined such that Gmo +1 (Gme +1 )H ? j I = RU and
UGmo +1 (Gme +1 )H U H = UR + j I =

 Xb



j

:
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The vector 0e1 is transformed such that only the rst two entries are nonzero
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0 Ue1 = (x; x; 0; : ::; 0)T :
Observe that with the reversal matrix J = (em+1 ; em ; : : :; e1)
Gmo +1 (Gme +1 )H = RU , JGmo +1 (Gme +1 )H J = (JRJ)(JUJ)
, J(Gmo +1 (Gme +1 )H )T J = (JU T J)(JRT J):
Let GP := J(Gmo +1 (Gme +1 )H )T J and let us assume for simplicity that m + 1 is
odd (a similar argumentation can be given in the case that m+1 is even). Then
Gmo +1 (Gme +1 )H = G1 ( 1 )G3( 3 )    Gm+1 ( m+1 )GH2 ( 2 )GH4 ( 4 )    GHm ( m )
and
GP = G1( m )G3( m?2 )    Gm?1 ( 2 )G0( m+1 )GH2 ( m?1 )GH4 ( m?3 )    GHm ( 1 )
where
G0( ) = diag(? ; I):
That is, Gmo +1 (Gme +1 )H and GP are of the same form. Further, as U is a matrix
of the form Go H for some upper Hessenberg matrix H and a matrix of the form
Go , JU T J is a matrix of the same form. Hence, as JRT J is upper triangular
again, applying the RQ algorithm to Gmo +1 (Gme +1 )H is equivalent to applying
the QR algorithm to GP . One iteration of the QR algorithm with the exact shift
j applied to GP generates a unitary matrix V
G1 ( 1 )G3( 3 )    Gm?1 ( m?1 )G2 (2 )G3(3 )    Gm+1 (m+1 )
such that

V H GP V =

 X0 0 
0 j :

(3.2)

Moreover, m+1 can be taken to be an arbitrary unimodular number, because
de ation has taken place.
Only the last two components of 0 V H em+1 are nonzero; they are given by

1



?m 1 (1 ? jm j2) 12
0 ?m+1
(1 ? j j2 ) 2

 (1 ? j mj2) 12   m
= ? m   0 :
m+1 m 0
We can choose m+1 = ?m =jm j to obtain
0

 (1 ? j j )  
m
:
jm j
1
2 2
0

0

 0 
0
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Transforming (3.2) by similarity using Jb = (em ; em?1; : : :; e1 ; em+1 ) and transposing the result, we obtain
WGmo +1 (Gme +1 )H W H

 X 00 0 
= 0 j ; where W = JV J:b

Moreover,
0W H e1 =

 (1 ? j j )  be 
m
;
jm j
2 1
2

0 1

0

and by the uniqueness of the reduction, X 00 = Gmo (Gme )H , 0(1 ? jm j2) 21 = b0,
and jm j0 = !j .
Note that the downdating process requires knowledge of the node j to be
deleted, but not of the corresponding weight !j2 . In an implementation of the
process the computed weight can therefore be used to assess the accuracy of the
computation.
If the optimal least-squares solution t of (1.2) corresponding to the data Ym+1
has been computed via the algorithm based on the generalized inverse unitary
eigenproblem discussed in Section 2, the least-squares solution et = Re?1 1 Qe H1 Dfe 2
Cm+1 of (2.1) is known. The optimal least-squares solution t of (1.2) correcH to t0 = QeH1 Dfe
sponding to the data Ym is then obtained by applying W
incrementally
 t00 
H
0
c
W t = !j f(zj ) :
In a second step a new et 2 Cm has to be computed from t00 using the Schur
parameters of Gmo (Gme )H via a simpli ed Levinson algorithm. This is analogous
to the second step of the updating procedure. There rst Qe H1 Dfe is computed
via solving the generalized inverse unitary eigenproblem. Then Re ?1 1 is computed
using the Schur parameters of Go and Ge via a simpli ed Levinson algorithm.
Details are given in [11].
A QR step has to be applied to a matrix X of the form Go GHe . We get a
unitary matrix X 0 = V H XV , where X 0 can be written as G0o (G0e )H again. If X
corresponds to an unreduced Schur parameter pencil Go ? Ge , then X 0 will correspond to an unreduced Schur parameter pencil G0o ? G0e . The transformation
to an unreduced Schur parameter pencil is uniquely determined, up to unitary
scaling, if the rst column of the transformation matrix is given. Therefore one
can derive G0o ? G0e, up to scaling from Go ? Ge by any unitary transformation QH (Go ? Ge )P to Schur parameter pencils, for which the rst column of
Q coincides with a scalar multiple of the rst column of V . This was used by
Bunse-Gerstner and Elsner in [13] to derive an implicit single shifted QR step.
In a preparatory step, a matrix V1 = G1 ( 1) is determined such that
V1H (Go ? j Ge )e1 = e1 :

11
The pencil V1H (Go ? Ge ) di ers from a Schur parameter pencil only by three
additional entries
1 0
0x x
1
x
+
+
CC B + x x
BB x x
CC
CC ?  BB x x
BB
x x
CC :
CA B@
B@
x x
x xA
...
x x
Heike Fassbender

This "bulge" is then chased down along the diagonal to restore the Schur parameter pencil form again. This is an O(m) process.

4 Concluding remarks
Due to space limitation, we will refrain from giving numerical examples for the
updating and downdating procedures. For numerical examples and a detailed
discussion on the updating process see [5, 10, 11]. For numerical examples and
a detailed discussion on downdating Szego polynomials/the downdating process
in terms of the unitary eigenproblem see [4].
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