
THE PARAMETERIZED SR ALGORITHM FOR SYMPLECTIC(BUTTERFLY) MATRICESH. FA�BENDER�Abstract. The SR algorithm is a structure-preserving algorithm for computing the spectrumof symplectic matrices. Any symplectic matrix can be reduced to symplectic butter
y form. Asymplectic matrix B in butter
y form is uniquely determined by 4n � 1 parameters. Using these4n� 1 parameters, we show how one step of the symplectic SR algorithm for B can be carried outin O(n) arithmetic operations compared to O(n3) arithmetic operations when working on the actualsymplectic matrix. Moreover, the symplectic structure, which will be destroyed in the numericalprocess due to roundo� errors when working with a symplectic (butter
y) matrix, will be forced byworking just with the parameters.Key words. Symplectic Matrix; Eigenvalue Problem; SR Algorithm.AMS(MOS) subject classi�cations. 65F15.1. Introduction. Symplectic (generalized) eigenvalue problems occur in manyapplications, e.g., in discrete linear quadratic optimal control, discrete Kalman �lter-ing, the solution of discrete algebraic Riccati equations, discrete stability radii andH1-norm computations (see, e.g., [16, 18] and the references therein) and discreteSturm-Liouville equations (see, e.g., [5]). The solution of the symplectic (generalized)eigenvalue problem has been the topic of numerous publications during the last 30years. Even so, a numerically sound method, i.e., a strongly backward stable methodin the sense of [6], is not yet known. The numerical computation of an invariant(de
ating) subspace is usually carried out by an iterative procedure like the QR (QZ)algorithm; see, e.g., [18, 20]. The QR (QZ) algorithm is numerically backward stablebut it ignores the symplectic structure. In order to develop fast, e�cient, and reliablemethods, the symplectic structure of the problem should be preserved and exploited.Then important properties of symplectic matrices like spectral symmetries will bepreserved and not destroyed by rounding errors.Recently there has been renewed interest in constructing structure-preservingmethods for the symplectic eigenproblem [1, 2, 3, 4, 11] based on the SR method[10, 17]. This method is a QR-like method based on the SR decomposition. In aninitial step, the 2n� 2n symplectic matrix is reduced to a more condensed form, thesymplectic butter
y form, which in general contains 8n�4 nonzero entries. As in thegeneral framework of GR algorithms [21], the SR iteration preserves the symplecticbutter
y form at each step and converges to a form from which eigenvalues and invari-ant (de
ating) subspaces can be read o�. The SR algorithm for symplectic butter
ymatrices has been fully described and analyzed in [4, 11]. Due to unavoidable roundo�errors the symplectic butter
y structure will be lost in the numerical process. Thevery compact butter
y form allows one to restore the symplectic structure whenevernecessary.A 2n � 2n symplectic butter
y matrix is determined by 4n � 1 parameters. Aswill be shown in this paper, the SR algorithm can be rewritten in a parameterizedform that works with 4n� 1 parameters instead of the (2n)2 matrix elements in eachiteration. Thus only O(n) arithmetic operations per SR step are needed compared toO(n3) arithmetic operations when working on the actual symplectic matrix. More-over, the symplectic structure, which will be destroyed in the numerical process due�Universit�at Bremen, Zentrum f�ur Technomathematik, Fachbereich 3 - Mathematik und Infor-matik, 28334 Bremen, Germany, email: heike@math.uni-bremen.de1



2 Heike Fa�benderto roundo� errors when working with a butter
y matrix, will be forced by workingjust with the parameters. No additional action have to be taken as in the course ofthe symplectic butter
y SR algorithm.The development of the parameterized butter
y SR algorithm has been guidedby the unitary case, which the symplectic case resembles to some degree. There hasbeen an earlier attempt by Flaschka, Mehrmann and Zywitz [12] to exploit this resem-blance. They proposed a structure-preserving symplectic SR algorithm for symplec-tic J-Hessenberg matrices. Such matrices (like symplectic butter
y matrices) dependuniquely on 4n� 1 parameters. A single shift SR step that is purely based on theseparameters is derived in [12]. No numerical results are reported, but the authors note:It forces the symplectic structure, but it has the disadvantage that it needs 4n�1 termsto be nonzero in each step, which makes it highly numerically unstable. : : : The nu-merical instability due to extra 2n inversions : : : seems an unreasonable price to paycompared with the gains in e�ciency.[12, p. 186, last paragraph].In this paper we will develop a parameterized SR algorithm for computing theeigeninformation of a symplectic matrix based on the initial reduction to a symplecticbutter
y matrix. First we will see that, like unitary Hessenberg matrices, any sym-plectic butter
y matrix B has a unique factorization exhibiting the 4n�1 parameterswhich uniquely determine B. One step of the SR algorithm with shift polynomial qapplied to a matrix B 2 IR2n�2n may be described as follows: Factor q(B) = SR withS symplectic and R J{triangular. Then put eB = S�1BS. If B is an unreduced sym-plectic butter
y matrix, then so is eB. Hence, B and eB can be given in parameterizedform. We will derive formulae which given the 4n� 1 parameters of B compute the4n� 1 parameters which determine eB without ever forming B, eB or S explicitly. Ifdesired, the transformation matrix S can be computed explicitly. But, unfortunatelyS does not have the same structure as the matrix being transformed. S is symplectic,but not of butter
y form. Therefore, S can not be given in parameterized form.In Section 2 unreduced butter
y matrices, the reduction of symplectic matrices tobutter
y form and the butter
y SR algorithm are reviewed. Like unitary Hessenbergmatrices, symplectic butter
y matrices have a unique factorization exhibiting 4n� 1parameters which uniquely determine B. Such factorizations are introduced in Section3. There we also discuss the basic idea of an implicit SR step that makes use of such afactorization. The details of the parameterized butter
y SR algorithm are presentedin Section 4. The overall process is discussed in Section 5. In Section 6 numericalexamples are presented.2. Preliminaries. A matrix M 2 IR2n�2n is called symplectic (or J-orthogonal)if MJMT = J(2.1)(or equivalently, MTJM = J) whereJ = � 0 In�In 0 �(2.2)and In is the n�n identity matrix. Symplectic matrices are nonsingular; their inversesare given byM�1 = JMTJT . The spectrum of a symplectic matrix is symmetric withrespect to the unit circle. Or, in other words, the eigenvalues of symplectic matricesoccur in reciprocal pairs: if � is an eigenvalue ofM with right eigenvector x, then ��1is an eigenvalue of M with left eigenvector (Jx)H . Further, if � 2 C is an eigenvalueof M , then so are �; ��1; ��1.



The Parameterized SR Algorithm for Symplectic (Butter
y) Matrices 3A symplectic matrixB = � B11 B12B21 B22 � = 264@ @@@@ @@@ 375 ; where Bij 2 IRn�n;is called a butter
y matrix if B11 and B21 are diagonal, and B12 and B22 are tridiag-onal. Banse and Bunse-Gerstner [1, 2] showed that for every symplectic matrix M ,there exist numerous symplectic matrices S such that B = S�1MS is a symplecticbutter
y matrix. An unreduced butter
y matrix is a butter
y matrix in which thelower right tridiagonal matrix is unreduced, that is, the subdiagonal elements of B22are nonzero. Using the de�nition of a symplectic matrix, one easily veri�es that if Bis an unreduced butter
y matrix, then B21 is nonsingular, see [3, 11]. This allows thedecomposition of B into two simpler symplectic matrices:B = K�1N = � B�121 B110 B21 � � 0 �InIn T �
= 26666664 a�11 b1. . . . . .a�1n bna1 . . . an

37777775
26666666666664

�1 . . . . . . �11 c1 d2. . . d2 . . . . . .. . . . . . . . . dn1 dn cn
37777777777775;(2.3)

where T = B�121 B22 is tridiagonal and symmetric. Hence 4n � 1 parameters thatdetermine the symplectic matrix can be read o� directly. Obviously, the diagonalelements of B21 have to be nonzero. If any of the n � 1 subdiagonal elements ofT is zero, de
ation can take place; that is, the problem can be split into at leasttwo problems of smaller dimension, but with the same symplectic butter
y structure.For the SR theory, the unreduced butter
y matrices play a role analogous to that ofunreduced Hessenberg matrices in the standard QR theory [3, 4, 11].Eigenvalues and eigenvectors of symplectic butter
y matrices can be computed ef-�ciently by the SR algorithm [7], which is aQR-like algorithm in which theQR decom-position is replaced by the SR decomposition. Almost every matrix A 2 IR2n�2n canbe decomposed into a product A = SR where S is symplectic and R is J-triangular.A matrix R = � R11 R12R21 R22 � = 264@ @0...0@ @ 375is said to be J-triangular if the submatrices Rij are all upper triangular, and R21 isstrictly upper triangular. (If one performs a perfect shu�e of the rows and columnsof a J-triangular matrix, one gets an upper triangular matrix. The product of J-triangular matrices is J-triangular. The nonsingular J-triangular matrices form agroup.) The SR algorithm is an iterative algorithm that performs an SR decompo-sition at each iteration. If B is the current iterate, then a spectral transformation



4 Heike Fa�benderfunction q is chosen (such that q(B) 2 IR2n�2n) and the SR decomposition of q(B) isformed, if possible: q(B) = SR:Then the symplectic factor S is used to perform a similarity transformation on B toyield the next iterate, which we will call bB:bB = S�1BS:(2.4)If rank(q(B)) = 2n and B is a symplectic butter
y matrix, then so is bB in (2.4) [1, 2].If rank (q(B)) = 2n � � =: 2k and B is an unreduced symplectic butter
y matrix,then bB in (2.4) is of the form (see [3, 11] for a proof)
bB = 266666664@ @@@@ @@@ 377777775 = 26664 bB11 bB13bB22 bB24bB31 bB33bB42 bB44 37775 gkgn� kgkgn� k|{z} |{z} |{z} |{z}k n� k k n� k(2.5)

where � " bB11 bB13bB31 bB33 # is a symplectic butter
y matrix and� the eigenvalues of" bB22 bB24bB42 bB44 # are just the � shifts that are eigen-values of B.The algorithm is made compact and e�cient by using Laurent polynomials, instead ofstandard polynomials, to drive the iterations. The shifts should be chosen according tothe generalized Rayleigh-quotient strategy. The resulting algorithm is typically cubicconvergent. For a detailed discussion on the choice of the spectral transformationfunction q, the choice of the shifts and convergence properties see [4, 11].An algorithm for computing S and R explicitly is presented in [8]. As with explicitQR steps, the expense of explicit SR steps comes from the fact that q(B) has to becomputed explicitly. A preferred alternative is the implicit SR step, an analogue tothe Francis QR step [13, 14, 15]. The �rst implicit transformation S1 is selected sothat the �rst columns of the implicit and the explicit S are equivalent. That is, asymplectic matrix S1 is determined such thatS�11 q(B)e1 = �e1; � 2 IR:Applying this �rst transformation to the butter
y matrix yields a symplectic matrixS�11 BS1 with almost butter
y form having a small bulge. The remaining implicittransformations perform a bulge-chasing sweep down the subdiagonals to restore thebutter
y form. That is, a symplectic matrix S2 is determined such that S�12 S�11 BS1S2is of butter
y form again. Banse presents in [1] an algorithm to reduce an arbitrarysymplectic matrix to butter
y form. The algorithm uses the following elementarysymplectic transformations:



The Parameterized SR Algorithm for Symplectic (Butter
y) Matrices 5� symplectic Givens transformationG(k; c; s) = 2666664 Ik�1 c sIn�k Ik�1�s c In�k
3777775 ;� symplectic Householder transformationH(k; v) = 264 Ik�1 P Ik�1 P 375 ; where P = In�k+1 � 2vvTvT v ;� symplectic Gauss transformationL(k; c; d) = 2666666664

Ik�2 c dc dIn�k Ik�2 c�1 c�1 In�k
3777777775:The symplectic Givens and Householder transformations are orthogonal, while thesymplectic Gauss transformations are nonorthogonal. Algorithms to compute the en-tries of the abovementioned transformations can be found, e.g., in [19] and [9]. TheGaussian transformations can be computed such that among all possible transfor-mations satisfying the same purpose, the one with the minimal condition number ischosen.Let us brie
y describe the algorithm to reduce an arbitrary symplectic matrixM to butter
y form. Zeros in the rows of M will be introduced by applying one ofthe above mentioned transformations from the right, while zeros in the columns willbe introduced by applying the transformations from the left. Of course, in order toperform a similarity transformation, the inverse of each transformation applied fromthe right/left has to be applied from the left/right as well. The basic idea of thealgorithm can be summarized as followsfor j = 1 to nbring the jth column of M into the desired formbring the (n+ j)th row of M into the desired formThe remaining rows and columns inM that are not explicitly touched during theprocess will be in the desired form due to the symplectic structure. The algorithmfor reducing an arbitrary symplectic matrix to butter
y form as given in [1] can besummarized as given in Table 2.1 (in Matlab1-like notation). For simplicity wewill assume here that all symplectic Gauss transformations needed exist; on how toproceed otherwise see [11].1Matlab is a trademark of The MathWorks, Inc.



6 Heike Fa�benderAlgorithm: Reduction to Butter
y FormGiven a 2n� 2n symplectic matrixM compute its reduction to butter
y form.M will be overwritten by its butter
y form.for j = 1 : n� 1for k = n : �1 : j + 1compute Gk such that (GkM)k+n;j = 0M = GkMGTkendif j < n� 1then compute Hj such that (HjM)j+2:n;j = 0M = HjMHTjendcompute Lj+1 such that (Lj+1M)j+1;j = 0M = Lj+1ML�1j+1for k = n : �1 : j + 1compute Gk such that (MGk)j;k = 0M = GTkMGkendif j < n� 1then compute Hj such that (MHj)j;j+2+n:2n = 0M = HTj MHjendend Table 2.1Reduction to Butter
y Form3. The Basic Idea. The key to the development of a butter
y SR algorithmworking only on the parameters is the observation that at any point in the implicit SRstep only a certain, limited number of rows and columns of the symplectic butter
ymatrix is worked on. In the leading part of the intermediate matrices the butter
yform is already retained and is not changed any longer, while the trailing part has notbeen changed yet. Hence, from the leading part the �rst parameters of the resultingbutter
y matrix can be read o�, while from the trailing part the last parameters of theoriginal butter
y matrix can still be read o�. Recall the implicit SR step as describedin Section 2. The �rst implicit transformation S1 is selected in order to introduce abulge into the symplectic butter
y matrix B. That is, a symplectic matrix S1 isdetermined such that S�11 q(B)e1 = �e1; � 2 IR;where q(B) is an appropriately chosen spectral transformation function. Applyingthis �rst transformation to the butter
y matrix yields a symplectic matrix S�11 BS1with almost butter
y form having a small bulge. The remaining implicit transforma-tions perform a bulge-chasing sweep down the subdiagonals to restore the butter
yform. That is, a symplectic matrix S2 is determined such that S�12 S�11 BS1S2 is ofbutter
y form again. If B is an unreduced butter
y matrix and rank(q(B)) = 2n,



The Parameterized SR Algorithm for Symplectic (Butter
y) Matrices 7then eB = S�12 S�11 BS1S2 is also an unreduced butter
y matrix. Hence, there will beparameters ea1; : : : ;ean;eb1; : : : ;ebn;ec1; : : : ;ecn; ed2; : : : ; edn which determine eB. During thebulge-chasing sweep the bulge is successively moved down the subdiagonals, one rowand one column at a time. Consider for simplicity a double shift implicit SR step. Asdiscussed in [4, 11] for a double shift the shift polynomial q2(B) = (B + B�1) � �Ishould be chosen where � = �+ ��1 if � 2 IR or � = � + � for � 2 C; j�j = 1. Theshift � is chosen corresponding to the generalized Rayleigh-quotient strategy. Thebulge is introduced by a transformation of the formS1 = 26664 � ��� � In�2 � ��� � In�2 37775:(3.1)In a slight abuse of notation, we will call matrices of the form (3.1) symplectic House-holder transformations in the following, although they are the direct sum of twoGivens transformations. Whenever a transformation of the form (3.1) is used in thefollowing, one can just as well use a symplectic Householder transformation as de�nedin Section 2.Applying a transformation of the form (3.1) to B to introduce a bulge, results ina matrix of the form
S�11 BS1 = 26666666666664

x + x x ++ x x x xx + x x xx x x. . . . . .x + x x ++ x x x xx + x x xx x x. . . . . .
37777777777775:Now a symplectic Givens transformation to eliminate the (n + 2; 1) element and asymplectic Gauss transformation to eliminate the (2; 1) element are applied, resultingin 26666666666664

x + x x +x x x x+ x + x x xx x x. . . . . .x + x x +x x x x+ x + x x xx x x x. . . . . .
37777777777775:This bulge is chased down the subdiagonals one row and one column at a time. The(1; 1) and the (n + 1; 1) element are not altered in any subsequent transformation.Hence, at this point we can already read o� ea1 and eb1. The bulge-chase is doneusing the algorithm for reducing a symplectic matrix to butter
y form as given in



8 Heike Fa�benderTable 2.1. In a �rst step, a sequence of symplectic Givens, Householder, and Gausstransformations is applied resulting in26666666666664
x x xx + x x x +x x x x+ x + x x. . . . . .x x xx + x x x +x x x x+ x + x x. . . . . .

37777777777775:Next the same sequence of symplectic Givens, Householder, and Gauss transforma-tions (of course, operating in di�erent rows and columns as before) is applied in orderto achieve 26666666666666664
x x xx x x xx + x x x +x x x x+ x + x x. . . . . .x x xx x x xx + x x x +x x x x+ x + x x. . . . . .

37777777777777775:During this step, rows 2 and n+1 and columns 1 and n+1 are not changed anymore.The parameters ea2;eb2;ec1; and ed2 of the resulting matrix eB can be read o�. In general,once the bulge is chased down j rows and columns, the leading j rows and columnsof each block are not changed anymore. The parameters ea1; : : : ;eaj ;eb1; : : : ;ebj ;ec1; : : : ;ecj�1; ed2; : : : ; edj of the resulting matrix eB can be read o�.In the following we will derive an algorithm that computes the parameters ea1;: : : ; ean; eb1; : : : ; ebn;ec1; : : : ;ecn; ed2; : : : ; edn of eB one set (that is, eaj+1;ebj+1;ecj ; edj+1)at a time given the parameters a1; : : : ; an; b1; : : : ; bn; c1; : : : ; cn; d2; : : : ; dn of B. Thematrices B and eB are never formed explicitly. In order to derive such a method, wewill work with the factorization B = K�1N (2.3), as the parameters of B can be reado� of K and N directly. Fortunately, K and N can be expressed as products of evensimpler matrices.K�1 can be decomposed into a product of simple symplectic matricesX1X2 � � �Xn = K�1where Xk = 26666664 Ik�1 a�1k bkIn�k Ik�1 ak In�k
37777775:



The Parameterized SR Algorithm for Symplectic (Butter
y) Matrices 9Similarly, N can be decomposedYnYn�1 � � �Y1JT = Nwhere
Yk = 266666666664

Ik�1 1 1 In�k�1 Ik�1�ck �dk+1 1�dk+1 1 In�k�1
377777777775;Yn = 2664 In�1 1 In�1�cn 1 3775:Because of their special structure, most of the Xk, Yk, the symplectic Givens trans-formations Gj , the symplectic Householder transformations Hj , and the symplecticGauss transformations Lj as de�ned in Section 2 commute:XjXk = XkXj for all j; k,YjYk = YkYj for all j; k,XjYk = YkXj for j 6= k; j 6= k � 1,GjXk = XkGj for j 6= k,HjXk = XkHj for j 6= k; j 6= k + 1,LjXk = XkLj for j 6= k; j 6= k � 1,GjYk = YkGj for j 6= k; j 6= k � 1,HjYk = YkHj for j 6= k; j 6= k � 1; j 6= k + 1,LjYk = YkLj for j 6= k; j 6= k � 1; j 6= k + 1.Here we assume thatHk = diag(Ik�1; P; In�k�1; Ik�1; P; In�k�1)where P 2 IR2�2 is a Givens transformation, as all Hk considered in this section areof this special form. Hence, we can writeB = XnYnXn�1Yn�1 � � �X2Y2X1Y1JT :(3.2)Now let us take a closer look at a double shift bulge chase. We will start withan unreduced symplectic butter
y matrix B decomposed as in (3.2). The resultingmatrix eB will have a decomposition of the same form as B,eB = eXn eYn eXn�1 eYn�1 � � � eX2 eY2 eX1 eY1JT ;



10 Heike Fa�benderAs noted before, the bulge is introduced by the transformation S�11 BS1 with amatrix S1 of the form (3.1). This leads to a matrix of the form
S�11 BS1 =

266666666666666664

 � 
 
 �� 
 
 
 
x � 
 
 xx x x. . . . . .
 � 
 
 �� 
 
 
 
x � 
 xx x x. . . . . .

377777777777777775;where x denotes desired entries in the butter
y form, + undesired entries, and 
 and� desired and undesired elements that are changed by the current transformation.As S1 is a symplectic Householder transformation, S1 and most of the factors of Bcommute: S�11 BS1 = XnYn � � �X3Y3S�11 X2Y2X1Y1JTS1:Since S1 is unitary and symplectic, we have S�11 = ST1 and JTS1 = S1JT . Hence,ST1 BS1 = XnYn � � �X3Y3ST1 X2Y2X1Y1S1JT :Next a symplectic Givens transformation G2 is applied to zero the (n+2; 1) element:
G2ST1 BS1GT2 =

266666666666666664
x � x 
 +� 
 
 
 
� x + 
 x xx x x. . . . . .x � x 
 +0 
 
 
 
� x + 
 x xx x x. . . . . .

377777777777777775:As G2 and most of the factors of B commute and as G2 is unitary and symplectic(hence, JTGT2 = GT2 JT ) we obtainG2ST1 BS1GT2 = XnYn � � �X3Y3G2ST1 X2Y2X1Y1S1GT2 JT :Now a symplectic Gauss transformation L2 is chosen to eliminate the (2; 1) element



The Parameterized SR Algorithm for Symplectic (Butter
y) Matrices 11such that
B(1) := L2G2ST1 BS1GT2 L�12 =

266666666666666664

 � 
 
 �0 
 
 
 
� x � 
 x xx x x. . . . . .
 � 
 
 �
 
 
 
� x � 
 x xx x x. . . . . .

377777777777777775:At this point the actual bulge, which is chased down the subdiagonal, is formed. Thatis, now a sequence of symplectic Givens, Householder and Gauss transformations isapplied to successively chase the bulge of the above form down the subdiagonal.L2 is symplectic, but not unitary. Hence, JTL�12 = LT2 JT . Moreover, as L2 andmost of the factors of B commute, we haveB(1) := L2G2ST1 BS1GT2 L�12 = XnYn � � �X3Y3L2G2ST1 X2Y2X1Y1S1GT2 LT2 JT :The (1; 1) and the (n+ 1; 1) elements of B(1) are not altered by any subsequenttransformation. Therefore, at this point we can read o� ea1 and eb1 of the �nal eB. Inother words, we can rewriteL2G2ST1 X2Y2X1Y1S1GT2 LT2 JTin terms of eX1 times an appropriate symplectic matrix Z1 times JT . That is,L2G2ST1 X2Y2X1Y1S1GT2 LT2 JT = eX1Z1JT ;(3.3)where Z1 is symplectic. Moreover, as eX1 commutes with Xn; : : : ; X3, Yn; : : : ; Y3 weobtain B(1) = eX1XnYn � � �X3Y3Z1JT :Now the bulge is chased down the subdiagonals one row and one column at a time.This is done using the algorithm for reducing a symplectic matrix to butter
y form asgiven in Table 2.1. First a symplectic Givens transformation is applied to eliminatethe (n+ 1; 2) element. This yields
GT2 B(1)G2 =

266666666666666664
x 0 x 
 +
 
 
 
� x + 
 x xx x x. . . . . .x 0 x 
 +
 
 
 
� x + 
 x xx x x. . . . . .

377777777777777775;



12 Heike Fa�benderor in terms of B(1) GT2 B(1)G2 = eX1XnYn � � �X3Y3GT2 Z1G2JT :Then a symplectic Householder transformation H2 is used to zero the (n + 1; n+ 3)element:
HT2 GT2 B(1)G2H2 =

266666666666666664
x x 
 0
 � 
 
 
 �� 
 � 
 
 
x � 
 x. . . . . .x x 
 0
 � 
 
 
 �� 
 � 
 
 
x � 
 x. . . . . .

377777777777777775:Using again the commuting properties and the fact that H2 is unitary and symplectic,we obtain HT2 GT2 B(1)G2H2 = eX1XnYn � � �X4Y4HT2 X3Y3GT2 Z1G2H2JT :A symplectic Givens transformation G3 annihilates the (n+3; 2) element. This yields
G3HT2 GT2 B(1)G2H2GT3 =

266666666666666664
x x xx � x x 
 +� 
 � 
 
 
� x + 
 x. . . . . .x x xx � x x 
 +0 
 0 
 
 
� x + 
 x. . . . . .

377777777777777775;and G3HT2 GT2 B(1)G2H2GT3 = eX1XnYn � � �X4Y4G3HT2 X3Y3GT2 Z1G2H2GT3 JT :Finally, a symplectic Gauss transformation L3 to eliminate the (3; 2) element com-pletes the bulge chase: B(2) := L3G3HT2 GT2 B(1)G2H2GT3 L�13 is of the form
B(2) =

266666666666666664
x x 

 � 
 
 
 �0 
 0 
 
 
� x � 
 x. . . . . .x x 

 � 
 
 
 �
 
 
 
� x � 
 x. . . . . .

377777777777777775:



The Parameterized SR Algorithm for Symplectic (Butter
y) Matrices 13The bulge has been chased exactly one row and one column down the subdiagonalin each block. The form of B(2) is the same as the form of B(1), just the bulge canbe found one row and one column further down in each block. The same sequenceof symplectic Givens, Householder and Gauss transformation as in the last four stepscan be used to chase the bulge one more row and column down in each block.Furthermore, due to the commuting properties and the symplecticity of L3 wehave B(2) := L3G3HT2 GT2 B(1)G2H2GT3 L�13= eX1XnYn � � �X4Y4L3G3HT2 X3Y3GT2 Z1G2H2GT3 LT3 JT :In subsequent transformations the elements of B(2) in the positions (2; 2), (n+ 2; 2),(1; n+1), (1; n+2), (2; n+1), (n+1; n+1), (n+1; n+2) and (n+2; n+1) are notaltered. Hence, at this point we can read o� ea2, eb2, ec1, and ed2 of the �nal eB. Notethat eX2 and eY1 do not commute. In other words, we can rewriteL3G3HT2 X3Y3GT2 Z1G2H2GT3 LT3 JTin terms of eX2 eY1 times an appropriate symplectic matrix Z2 times JT . That is,L3G3HT2 X3Y3GT2 Z1G2H2GT3 LT3 JT = eX2 eY1Z2JT :As eX2 and eY1 commute with most of the factors of B(2) we obtainB(2) = eX1 eX2 eY1XnYn � � �X4Y4Z2JT :Continuing in this fashion, we obtain for j = 2; : : : ; n� 1B(j) := Lj+1Gj+1HTj GTj B(j�1)GjHjGTj+1L�1j+1;and B(j) := Lj+1Gj+1HTj GTj B(j�1)GjHjGTj+1L�1j+1= eX1 � � � eXj�1 eY1 � � � eYj�2XnYn � � �Xj+2Yj+2 ��Lj+1Gj+1HTj Xj+1Yj+1GTj Zj�1GjHjGTj+1LTj+1JT= eX1 � � � eXj�1 eXj eY1 � � � eYj�2 eYj�1XnYn � � �Xj+2Yj+2ZjJT ;where Xn+1 = Yn+1 = I . Thus,B(n�1) := LnGnHTn�1GTn�1B(n�2)Gn�1Hn�1GTnL�1n ;and B(n�1) = eX1 � � � eXn�1 eY1 � � � eYn�2Zn�1JT :One last symplectic Givens transformation has to be applied to B(n�1) to obtain thenew butter
y matrix eB GTnB(n�1)Gn = eB:Hence, GTnZn�1Gn = eXn eYn�1 eYn:and eB = eX1 � � � eXn eY1 � � � eYnJT :



14 Heike Fa�bender4. The Details. How can the above observations be used to derive an algorithmwhich works solely on the parameters that determine B without forming B, eB or anyof the intermediate matrices? Let us start with (3.3),L2G2ST1 X2Y2X1Y1S1GT2 LT2 = eX1Z1:X1; X2; Y1, and Y2 are known. S1 is determined by the choice of the spectral trans-formation function which drives the current SR step. As discussed in [4, 11] for adouble shift the shift polynomial q2(B) = (B + B�1) � �I should be chosen where� = � + ��1 if � 2 IR or � = � + � for � 2 C; j�j = 1. Here the shift � is chosencorresponding to the generalized Rayleigh-quotient strategy. This impliesq2(B)e1 = (b1 + a1c1 � bn � ancn)e1 + a1d2e2:Hence, for S1 as in (3.1), � and � have to be determined such that� � ��� � �� b1 + a1c1 � bn � ancna1d2 � = � ?0 � :Next a symplectic Givens transformation G2 has to be determined such that(G2ST1 X2Y2X1Y1S1GT2 )n+2;n+1 = 0:This implies that G2 = G(2; �2; �2) has to be chosen such that� �2 �2��2 �2 �� (ST1 X2Y2X1Y1S1)2;n+1(ST1 X2Y2X1Y1S1)n+2;n+1 � = � ?0 �where (ST1 X2Y2X1Y1S1)2;n+1 = ��(b1 � b2);(ST1 X2Y2X1Y1S1)n+2;n+1 = ��(a1 � a2):Now a symplectic Gauss transformation L2 = L2(�1;  1) is used such that(L2G2ST1 X2Y2X1Y1S1GT2 LT2 )2;n+1 = 0:Hence, we have to compute �1 and  1 such that2664 �1  1�1  1��11 ��11 37752664 (G2ST1 X2Y2X1Y1S1GT2 )1;n+1(G2ST1 X2Y2X1Y1S1GT2 )2;n+1(G2ST1 X2Y2X1Y1S1GT2 )n+1;n+10 3775 = 2664 ?0?0 3775 ;where (G2ST1 X2Y2X1Y1S1GT2 )1;n+1 = �2b1 + �2b2;(G2ST1 X2Y2X1Y1S1GT2 )2;n+1 = �2(��(b1 � b2)) + �2(��(a1 � a2));(G2ST1 X2Y2X1Y1S1GT2 )n+1;n+1 = �2a1 + �2a2:Now we can read o� ea1 and eb1ea1 = (�2a1 + �2a2)=�21 ; eb1 = �2b1 + �2b2:



The Parameterized SR Algorithm for Symplectic (Butter
y) Matrices 15Moreover, L2G2ST1 X2Y2X1Y1S1GT2 LT2 is a matrix of the form26666666666664
x x x x xx x x xx . . .x x x x xx x x xx x x x . . .

37777777777775 :Now we form eX1 = 2664 ea�11 eb1In�1 ea1 In�1 3775 ;and build Z1 = eX�11 L2G2ST1 X2Y2X1Y1S1GT2 LT2 . This is a matrix of the form26666666666664
1�21 �22 �23 "221 . . .�11 �12 �13 1 �12�21 �22 �23 �22�31 �32 �32 1 . . .

37777777777775 ;where the entries that will be used in the subsequent transformations are given by�11 = (�21 g1 +  1�1h6)=(�2a1 + �2b1); �22 = �21 (�2h1 + �2h2) + �1 1h5;�12 =  1�1 + �21h5=(�2a1 + �2b1); �23 = ��1�2�b2d3 � �1�2�d3a2;�13 = ��1�d3a2=(�2a1 + �2b1); "22 = ��2h1 + �2h2 +  1h6=�1;�22 = �2h3 + �2h4; �12 = h6=(�2a1 + �2b1);�23 = (�2�b2d3 � �2�d3a2)=�1; �22 = (��2h3 + �2h4)=�21 ;�32 = ��1�2�d3; �32 = �2�d3=�1;whereh1 = �2g2 + �2g3; h2 = �2(�2b1 + �2b2) + �2(�2a1 + �2a2);h3 = �2g3 � �2g2; h4 = �2(�2a1 + �2a2)� �2(�2b1 + �2b2);h5 = �2g4 + �2��(a1 � a2); h6 = �2��(a1 � a2)� �2g4;and g1 = ��2a1c1 + ��d2(a1 � a2)� �2c2a2;g2 = �2(a�11 � b1c1)� ��d2(b1 + b2) + �2(a�12 � b2c2);g3 = ��2a1c1 � ��d2(a1 + a2)� �2a2c2;g4 = ��2a1d2 + ��(c2a2 � a1c1) + �2a2d2:



16 Heike Fa�benderNext we have to considerL3G3HT2 X3Y3GT2 Z1G2H2GT3 LT3 JT :First a symplectic Givens transformation G2 eliminates the (n+ 1; n+ 2) element ofZ1. This implies that G2 = G2(�3; �3) has to be chosen such that[�12 �12] � �3 �3��3 �3 � = [? 0] :(4.1)The resulting transformed matrix is given by
GT2 Z1G2 =

266666666666664
1�(1)21 �(1)22 �(1)23 "(1)221 . . .�(1)11 �(1)12 �(1)13 1�(1)21 �(1)22 �(1)23 �(1)22�(1)31 �(1)32 �(1)32 1 . . .

377777777777775 ;where the relevant entries are�(1)12 = �3�12 � �3�12;�(1)22 = �23�22 + �3�3(�22 � �22)� �23"22; �(1)23 = �3�23 + �3�23;�(1)22 = �23�22 � �3�3("22 + �22) + �23�22; �(1)32 = �3�32 � �3�32;"(1)22 = �23"22 + �3�3(�22 � �22)� �23�22; �(1)23 = �3�23 � �3�23;�(1)22 = �23�22 + �3�3(�22 + "22) + �23�22; �(1)32 = �3�32 + �3�32:(4.2)The (1; 1) and the (1; 3) entry are not altered by this transformation: �(1)11 = �11 and�(1)13 = �13.Next a symplectic Householder transformation H2 is used to zero the (n + 1; 3)element of GT2 Z1G2. H2 is a matrix of the form (3.1); we denote its entries by �4 and�4. The scalars �4 and �4 have to be chosen such that[�(1)12 �(1)13 ] � �4 �4��4 �4 � = [? 0]:(4.3)This results in
HT2 X3Y3GT2 Z1G2H2 =

26666666666666666664
1�(2)21 �(2)22 �(2)23 �(2)24 "(2)22 "(2)23�(2)31 �(2)32 �(2)33 �(2)34 "(2)32 "(2)331 . . .�(2)11 �(2)12 1�(2)21 �(2)22 �(2)23 �(2)24 �(2)22 �(2)23�(2)31 �(2)32 �(2)33 �(2)34 �(2)32 �(2)33�(2)42 �(2)43 1 . . .

37777777777777777775 ;



The Parameterized SR Algorithm for Symplectic (Butter
y) Matrices 17where the relevant entries are given by�(2)33 = �24(a�13 � b3c3) + �4�4(�(1)32 b3 + �(1)23 ) + �24�(1)22 ;�(2)22 = �24�(1)22 � �4�4(�(1)23 + �(1)32 a3)� �24a3c3;�(2)23 = �24�(1)23 + �4�4(a3c3 + �(1)22 )� �24�(1)32 a3;�(2)33 = ��24a3c3 + �4�4(�(1)23 + �(1)32 a3) + �24�(1)22 ;"(2)22 = �24"(1)22 � �4�4�(1)32 b3 + �24b3;"(2)33 = �24b3 + �4�4�(1)32 b3 + �24"(1)22 ;(4.4)and �(2)34 = ��4b3d4; "(2)32 = �24�(1)32 b3 + �4�4("(1)22 � b3);�(2)12 = �4�(1)12 � �4�(1)13 ; �(2)22 = �24�(1)22 � �4�4�(1)32 a3 + �24 ;�(2)24 = �4a3d4; �(2)23 = �4�4(�(1)22 � a3)� �24�(1)32 a3;�(2)34 = ��4a3d4; �(2)32 = �24�(1)32 a3 + �4�4(�(1)22 � 1);�(2)43 = ��4d4; �(2)33 = �24a3 + �4�4�(1)32 a3 + �24�(1)22 :(4.5)The (1; 1) entry is not altered by this transformation: �(2)11 = �(1)11 = �11.A symplectic Givens transformation G3 is employed to zero the (n + 3; n + 2)element in HT2 X3Y3GT2 Z1G2H2. This implies that G3 = G3(�5; �5) has to be chosensuch that � �5 �5��5 �5 � " "(2)32�(2)32 # = � ?0 � :(4.6)The resulting matrix G3HT2 X3Y3GT2 Z1G2H2GT3 is given by26666666666666666664
1�(3)21 �(3)22 �(3)23 �(3)24 "(3)22 "(3)23�(3)31 �(3)32 �(3)33 �(3)34 "(3)32 "(3)331 . . .�(3)11 �(3)12 1�(3)21 �(3)22 �(3)23 �(3)24 �(3)22 �(3)23�(3)32 �(3)33 �(3)34 �(3)33�(3)42 �(3)43 �(3)43 1 . . .

37777777777777777775 ;where the relevant entries are given by�(3)33 = �25�(2)33 + �5�5(�(2)33 + "(2)33 ) + �25�(2)33 ; �(3)34 = �5�(2)34 + �5�(2)34 ;"(3)33 = �25"(2)33 + �5�5(�(2)33 � �(2)33 )� �25�(2)33 ; "(3)32 = �5"(2)32 + �5�(2)32 ;�(3)33 = �25�(2)33 + �5�5(�(2)33 � �(2)33 )� �25"(2)33 ; �(3)23 = �5�(2)23 + �5�(2)23 ;�(3)34 = �5�(2)34 � �5�(2)34 ; �(3)43 = �5�(2)43 ;�(3)33 = �25�(2)33 � �5�5(�(2)33 + "(2)33 ) + �25�(2)33 ; �(3)23 = �5�(2)23 � �5�(2)23 ;�(3)43 = ��5�(2)43 :(4.7)



18 Heike Fa�benderSome of the relevant entries do not change:"(3)22 = "(2)22 ; �(3)22 = �(2)22�(3)12 = �(2)12 ; �(3)22 = �(2)22 ;�(3)24 = �(2)24 ; �(3)11 = �(2)11 = �(1)11 = �11:Finally the (3; n+2) element of G3HT2 X3Y3GT2 Z1G2H2GT3 is annihilated using asymplectic Gauss transformation L3. Hence, we have to compute �2 and  2 such that2664 �2  2�2  2��12 ��12 377526664 "(3)22"(3)32�(3)220 37775 = 2664 ?0?0 3775 :(4.8)We obtain that L3G3HT2 X3Y3GT2 Z1G2H2GT3 LT3 is given by26666666666666666664
1�(4)21 �(4)22 �(4)23 �(4)24 "(4)22 "(4)23�(4)32 �(4)33 �(4)34 "(4)331 . . .�(4)11 �(4)12 1�(4)21 �(4)22 �(4)23 �(4)24 �(4)22 �(4)23�(4)32 �(4)33 �(4)34 �(4)33�(4)42 �(4)43 �(4)43 1 . . .

37777777777777777775 ;where the relevant entries are given by�(4)33 = �22 �(3)33 +  2�2�(3)23 ; �(4)34 = �2�(3)34 +  2�(3)24 ;�(4)22 = �(3)22 +  2�(3)23 =�2; �(4)23 = �(3)23 +  2�(3)22 =�2;�(4)12 = �(3)12 �2; �(4)24 = �(3)24 =�2;�(4)34 = �(3)34 =�2; �(4)43 = �(3)43 �2;�(4)22 = �(3)22 =�22 ; �(4)23 = �(3)23 =�22 ;�(4)33 = �(3)33 =�22 ; �(4)43 = �(3)43 =�2;"(4)33 = "(3)33 +  2�(3)23 =�2:(4.9)
Again, some of the relevant entries are not altered:"(4)22 = "(3)22 = "(2)22 ;�(4)11 = �(3)11 = �(2)11 = �(1)11 = �11;�(4)33 = �(3)33 :Now the parameters ea2;eb2;ec1, and ed2 can be read o�:ea2 = �(4)22 ; eb2 = "(4)22 = "(3)22 ; ec1 = � �(4)11 = � �11; ed2 = � �(4)12 :



The Parameterized SR Algorithm for Symplectic (Butter
y) Matrices 19Forming eX2 eY1 we see that Z2 = eY �11 eX�12 L3G3HT2 X3Y3GT2 Z1G2H2GT3 LT3 is given by
Z2 =

2666666666666666664
1 1�(5)32 �(5)33 �(5)34 "(5)331 . . . 1�(5)22 �(5)23 �(5)24 1 �(5)23�(5)32 �(5)33 �(5)34 �(5)33�(5)42 �(5)43 �(5)43 1 . . .

3777777777777777775 ;where only the elements�(5)23 = �(4)23 =�(4)22 ;�(5)2k = �(4)2k =�(4)22 ; for k = 2; 3; 4:(4.10)changed.Comparing Z1 and Z2, the bulge has been chased down exactly one row andcolumn in each block. The same sequence of symplectic Givens, Householder andGauss transformations as in the last four steps can be used to chase the bulge onemore row and column down in each block. Therefore, renaming�22 = �(5)33 ; �23 = �(5)34 ;"22 = "(5)33 ; �11 = �(5)22 ;�12 = �(5)23 ; �13 = �(5)24 ;�22 = �(5)33 ; �23 = �(5)34 ;�32 = �(5)43 ; �12 = �(5)23 ;�22 = �(5)33 ; �32 = �(5)43 ;and repeating the computations (4.1) { (4.10) we obtainea3 = �(4)22 ; eb3 = "(4)22 ;ec2 = ��(4)11 ; ed3 = ��(4)12 :Iterating like this, the parameters ea1; : : : ;ean�1; eb1; : : : ;ebn�1, ec1; : : : ;ecn�2, and ed2; : : : ;edn�1 can be computed.For the �nal step of the algorithm, let us consider the matrix Zn�1. It has theform 26666664 In�2 1� � "In�2� � 1 �� � �
37777775 :



20 Heike Fa�benderA symplectic Givens transformation Gn has to be applied to zero the (2n � 1; 2n)entry of Zn�1. The transformation GTnZn�1Gn does not cause any �ll-in. Hence, theremaining parameters ean;ebn, ecn�1;ecn, and edn can be read o�, aseXn eYn�1 eYn = 26666664 In�2 1�ebn edn ea�1n �ebnecn ebnIn�2�ecn�1 �edn 1�ean edn �eanecn ean
37777775 ;and GTnZn�1Gn are symplectic butter
y matrices of the same form.Using the same renaming convention as above, this implies that for the Givenstransformation Gn, the scalars �6 and �6 have to be determined such that[�12 �12] � �6 �6��6 �6 � = [? 0] :Applying the transformation, the following matrix entries change:�12 = �6�12 � �6�12;�22 = �6(�6�22 � �6"22) + �6(�6�22 � �6�22);�22 = �6(�6�22 + �6�22) + �6(�6�22 + �6"22);"22 = �6(�6�22 + �6"22)� �6(�6�22 + �6�22);�22 = �26�22 � �6�6("22 + �22) + �26�22:The parameters ean;ebn, ecn�1;ecn, and edn are given byean = �22; ebn = "22; ecn�1 = ��11;ecn = ��22=an; edn = ��12:Remark 4.1.a) No 'optimality' is claimed for the form of the algorithm as discussed aboveeither with regard to operation counts or numerical stability. Variants arecertainly possible.b) A careful 
op count shows that one parameterized SR step as described aboverequires 219n � 233 
ops2 (assuming that the parameters of a symplecticGivens transformation are computed using 6 
ops, while those of a symplec-tic Gauss are computed using 7 
ops). This can be seen as follows: Theinitial step requires 166 
ops, the �nal one 39 
ops. The computation of(4.2), (4.4), (4.5), (4.7), (4.9), (4.10) require 47, 90, 48, 32, resp. 2 
ops.These computations have to be repeated n � 2 times, resulting in 219(n� 2)
ops. These 
ops counts assume that quantities like �2j ; �2j ; �j�j which areused more than once are computed only once in order to save computationaltime. If the transformation matrix S is required, then 64n2� 128n 
ops haveto be added as 2n � 4 symplectic Givens transformations, n � 2 symplecticGauss transformations, and n � 2 symplectic Householder transformationswith v 2 IR2 are used.2Following [14], we de�ne each 
oating point arithmetic operation together with the associatedinteger indexing as a 
op.



The Parameterized SR Algorithm for Symplectic (Butter
y) Matrices 21c) The development of a parameterized quadruple shift SR step is possible.d) The presented parameterized double shift SR algorithm can not be used tomimic a quadruple shift. For a quadruple shift the spectral transformationfunction q4(�) = (�+ ��1)2 � (�+ ��1 + �+ ��1)(� + ��1)+(�+ ��1)(�+ ��1)� 2should be used. The shift � should be chosen according to the generalizedRayleigh-quotient strategy as explained in [4, 11]. That is, for a quadrupleshift, the eigenvalues of the 4� 4 symplectic matrixG = 2664 bn�1 bn�1cn�1 � a�1n�1 bn�1dnbn bndn bncn � a�1nan�1 an�1cn�1 an�1dnan andn ancn 3775are chosen. We can not work with a double shift step in the case that thematrix G has eigenvalues �; �; ��1; ��1 2 C, j�j 6= 1. One might have theidea to �rst apply a double SR step with the driving polynomialq(1)2 = (B � �I)(B � �I)B�1followed by a double shift SR step with the driving polynomialq(2)2 = (B � ��1I)(B � ��1I)B�1as this is equivalent to applying a quadruple SR step. The vectors q(1)2 e1 andq(2)2 e1 are of the form �1e1 + �2e2 + �3en+1:But the parameterized double shift SR step relies on the fact that for thedriving polynomial q2 we haveq2(B)e1 = &1e1 + &2e2:5. The Overall Process. By applying a sequence of parameterized double shiftSR steps to a symplectic butter
y matrix B, it is possible to reduce the tridiagonalblocks in B to diagonal form if B has only real eigenvalues or eigenvalues on theunit circle. The eigenproblem decouples into simple symplectic 2� 2 eigenproblems.Decoupling occurs if dj = 0 for some j. Therefore it is necessary to monitor theparameters dj in order to bring about decoupling whenever possible. We proceedwith the process of applying double shift SR steps until the problem has completelysplit into subproblems of dimension 2. That is, until all parameters dj are equal tozero. The complete process is given in Table 5.1. In a �nal step we then have to solvethe small subproblems.In case the (2; 1) entry is zero, the problem is already in the desired form; but wemight have to reorder the eigenvalues on the diagonal such the smaller one is in the(1; 1) position. Assume we have � � t0 ��1 � ;



22 Heike Fa�benderwhere j�j � 1. The reordering can be done as described in [14, Section 7.6.2] using aGivens rotation QD such that the second component of QTD h t����1 i is zero.Otherwise, the subproblems are of the formM = � bj bjcj � a�1jaj ajcj � :The eigenvalues are given by �� = (aicj + bj)=2 � p(aicj + bj)2=4� 1. If theseeigenvalues are real, choose the one that is inside the unit circle and denote it by �.The corresponding eigenvector is given by� �� ajcjaj � :Then the orthogonal symplectic matrixQ = 1q(�� ajcj)2 + a2j � �� ajcj �ajaj �� ajcj �transforms M into upper triangular formQTMQ = � � ?0 ��1 � :In case j��j = 1, we leave M as it is. Embedding Q into a 2n � 2n symplecticGivens transformation in the usual way, we can update the 2n � 2n problem. Theabove described process computes the real Schur form of M using a (symplectic)Givens transformation. In our implementation we use theMatlab routine 'schur' forthis purpose instead of the above, explicit approach. In this case we might have toorder the eigenvalues on the diagonal as there is no guarantee that 'schur' puts theeigenvalue inside the unit circle into the (1; 1) position.Remark 5.1. The parameterized double shift SR algorithm for butter
y matricesas given in Table 5.1 requires about 146n2 
ops. If the transformation matrix S isaccumulated, an additional 28n3 
ops have to be added. This estimate is based on theobservation that 23 SR iterations per eigenvalue are necessary.6. Numerical Examples. The parameterized butter
y SR algorithm for com-puting the eigenvalues of symplectic matrices was implemented in Matlab Version5.1. Numerical experiments comparing the algorithm presented here with the doubleshift SR algorithm were performed on a SPARC Ultra 1 creator workstation.For the tests reported here n � n diagonal matrices D were generated usingMatlab's 'rand' function. Then a symplectic matrix S was constructed such thatS =MT diag(D;D�1)M where M 2 IR2n�2n are randomly generated symplectic or-thogonal matrices. This guarantees that all test matrices have only real-valued pairsof eigenvalues f�; ��1g; � 2 IR. Hence, using only double shift Laurent polynomialsto drive the SR step, the corresponding butter
y matrices can be reduced to butter
ymatrices such that the (1; 2) and the (2; 2) block is diagonal (that is, all parametersdj are zero).In order to detect de
ation in the parameterized SR algorithm, parameters djwere declared to be zero during the iteration whendj � 10 � n � eps



The Parameterized SR Algorithm for Symplectic (Butter
y) Matrices 23Algorithm: Parameterized Double Shift SR Algorithm for Butter
y MatricesGiven the parameters a1; : : : ; an; b1; : : : ; bn; c1; : : : ; cn; d2; : : : ; dn of a symplec-tic butter
y matrix B, the following algorithm computes the parametersea1; : : : ;ean;eb1; : : : ;ebn;ec1; : : : ;ecn; ed2; : : : ; edn of a symplectic butter
y matrix eBthat is similar to B. All edj are zero. Thus the eigenproblem for eB decouplesinto 2�2 symplectic eigenproblems. B is assumed to have only real eigenvaluesor eigenvalues on the unit circle.let d1 = 0q = n+ 1; p = 1repeat until q = pset all dj to zero that satisfy dj � ��nd the largest nonnegative q and the smallest nonnegative p such thatd1 = � � � = dp = 0 6= dp+1 dq�1 6= dq = � � � = dn = 0if q 6= pperform a parameterized double shift SR step onap+1; : : : ; aq�1; bp+1; : : : ; bq�1; cp+1; : : : ; cq�1; dp+1; : : : ; dq�1endendsolve the 2� 2 subproblems as described in the textTable 5.1Parameterized Double Shift SR Algorithm for Butter
y Matriceswas ful�lled, where the dimension of the problem is 2n�2n and eps � 2:2204�10�16 isMatlab's 
oating point relative accuracy. De
ation in the double shift SR algorithmwas determined by a condition of the formjhp+1;pj � 10 � n � eps(jhppj+ jhp+1;p+1j):(6.1)While symplecticity is forced by the parameterized SR algorithm, its has to be en-forced after each double shift SR step. Otherwise symplecticity is lost in the doubleshift SR algorithm.All tests showed that the parameterized SR algorithm and the double shift SRalgorithm (with symplecticity enforced after each SR step) compute the eigenvaluesto about the same accuracy. But the parameterized SR algorithm converged slightlyfaster than the double shift SR algorithm, exhibiting the same cubic convergencebehavior (see [4, 11] for a discussion and numerical examples). Figure 6.1 showsthe average number of iterations needed for convergence using the parameterizedSR algorithm and the double shift SR algorithm. The average number of iterationsneeded for convergence of a pair of eigenvalues tends to be around 43 iterations.In order to compute the average number of iterations needed for convergence,100 symplectic matrices S for each of the dimensions 2n � 2n for n = 4 : 40 wereconstructed as described above. It was observed that the parameterized SR algorithmconverges typically slightly faster then the double shift SR algorithm. For most of thetest examples, the parameterized SR algorithm was as fast or faster than the doubleshift SR algorithm. Just for very few examples, the parameterized SR algorithm
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Fig. 6.1. average number of iterations, 100 examples for each dimensionneeded more iteration than the double shift SR algorithm; and than only up to 3iterations more. Mostly this was due to the fact that the de
ation criterion for theparameterized SR algorithm is somewhat more strict than the one for the double shiftSR algorithm. Similar results were obtained for test matrices S = MT hD F0 D�1 iM ,where D;F are random diagonal n� n matrices and M is as before.7. Conclusions. In this paper we have derived a parameterized version of thebutter
y SR algorithm that works only on the 4n� 1 parameters which uniquely de-termine a butter
y matrix. Symplecticity is forced in every step of the algorithm. Theparameterized butter
y SR algorithm is an e�cient structure-preserving algorithmfor computing the eigenvalues of symplectic matrices. Using Laurent polynomials asshift polynomials cubic convergence can be observed. The parameterized butter
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