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Abstract: We propose a method of Lanczos type for solving a linear
system with a normal matrix whose spectrum is contained in a second
degree curve. This is a broader class of matrices than (l,m)-normal
matrices introduced in a recent paper by Barth and Manteuffel. Our
approach is similar to that by Huhtanen in the sense that both use the
condensed form of normal matrices discovered by Elsner and Ikramov.
However, there are a number of differences, among which are: (i)
our method is modeled after the SYMMLQ algorithm of Paige and
Saunders; (ii) it uses only one matrix-vector product per step; (iii) we
provide effective means for monitoring the size of the residual during
the process. Some numerical experiments are presented.
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1 Introduction

Consider the linear system
Ax = b. (1)

In case A is large and sparse, Krylov subspace based methods should be used
for solving system (1). Faber and Manteuffel [3] showed that there does not
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exist a conjugate gradient method for solving (1) based on a k-term recursion
with a low k and using the Krylov subspace K(A, b) unless A is normal. Even
then, expect for a few anomalies, the eigenvalues of A must be contained in
a line. If this is the case, then k = 3. Earlier, the same result was proved
by Voevodin and Tyrtyshnikov [13, 12]. It is assumed in all of these papers
that an orthogonal basis in the Krylov subspace is constructed via a single
short recursion.

Gragg [4] demonstrated that if A is unitary, then an orthogonal basis in
a Krylov subspace of A can be constructed using a pair of short recurrence
formulas. Using Gragg’s ideas, Jagels and Reichel [9] derived an efficient
minimal residual algorithm for unitary and shifted unitary matrices. In [1],
Barth and Manteuffel extend the results of [9] showing that a conjugate
gradient method based on a short multiple recursion is possible for linear
polynomials of Hermitian and unitary matrices and their low rank modifica-
tions. The Jagels–Reichel–Barth–Manteuffel approach is equivalent to using
a single short recursion of the form

pj+1 =
j∑

i=j−t

βijApi −
j∑

i=j−s

σijpi

for various small s and t.
In [6], Huhtanen describes a Hermitian Lanczos method for normal ma-

trices. Making use of the Toeplitz decomposition of A, i.e., A = H + iK,
where

H =
1

2
(A + A∗), K =

1

2i
(A − A∗),

he observes that instead of solving the GMRES minimization problem

min
pj−1∈Πj−1

||Apj−1(A)b − b||,

solving

min
pj−1∈Πj−1

||Apj−1(H)b − b|| = min
pj−1∈Πj−1

||pj−1(H)Ab − b|| (2)

is useful. Here, Πj denotes the set of all polynomials p(x) =
∑j

ℓ=0 aℓx
ℓ of

degree at most j. The best approximation to b in (2) can be computed from
the Krylov subspace span{Ab, HAb, H2Ab, . . . , Hj−1Ab} using the Hermitian
Lanczos method. The drawback of Huhtanen’s method is that each step
requires two matrix-vector products, one with H and another one with A.
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In [5], Huhtanen gives an optimal iterative method for normal matrices
with minimal polyanalytic polynomials of low degree. Polyanalytic polyno-
mials are functions of the form

p(z) =
∑

0≤j+ℓ≤k

cjℓz
ℓzj , cjl ∈ C.

Polyanalytic polynomials of the form zjzℓ are called polyanalytic monomials
and an order > among them is set as follows. Let zj1zℓ1 and zj2zℓ2 be two
polyanalytic monomials. If j1 + ℓ1 > j2 + ℓ2 or, if j1 + ℓ1 = j2 + ℓ2 and
j1 > j2, then zj1zℓ1 > zj2zℓ2. The minimal polyanalytic polynomial of a nor-
mal matrix A ∈ Cn×n is then defined as the monic polyanalytic polynomial
of least possible degree annihilating A, see [8] for a more detailed discussion.
If the degree of the minimal polyanalytic polynomial is moderate, then linear
systems with A can be iteratively solved with a short term recurrence. Huh-
tanen gives an algorithm which uses a 5-term-recurrence (and scalar products
of the form x∗A∗AA∗y, the solution vector x and the residual vector r are
built as x = x + αq and r = r − αAq, no stopping criteria discussed), and
shows that the norm of the residual in his algorithm does not exceed the
corresponding norm in GMRES. More work of Huhtanen on normal matrices
can be found in [7, 5].

Here, we will explore the solution of linear systems with normal matrices
whose eigenvalues are contained in a curve of second degree; that is, for
the Toeplitz decomposition of a normal matrix A = H + ıK, we have an
additional constraint of the form

αH2 + 2βHK + γK2 + δH + ǫK + µI = 0

for α, β, γ, δ, ǫ, µ ∈ IR. Note that unitary matrices are the simplest example
of normal matrices with the spectrum on a second degree curve (the unit
circle, in this case).

Our approach is similar to that of Huhtanen in the sense that both use
the condensed form for normal matrices introduced by Elsner and Ikramov
in [2]. The main differences are as follows:

1. Our method belongs to the orthogonal residual (or Galerkin) class of
methods and is modeled after the SYMMLQ algorithm of Paige and
Saunders (see [10]).

2. With the exception of the third step, we use only matrix-vector prod-
ucts of type A∗q, one product at a step.
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3. We provide effective means for monitoring the size of the residual. The
residuals are kept orthogonal to each other.

The paper is organized as follows. In Section 2, we describe our Lanczos-
type algorithm. In Section 3, we discuss the SYMMLQ-like approach for
solving the projected system. In Section 4, we present the results of numerical
experiments.

2 A Lanczos-type method for projection

The system to be solved is
Ax = b, (3)

where
AA∗ = A∗A (4)

and for c 6= 0

cA2 + c̄A∗2 + 2dAA∗ + 2eA + 2fA∗ + gI = 0. (5)

In [2], Elsner and Ikramov discuss condensed forms of normal matrices under
finite sequences of elementary unitary similarity transformations. The con-
densed form which can be achieved for a normal matrix A with (5) is given
in Figure 1. One of the approaches for reducing A to this form is a geomet-
rical Lanczos-type one where generalized Krylov sequences are used. For the
convenience of the reader, this approach is recalled here. The generalized
Krylov sequence generated by A and b is

b,︸︷︷︸
0th layer

A∗b, Ab︸ ︷︷ ︸
1st layer

, A∗2b, A∗Ab, AA∗b, A2b︸ ︷︷ ︸
2nd layer

, A∗3b, . . . ,︸ ︷︷ ︸
3rd layer

(6)

Generally, layer k + 1 of this sequence is obtained by applying first A∗ and
then A to all the vectors in layer k. To construct the generalized Lanczos
vectors, only linearly independent vectors in sequence (6) are of interest. In
view of (4) and (5), this means that the vectors AA∗b and A2b in the second
layer must be skipped. Thus, only the vectors

A∗3b, A∗2Ab, AA∗2b, AA∗Ab (7)

in the third layer need to be considered. Now, since A and A∗ commute,
A∗2Ab and AA∗2b are equal. Multiplying (5) by A∗, we observe that A∗A2b =
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AA∗Ab is a linear combination of A∗3b, A∗2Ab and certain vectors in the first
and second layers. Thus, only the first two vectors in (7) should be retained.
This is the general rule: for a matrix A satisfying (4) and (5), layer k will
consist of only two vectors, A∗kb and (A∗)k−1Ab, k = 2, 3, . . ..

Denote by Lk the subspace spanned by the vectors in layers 0 to k. As
usual, the first Lanczos vector is given by

q1 =
b

||b||
.

The vector q2 is obtained by orthogonalizing A∗q1 to q1 and normalizing the
resulting vector. This means that

q2 = α2A
∗q1 + β2q1.

In other words,
A∗q1 ∈ span{q1, q2}. (8)

The vector q3 is obtained by orthogonalizing Aq1 to q1 and q2 with subsequent
normalization. Thus,

q3 = α3Aq1 + β3q2 + γ3q1

or
Aq1 ∈ span{q1, q2, q3}. (9)

To obtain q4, orthogonalize A∗q2 to q1, q2, and q3 and then normalize. Sim-
ilarly, q5 is obtained by orthogonalizing A∗q3 to q1, . . . , q4 and normalizing.
This says that

q4 = α4A
∗q2 + β4q3 + γ4q2 + δ4q1

and
q5 = α5A

∗q3 + β5q4 + γ5q3 + δ5q2 + ε5q1,

or
A∗q2 ∈ span{q1, . . . , q4} (10)

and
A∗q3 ∈ span{q1, . . . , q5}. (11)

Note that
q4 ⊥ L1, q4 ∈ L2,
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and
q5 ⊥ L1, q5 ∈ L2.

It follows that
A∗q4 ⊥ q1, A

∗q5 ⊥ q1.

Indeed,
(A∗qi, q1) = (qi, Aq1) = 0, i = 4, 5,

since Aq1 ∈ L1. Thus, q6 and q7 are constructed as linear combinations

q6 = α6A
∗q4 + β6q5 + γ6q4 + δ6q3 + ε6q2,

q7 = α7A
∗q5 + β7q6 + γ7q5 + δ7q4 + ε7q3 + ζ7q2.

In other words,
A∗q4 ∈ span{q2, . . . , q6} (12)

and
A∗q5 ∈ span{q2, . . . , q7}. (13)

In (13), the maximum width of a relation in our generalized Lanczos process
is attained. Indeed, for m = 4, 5, . . . , we have

q2m = α2mA∗q2(m−1) + β2mq2m−1 + γ2mq2(m−1) + δ2mq2m−3 + ε2mq2(m−2),

q2m+1 = α2m+1A
∗q2m−1 + β2m+1q2m + γ2m+1q2m−1 + δ2m+1q2(m−1)

+ ε2m+1q2m−3 + ζ2m+1q2(m−2).

Relations (8) – (13) and the similar relations for larger m imply that, written
in the basis q1, q2, . . . , the matrix A has the structure shown in Figure 1. We
observe that A has upper bandwidth 2.

We combine the relations above in a matrix equality. To this end, define

Qk = (q1 . . . qk),

Tk = Q∗
kAQk,

Pk = (qk+1 qk+2).

Then, Q∗
kQk = Ik = (e1 e2 . . . ek) and the relations above can be written as

AQ2m+1 = Q2m+1T2m+1 + P2m+1E2m+1, m = 1, 2, . . . (14)
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


∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗

. . .
. . .

. . .




Figure 1: Structure of A written in the basis q1, q2, q3, . . .

where T2m+1 is the leading (2m + 1) × (2m + 1) principal submatrix in the
matrix on Figure 1 and E2m+1 is the 2×(2m+1) matrix of the form E2m+1 =
(O Ê2m+1) with

Ê2m+1 =

(
t2m+2,2m t2m+2,2m+1

t2m+3,2m t2m+3,2m+1

)
.

Observe that although A is a normal matrix, Tk is not necessarily one:

TkT
∗
k = Q∗

kAQkQ
∗
kA

∗Qk,

T ∗
k Tk = Q∗

kA
∗QkQ

∗
kAQk.

In general, these matrices are different since QkQ
∗
k 6= I.

In constructing the matrices Q2m+1 and T2m+1, one should keep in mind
the conventional recipe for building up the matrix of a linear operator in a
given basis; i.e.,

tij = (Aqj , qi) = (A∗qi, qj).

Moreover, the matrix Q2m+1 is constructed columnwise.
The Rayleigh-Ritz projection of system (3) on the generalized Krylov

subspace Lm is
T2m+1y2m+1 = βe1, β = ||b||. (15)

Assuming that T2m+1 is nonsingular, it determines a unique vector y2m+1 =

(η
(2m+1)
1 , . . . , η

(2m+1)
2m+1 ). Then, the vector

xc
2m+1 = Q2m+1y2m+1 (16)
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can be considered as an approximate solution to (3). For the corresponding
residual, we have

rc
2m+1 = b − Axc

2m+1

= βq1 − AQ2m+1y2m+1

= βq1 − Q2m+1T2m+1y2m+1 − P2m+1E2m+1y2m+1

= −(q2m+2 q2m+3)




t2m+2,2m η
(2m+1)
2m + t2m+2,2m+1 η

(2m+1)
2m+1

t2m+3,2m η
(2m+1)
2m + t2m+3,2m+1 η

(2m+1)
2m+1




≡ −(q2m+2 q2m+3)


 τ

(2m+1)
1

τ
(2m+1)
2


 . (17)

Thus, the 2-norm of rc
2m+1 is equal to

[ |τ
(2m+1)
1 |

2
+ |τ

(2m+1)
2 |2 ]1/2. (18)

Hence, in order to compute the 2-norm of the residual, one has to solve a
system of type (15) provided that T2m+1 is a nonsingular matrix. If T2m+1 is
singular, then the Rayleigh–Ritz approximation xc

2m+1 may not exist.
In the next section, we show that the sequence {xc

2m+1} can be replaced
by a closely related sequence {xL

2m+1}, whose members always exist. We also
indicate an efficient way for calculating the 2-norms of the corresponding
residuals rL

2m+1.

3 SYMMLQ-like approach for solving the pro-

jected system

To introduce the vectors xL
2m+1, we mimic Paige and Saunder’s approach in

deriving the algorithm SYMMLQ [10]. Define T as the matrix A written
in the generalized Lanczos basis q1, . . . , qn. Then all the Tk are the leading
principal submatrices in T . Let

T = LZ (19)

be the triangular-unitary factorization of T with L lower triangular and Z
unitary. L is computed by applying a sequence of elementary unitary trans-
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formations to T . We first use the complex rotation R1 that eliminates t12,

TR1 =




∗ 0
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗

. . .
. . .

. . .




.

The first row of TR1 is already in desired form. Hence, the first row of L can
be read off: eT

1 L = eT
1 TR1. Then the Householder transformation H2 that

annihilates the entries (2,3) and (2,4) is used,

TR1H2 =




∗
∗ ∗ 0 0
∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

. . .
. . .

. . .




.

The second row of TR1H2 is already in desired form. Hence, eT
2 L = eT

2 TR1H2.
Next the entries (3,4) and (3,5) are annihilated by the Householder transfor-
mation H3:

TR1H2H3 =




∗
∗ ∗
∗ ∗ ∗ 0 0
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

. . .
. . .

. . .




.

The third row of TR1H2H3 is in desired form. Hence, eT
3 L = eT

3 TR1H2H3.
As a result, L takes the form shown in Figure 2.
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


∗
∗ ∗
∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗

. . .
. . .

. . .




Figure 2: Form of L in T = LZ

Now, instead of finding y such that

Ty = βe1,

we will look for z such that
Lz = βe1. (20)

If z is found, the solution x to the original system (3) can be computed as

x = QZ∗z.

The product QZ∗ can be obtained by successively postmultiplying Q by the
elementary matrices whose product constitutes Z∗.

In contrast to y, the vector z can be computed consecutively, one or two
components at a time. Also, the Lanczos vectors qi can be updated and then
discarded, when they are not needed anymore, if x is accumulated.

The overall process proceeds as follows:

1. Find the vectors q2, q3, q4, q5, q6, and q7. This fully determines the first
two columns in T .

2. Perform the rotation R1 that eliminates entry (1, 2) in T and modifies
its first two columns.

3. Let χ1 be entry (1, 1) in the current T . Define

ζ1 = β/χ1.

ζ1 is the first component of z.
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4. Apply the rotation R1 to
(q1 q2)

to obtain
(w1 ŵ2) = (q1 q2)R1.

5. Define
xL

1 = ζ1w1.

After this step is completed, the vector w1 can be discarded.

6. Find the vectors q8 and q9. This fully determines the first five columns
in T .

7. Perform the Householder transformation H2 that eliminates entries
(2, 3) and (2, 4) in T and modifies its columns 2 to 4.

8. Let χ2 be entry (2, 2) in the current T . In the latter, the first two rows
are the rows of L. Define

ζ2 = −
l21ζ1

χ2
.

This is the second component of z.

9. Apply H2 to the matrix
(ŵ2 q3 q4)

to obtain
(w2 ŵ3 ŵ4) = (ŵ2 q3 q4)H2.

10. Define
xL

2 = xL
1 + ζ2w2.

11. Perform the Householder transformation H3 that eliminates entries
(3, 4) and (3, 5) and modifies columns 3 to 5 in T .

12. In the current T , the three upper rows are the corresponding rows of
L. If χ3 is entry (3, 3), then

ζ3 = −
l31ζ1 + l32ζ2

χ3

is the third component of z.
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13. Apply H3 to the matrix

(ŵ3 ŵ4 q5)

to obtain
(w3 w̃4 ŵ5) = (ŵ3 ŵ4 q5)H3.

14. Define
xL

3 = xL
2 + ζ3w3.

The vectors w2 and w3 can now be discarded. In fact, if only the
sequence {xL

i } is monitored, then w2 could be discarded already after
Step 10.

15. Find the vectors q10 and q11, which fully determines columns 6 and 7
in T , and so on.

This procedure (suitably modified for the last factorization step) will
compute the desired factorization T = LZ (19). The resulting vector xL

corresponds in exact arithmetic to the exact solution of Ax = b. With

z = (ζ1, ζ2, ζ3, . . .)
T

and
W = (w1 w2 w3 . . .) = QR1H2H3 · · · = QZ∗,

we have W ∗W = I,
x = xL = Wz =

∑

i

ζiwi

and with Wk = (w1 w2 . . . wk) and zj = (ζ1, ζ2, . . . , ζj)
T

xL
j = Wjzj =

j∑

i=1

ζiwi.

Of course, we would rather compute an approximate solution xc
j (see (16))

than the vector xL
j with obscure approximation properties. The problem is

that, as opposed to the vectors xc
2m+1, the vectors xL

2m+1 exist for all m.
However, when xc

2m+1 does exist and is a good approximation of x, how can
we compute it from the current vector xL

2m+1?
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In the following we will answer the more general question: What is the
connection between the two sequences of vectors xL

j = Wjzj and xc
j = Qjyj

(assuming the existence of the vectors)? Let

Tk = L̃kZ̃k

be the triangular-unitary factorization of the matrix Tk = Q∗
kAQk. Define

z̃k = Z̃kyk. (21)

Then
xc

k = QkZ̃
∗
k z̃k.

Observe that all the components in z̃k, with the exception of the last two
components, are the corresponding numbers ζi. This is because z̃k is the
solution of the system

L̃kz̃k = βe1 (22)

and L̃k, with the exception of the last two rows, is a leading principal sub-
matrix of L:

L̃k(1 : k − 2, 1 : k − 2) = L(1 : k − 2, 1 : k − 2).

Also, Z̃∗
k is the product of the same rotation and the same Householder trans-

formations that were used to find ζ1, . . . , ζk−2 and one additional rotation R̃k

designed to eliminate the entry (k − 1, k) in Tk. This says that

QkZ̃
∗
k = W̃k−2R̃k,

where
W̃k−2 = (w1 . . . wk−2 w̃k−1 ŵk), W̃ ∗

k−2W̃k−2 = I

is the updated version of Qk corresponding to the step when xL
k−2 was com-

puted (as in the algorithm described at the beginning of this section). Thus,
to find xc

k from the known xL
k−2 , do the following:

1. Find the rotation R̃k that eliminates entry (k− 1, k) in Tk. This deter-
mines the two bottom rows in L̃k.

2. Find the last two components ζ̃k−1 and ζ̃k in the vector z̃k, using the
last two equations in (22).
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3. Find the vector xc
k from

xc
k = xL

k−2 + (w̃k−1 ŵk)R̃k

(
ζ̃k−1

ζ̃k

)
. (23)

The second summand on the right-hand side is, obviously, a linear combina-
tion of w̃k−1 and ŵk.

In theory, the proposed algorithm will stop with some Ê2m+1 = 0, but in
practice it is rare to have even a very small Ê2m+1. Hence some other stopping
criterion must be used. In the algorithm discussed, xc

2m+1 and xL
2m+1 will be

different; xc
2m+1 is usually a better approximation to the exact solution than

xL
2m+1. But xc

2m+1 may not exist (as T2m+1 may be singular), while xL
2m+1

always exists.
Moreover, xL

k approximates x in the space spanned by {w1, w2, . . . , wk},
as

xL
k =

k∑

i=1

ζiwi = Wkzk

where Wk = [w1 w2 . . . wk] and zk = [ζ1, . . . , ζk]
T as before. It follows from

W ∗
k Wk = I that

||xL
k+1||

2
2 =

k+1∑

i=1

|ζi|
2||wi||

2
2 =

k+1∑

i=1

|ζi|
2 = ||xL

k ||
2
2 + |ζk+1|

2.

Hence, the xL
k ’s increase monotonically in the 2-norm. Furthermore, as x =

Wz, we have w∗
k+1x = eT

k+1z = ζk+1 and

||x − xL
k+1||

2
2 = ||x − xL

k ||
2
2 − |ζk+1|

2.

Thus we have a monotone convergence for x − xL
k :

||x − xL
k+1||2 ≤ ||x − xL

k ||2.

The stopping criterion of the proposed algorithm will be based on the
residuals

rc
2m+1 = b − Axc

2m+1,

rL
2m+1 = b − AxL

2m+1.
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To use expressions (17) -(18), giving ||rc
2m+1||, we need to know the last two

components, η
(2m+1)
2m and η

(2m+1)
2m+1 , of the vector y2m+1. From (21), we know

that
y2m+1 = Z̃∗

2m+1z̃2m+1.

Also, we know that Z̃∗
2m+1 is the product of rotations and Householder trans-

formations, of which only the last rotation and the last two Householder
transformations affect the last two components in y2m+1. Thus, η

(2m+1)
2m and

η
(2m+1)
2m+1 can be found without computing the entire y2m+1 (but computation

of z̃2m+1 is necessary). This completes the efficient computation of ||rc
2m+1||.

Next, we describe a way for computing ||rL
2m+1||. We have

rL
2m+1 = b − AxL

2m+1

= βq1 − QTQ∗xL
2m+1

= βQe1 − QTQ∗xL
2m+1

= Q(βe1 − TQ∗xL
2m+1) (24)

Define the n-dimensional vector

z2m+1 = (ζ1, ζ2, . . . , ζ2m+1, 0, . . . , 0)T ,

where ζi are the components of z computed in the main process. Then, the
formulas for updating the vectors xL

i justify the equality

xL
2m+1 = QZ∗

2m+1z2m+1, (25)

where the n × n matrix Z∗
2m+1 is the product of the rotation R1 and the

Householder transformations used in computing ζ1, . . . , ζ2m+1. Substituting
(25) in the right-hand side of (24) yields

rL
2m+1 = Q(βe1 − TZ∗

2m+1z2m+1). (26)

Observe that, in view of (19) and the way by which Z is formed, the upper
2m + 1 rows in TZ∗

2m+1 are the corresponding rows of L. Now, ζ1, . . . , ζ2m+1

are defined in precisely such a way as to make the first 2m + 1 equations in
(20) be fulfilled. Thus, the first 2m + 1 components of the vector inside the
parentheses in (26) are zero.

Inspecting now the columns of TZ∗
2m+1, we observe that the first 2m + 1

columns contain only zeros in the group of rows beginning from row 2m + 6.
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Since only the first 2m + 1 components of z2m+1 are nonzero, this says that
only components 2m + 2, 2m + 3, 2m + 4, 2m + 5 of the vector inside the
parentheses in (26) can be nonzero. These components can be calculated as
follows:

ϕ1 = −(l2m+2, 2m−2ζ2m−2 + l2m+2, 2m−1ζ2m−1

+ l2m+2, 2mζ2m + l2m+2, 2m+1ζ2m+1)

ϕ2 = −(l2m+3, 2m−2ζ2m−2 + l2m+3, 2m−1ζ2m−1

+ l2m+3, 2mζ2m + l2m+3, 2m+1ζ2m+1)

ϕ3 = −(l2m+4, 2mζ2m + l2m+4, 2m+1ζ2m+1)

ϕ4 = −(l2m+5, 2mζ2m + l2m+5, 2m+1ζ2m+1)

Equality (26) implies that

||rL
2m+1||

2 = |ϕ1|
2 + |ϕ2|

2 + |ϕ3|
2 + |ϕ4|

2,

which is the required formula. Note another implication of (26): residual
(26) is a linear combination of the vectors

q2m+2, q2m+3, q2m+4, q2m+5.

4 Numerical experiments

The proposed algorithm has been programmed in Matlab and tested on
various systems of equations in order to obtain an impression of its numerical
behavior. The code was run on an Intel Pentium 4 PC using Matlab 7.0.4.
Our implementation uses a modified Gram–Schmidt version of the Lanczos
algorithm described in Section 2 without any further reorthogonalization.
The projected system is solved as explained in Section 3. The examples
are constructed to illustrate the convergence behavior for two matrices with
eigenvalues on two different types of second degree curves. Therefore the
chosen problems are somewhat artificial. In both examples the matrix A ∈
Cn×n is normal with eigenvalues on a second degree curve. The right hand
side b of the equation Ax = b is a random complex vector. The computations
were stopped as soon as the norm of the residual ||AxL

j − b|| was less than
10−8.
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Figure 3: Eigenvalues of A1, A2, A3 of Example 1, denoted by light-grey ’o’,
grey ’x’, black ’⋄’, respectively

Example 1: For the examples presented here, diagonal normal matrices
with eigenvalues on the ellipse

x2

α2
+

y2

β2
= 1 (27)

for real x, y ∈ IR, that is,

(α−2 − β−2)(z2 + z2) + 2(α−2 + β−2)zz − 4 = 0

for complex z = x + ıy ∈ C were constructed for α = 2000 and different real
values of β. Depending on the choice of β the ellipse described by (27) is
varying between a circle (β = α) and a straight line (β = 0).

The tests reported were done with matrices A1, A2 and A3 of size 2000,
where for A1 β was chosen to be 1800, for A2 β = 900 and for A3 β =
100. The eigenvalues of these matrices are displayed in Figure 3. As all
matrices have the same size, the smaller β is chosen, the closer the eigenvalues
move together. The condition number κ2(A) = λmax

λmin
(where λmax/λmin is

the eigenvalue of largest/smallest absolute value) of the test matrices were
κ(A1) ≈ 1.1, κ(A2) ≈ 2.2, and κ(A3) ≈ 20.

In Figure 4, we compare the convergence behavior of our method for the

different test matrices in terms of the relative error
||x−xL

j ||

||x||
between the exact
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for A1, A2, A3 of Example 1,

denoted by light-grey ’o’, grey ’x’, black ’⋄’, respectively

solution x and the approximate solution xL
j for our test matrices. As shown

in Section 3, ||x − xL
j || decreases monotonically. Clearly, the convergence

of our algorithm slows down when β is chosen smaller. In order to keep
the convergence plot readable, we cut off the convergence curve of the third
example. Experiments with other normal matrices whose eigenvalues lie on
an ellipse showed similar convergence behavior. For test purposes the vectors
xc

2j+1 have been computed from xL
2j+1. As can be seen in Figure 5, the error

for the xc’s converge, but they do not converge monotonically.
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Figure 6: our algorithm versus GMRES for A1, A2, A3 of Example 1, denoted
by light-grey ’o’, grey ’x’, black ’⋄’, respectively

Next, we compared the behavior of our algorithm to the famous GMRES
algorithm [11]. In order to do so, the corresponding Matlab routine ’gmres’
was called. The problems under consideration are difficult problems for GM-
RES. Figure 6 shows the residuals ||b−Ax|| for x = xL

j on the left hand side
and for xgmres

j on the right hand side. GMRES needed around 1050 (1600)
iteration steps to reduce the residual to ≈ 10−8 for our test matrix A1 (A2),
while our algorithm needed only about 30 (70) steps. For the example A3

GMRES needs almost 1970 steps to reduce the norm of the residual to 10−2,
while our algorithm achieves this after about 200 steps. Note that, for both
algorithms, the iterate xj solves a system of size j × j. Hence a comparison
of the iterates xL

j and xgmres
j is appropriate. Clearly, in general, one step of

our algorithm is cheaper than one step of GMRES.
Placing eigenvalues only on parts of the ellipse influences the convergence

behavior. In the following test, we generated 2000×2000 matrices Ã1, Ã2, Ã3

as above, but such that all eigenvalues have positive real parts (see Figure
7). Figure 8 display the convergence behavior of our method as well as that
of GMRES. Both methods are significantly faster due to the more favorable
eigenvalue distribution.
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Figure 7: Eigenvalues of Ã1, Ã2, Ã3 of Example 1, denoted by light-grey ’o’,
grey ’x’, black ’⋄’, respectively
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Figure 8: our algorithm versus GMRES for Ã1, Ã2, Ã3 of Example 1, denoted
by light-grey ’o’, grey ’x’, black ’⋄’, respectively
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Figure 9: Eigenvalues of A1, A2, A3 of Example 2, denoted by light-grey ’o’,
grey ’x’, black ’⋄’, respectively

Example 2: For this example diagonal normal matrices with eigenvalues
on the hyperbola

x2

α2
−

y2

β2
= 1 (28)

for real x, y ∈ IR, that is,

(α−2 + β−2)(z2 + z2) + 2(α−2 − β−2)zz − 4 = 0

for complex z = x + ıy ∈ C were generated for α = 20 and different real
values of β. Depending on the choice of β the hyperbola described by (28)
is varying.

The tests reported were done with matrices A1, A2 and A3 of size 2000
where for A1 β was chosen to be 12, for A2 β = 7 and for A3 β = 1.
The eigenvalues of these matrices are displayed in Figure 9. As all matrices
have the same size, the smaller β is chosen, the closer the eigenvalues move
together. We choose the eigenvalues on the given hyperbola such that their
real parts lie in the intervals [−31,−20] and [20, 31]. The condition number
κ2(A) = λmax

λmin
of the test matrices were κ(A1) ≈ 1.7, κ(A2) ≈ 1.6, and

κ(A3) ≈ 1.5. Since a hyperbola is an unbounded curve, we could, in principle,
obtain any prescribed condition number for the matrix A by moving the
eigenvalue farther away from the foci. This is not the case for a single ellipse.
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Figure 10: our algorithm versus GMRES for Ã1, Ã2, Ã3 of Example 2, denoted
by light-grey ’o’, grey ’x’, black ’⋄’, respectively

For all three test matrices, our algorithm converged quite fast, the amount
of iteration steps needed did not vary much. It took 70 iteration steps to

reduce the relative error
||x−xL

j
||

||x|
to 10−10 for the test matrix A1, 65 steps

for A2, and 60 steps for A3. In Figure 10 the convergence of our method is
compared to that of GMRES. For the matrix A3 GMRES is slightly faster
than our method, while for the other test matrices GMRES needed more
iteration steps.

¿From our numerical tests we can conclude that our algorithm converges
extremely fast for examples whose eigenvalues lie on a hyperbola or circle-
like curves and that the convergence rate deteriorates if the eigenvalues lie on
flatter ellipses. GMRES usually needs more iteration steps as the eigenvalue
distribution in most of these examples is not well suited for fast GMRES
convergence.
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