
Fa�bender, H.; Benner, P.Computing roots of matrix produ
tsThe problem of 
omputing a kth root of a matrix produ
t W = Qki=1 Ai is 
onsidered. The expli
it 
omputation ofW may produ
e a highly ina

urate result due to rounding errors, su
h that the 
omputed root 
W 1k is far from thea
tual root W 1k . An algorithm for 
omputing the square root of W is presented whi
h avoids the expli
it 
omputationof W by employing the periodi
 S
hur de
omposition and therefore yields better a

ura
y in the 
omputed root 
W 12 .In prin
iple, the te
hniques are appli
able to k > 2 as well but lead to solving 2 � 2 polynomial matrix equationswhi
h are diÆ
ult to treat. The 
ase k = 3 is also addressed brie
y.1. Introdu
tionComputing the square root of the produ
t of two matri
es 
an be used in model redu
tion methods basedon the 
ross-Gramians; see [1℄ and the referen
es therein. This lead us to 
onsider the more general problem of
omputing the kth root of a matrix produ
t W = A1A2 � � �Ak�1Ak where Ai 2 IRn�n. That is, a matrix W 1k issought su
h that W = (W 1k )k: A kth root of a matrix may not exist. For example, it is easy to verify that thematrix �0 10 0� has no square root. Here we will not dis
uss existen
e results any further.The dire
t approa
h for 
omputing the kth root of W involves �rst the expli
it 
omputation of W followedby the 
omputation of its kth root. Already the expli
it 
omputation of W may produ
e a highly ina

urate resultdue to rounding errors, su
h that the 
omputed produ
t 
W is far from the a
tual matrix W . Then one 
an notexpe
t that the 
omputed root 
W 1k is 
lose to the a
tual root W 1k . Hen
e expli
itly forming the matrix W shouldbe avoided if possible. The approa
h suggested here was inspired by the work in [2℄. There a fast and stable methodfor 
omputing the square root X of a given matrix A is developed. The method is based on the S
hur fa
torizationA = QSQH and uses a fast re
ursion to 
ompute the upper triangular square root U of S. Then X = QUQH is thedesired square root. The fast re
ursion is obtained by 
omparing 
oeÆ
ients in the equation U2 = S.The algorithm for 
omputing the kth root of W sket
hed in the following avoids the expli
it 
omputationof W by employing the periodi
 S
hur de
omposition. That is, the real S
hur fa
torization W = Q1RQT1 will be
omputed impli
itly by simultaneously redu
ing all but the �rst Aj to upper triangular matri
es Rj , A1 
an onlybe redu
ed to a quasi-upper triangular matrix R1. Then the kth root of the produ
t of the fa
tors Rj is 
omputed.Hen
e the 
omputed root has the same quasi-upper triangular form as R1. This root is then transformed ba
k tothe root of W . But note that even in 
ase a kth root of QT1WQ1 exists, it must not ne
essarily have the form of R1.The pro
ess will be demonstrated for k = 2, the 
ase k = 3 is brie
y dis
ussed. By avoiding to form theprodu
t W expli
itly, this approa
h yields better a

ura
y in the 
omputed root 
W 1k than the dire
t approa
h.2. First step: The periodi
 S
hur de
ompositionIn order to avoid expli
itly 
omputing the matrix W a two step approa
h for 
omputing the kth root of W isproposed whi
h impli
itly 
omputes the desired root without ever forming the expli
it matrix produ
t W . The �rststep of the algorithm 
onsists of employing the periodi
 S
hur de
omposition.T h e o r e m 1. Let Aj 2 IRn�n, j = 1; : : : ; k. There exist orthogonal matri
es Qj, j = 1; : : : ; k, su
h thatR1 = Q1A1QT2 ; R2 = Q2A2QT3 ; : : : ; Rk�1 = Qk�1Ak�1QTk ; Rk = QkAkQT1 ;where R2; : : : ; Rk are upper triangular and R1 is in quasi-upper triangular form with 1�1 and 2�2 diagonal blo
ks.Moreover, Q1 puts W into real S
hur form, i.e. QT1WQ1 = R1R2 � � �Rk�1Rk is quasi-upper triangular.Constru
tive proofs and algorithms for 
omputing the periodi
 S
hur de
omposition without expli
itly forming theprodu
t W 
an be found in [3℄ and [4℄.3. Se
ond step: The kth rootHere we will assume k = 2. Using the periodi
 S
hur de
omposition the produ
t W = A1A2 is transformed to




W = QT1WQ1 = (QT1 A1Q2)(QT2 A2Q1) su
h that H = QT1A1Q2 is quasi-upper triangular and R = QT2 A2Q1 is uppertriangular. 
W has the same quasi-triangular form as H . Comparing the 
oeÆ
ients in 
W = X2 gives us formulaeto 
ompute the elements of the square root X of 
W . Then W 12 = Q1XQT1 . In order to 
ompute the elements of Xwe �rst have to 
onsider the diagonal blo
ks. In 
ase of a 1� 1 blo
k h`` with h`+1;` = h`;`�1 = 0 we 
an dire
tlyread o� x`` = ph``r``: In 
ase of a 2� 2 blo
k h h`` h`;`+1h`+1;` h`+1;`+1 i we follow the approa
h from [2℄. First orthogonalmatri
es U , V are 
omputed su
h that eR = V T h r`` r`;`+10 r`+1;`+1 iU is upper triangular, eH = UT h h`` h`;`+1h`+1;` h`+1;`+1 iVand eH eR = h a b
 ai with 
b < 0 (i.e., eH eR is in standard real S
hur form). Thenx`` = x`+1;`+1 =q 12 (a+pa2 � b
); x`+1;` = 12x`` 
; x`;`+1 = 12x`` b:The transformation matri
es U and V have to be applied to rows and 
olumns `; `+ 1 of H , R and Q1 in order to
omplete this part of the 
omputation. Now the other elements of X 
an be 
omputed one superdiagonal at a time.Four di�erent 
ases have to be distinguished depending on the indi
es of xj`:1.: the indi
es j and ` are su
h that neither hjj nor h`` belong to a 2� 2 diagonal blo
k, thenxj` = Pm̀=max(1;j�1) hjmrm`�P`�1m=j+1 xjmxm`xjj+x`` :2.: index j is su
h that hjj does not belong to a 2� 2 diagonal blo
k, while index ` is su
h that h`` belongs to a2 � 2 diagonal blo
k (assume w.l.o.g. that the 2 � 2 blo
k is given by h h`` h`;`+1h`+1;` h`+1;`+1 i), then we obtain a2� 2 system of linear equations for xj` and xj;`+1 whi
h yields with sp =Ppm=j hjmrmp �P`�1m=j+1 xjmxmpxj;`+1 = s`+1(xjj+x``)�s`x`;`+1(xjj+x``)(xjj+x`+1;`+1)�x`;`+1x`+1;` ; xj` = s`�xj;`+1x`+1;`xjj+x`` :3.: index ` is su
h that h`` does not belong to a 2� 2 diagonal blo
k, while index j is su
h that hjj belongs to a2�2 diagonal blo
k (assume w.l.o.g. that the 2�2 blo
k is given by h hj�1;j�1 hj�1;jhj;j�1 hjj i), then we obtain a 2�2system of linear equations for xj` and xj�1;` whi
h yields with sp =Pm̀=max(1;j�1) hpmrm`�P`�1m=j+1 xpmxm`xj` = sj(xj�1;j�1+x``)�xj;j�1sj�1(xjj+x``)(xj�1;j�1+x``)�xj;j�1xj�1;j ; xj�1;` = sj�1�xj�1;jxj`xj�1;j�1+x`` :4.: both indi
es j and ` are su
h that hjj and h`` belong to 2 � 2 diagonal blo
ks (assume as before, thathjj and h`` are the (2; 2), resp. the (1; 1) element of the respe
tive 2 � 2 blo
k), then the 4 elements ofXj` = h xj�1;` xj�1;`+1xj;` xj;`+1 i 
an be 
omputed via solving a 2� 2 Sylvester equation� xj�1;j�1 xj�1;jxj;j�1 xjj �Xj` +Xj` � x`` x`;`+1x`+1;` x`+1;`+1 � = Cj`;where Cj` = Hj�1:j;1:`+1R1:`+1;`:`+1 �Xj�1:j;j+1:`�1Xj+1:`�1;`:`+1 (employing standard Matlab notation).In 
ase the square root does not exist as in the example des
ribed in the introdu
tion, the above algorithm fails dueto a zero denominator. Numeri
al examples show that the approa
h presented here for 
omputing the square root ofW = A1A2 gives better a

ura
y than when applying the method proposed in [2℄ to the produ
tW . In 
ase A1A2 isalready in the form quasi-upper triangular/triangular, both algorithms behave similarly as 1.{4. are adapted from[2℄. Similar to the approa
h above algorithms for 
omputing the kth root of a produ
t of k matri
es 
an be derived.These formulae are mu
h more involved, e.g., for a 3rd root, 2� 2 equations of the form A2X + AXB +XB2 = Chave to be solved. Stability issues and existen
e of kth roots also need further dis
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