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additions, or approximately 2n2 
ops. An algorithm proposed re
ently byA. Melman [2℄ 
omputes Ax with a real symmetri
 
entrosymmetri
 A; using12n2+n multipli
ations and 34n2+n additions, that is, altogether 54n2+O(n)
ops. Ea
h additional multipli
ation by the same matrix 
osts only n2+O(n)
ops.Re
all that a (generally 
omplex) n�n matrix A is said to be 
entrosym-metri
 if �nA�n = A; (1)where �n = 0BBBBBB� 1���1
1CCCCCCA : (2)It is well known (although is not used in [2℄) that there exists a verysimple similarity transformation whi
h makes every 
entrosymmetri
 n � nmatrix a dire
t sum of two blo
ks of (roughly, for n odd) half the order. Thistransformation does not require that A be (real) symmetri
 or hermitian.However, if these properties are present, they are preserved.In this short paper, we show that the use of the fa
t above leads to analgorithm for multiplying a 
entrosymmetri
 matrix A by a ve
tor x; whi
his simpler than Melman's algorithm but ensures the same savings in 
om-putational 
osts. If A is real symmetri
 or hermitian, this 
an be exploitedfor further savings. Moreover, similar gains are possible when A is a skew-
entrosymmetri
 or a 
entrohermitian matrix.All the formulas be
ome slightly more 
ompli
ated when n is odd. Forsimpli
ity, we restri
t ourselves to the 
ase of even n:We note that the motivation for the algorithm in [2℄ was the need to
ompute produ
ts Tx in a method for solving systems Tz = b with a (real)symmetri
 Toeplitz matrix T: Su
h a matrix T is, of 
ourse, 
entrosymmetri
.However, this seems to be not a very good motivation, be
ause every Toeplitzn� n matrix (not ne
essarily symmetri
 or hermitian) 
an be multiplied bya ve
tor at the 
ost of O(n logn) 
ops (see, for example, [4, p.194℄ and thereferen
es therein).
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2 PreliminariesFor de�niteness, matri
es throughout the paper are assumed to be 
omplex.When ne
essary, we make remarks about real matri
es.Suppose that A is a 
entrosymmetri
 matrix of order n = 2m: PartitioningA into four m�m blo
ks, A =  A11 A12A21 A22 ! ; (3)we observe that A is fully determined by its upper blo
k row be
auseA21 = �mA12�m and A22 = �mA11�m: (4)De�ne Q = 1p2  Im Im�m ��m ! : (5)It is easy to see that Q is a (real) orthogonal matrix. Moreover, the similaritytransformation A! B = Q�1AQ (6)takes A to the blo
k diagonal matrixB = B1 �B2; (7)where B1 = A11 + A12�m (8)and B2 = A11 � A12�m: (9)Note that Q is independent of a spe
i�
 matrix A: The �rst m 
olumnsin Q are (the simplest possible) symmetri
 ve
tors; that is, ve
tors x su
hthat x = �nx:The last m 
olumns in Q are skew-symmetri
 ve
tors; i.e., they satisfy theequation x = ��nx:3



Combined, relations (5){(7) are just a reformulation of the well-known fa
t:the linear subspa
e of symmetri
 ve
tors and that of skew-symmetri
 ve
torsare invariant w.r.t. any 
entrosymmetri
 matrix A:Sin
e Q is orthogonal, the matrix B is real symmetri
 or hermitian if Ais. As a 
onsequen
e, the blo
ks B1 and B2 in (7){(9) are also symmetri
 orhermitian.De�nition. A n� n matrix A is said to be skew-
entrosymmetri
 if�nA�n = �A: (10)For a skew-
entrosymmetri
 matrix A with partition (3), we haveA21 = ��mA12�m and A22 = ��mA11�m; (11)rather than relations (4). As a 
onsequen
e, the similarity transformation(6) applied to a skew-
entrosymmetri
 A produ
es a blo
k matrix B of theform B =  0 B2B1 0 ! (12)with B1 and B2 given, respe
tively, by (8) and (9).Observe that, if A is real symmetri
 or hermitian, the matri
es (8) and(9), in general, are not. However, they do satisfy the relationB2 = BT1or B2 = B�1 ;making B a symmetri
 or a hermitian matrix.De�nition. A n� n matrix A is said to be 
entrohermitian if�nA�n = �A: (13)For a 
entrohermitian matrix A with partition (3), we haveA21 = �m �A12�m and A22 = �m �A11�m: (14)De�ne Q = 1p2  Im iIm�m �i�m ! : (15)4



It is easy to see that Q is a unitary matrix. The similarity transformation in(6) takes a 
entrohermitian A to the real matrixB =  <(A11 + �A12�m) �=(A11 + �A12�m)=(A11 � �A12�m) <(A11 � �A12�m) ! : (16)This matrix is symmetri
 if A is hermitian.Remark. The most widely known example of 
entrohermitian matri
esare hermitian Toeplitz matri
es. It was shown in [5℄ that every matrix of thelatter type is unitarily similar to a real Toeplitz-plus-Hankel matrix. To ourknowledge, the general term \
entrohermitian matri
es" has �rst appearedin [1℄.3 AlgorithmsIn this se
tion, we state and dis
uss algorithms for 
al
ulating the produ
tAx; where A is, respe
tively, a 
entrosymmetri
 or a 
entrohermitian matrix.3.1 Centrosymmetri
 matri
esAssume that a 
entrosymmetri
 matrix A and a ve
tor x of an even dimensionn = 2m are given. Partition x in a

ordan
e with (3):x =  x1x2 ! : (17)To �nd the ve
tor u = Ax; do the following:Preparatory step Find the matri
esB1 = A11 + A12�m and B2 = A11 � A12�m:Step 1 Find the ve
tor (see (5))y = p2Q�1x = p2QTx = Im �mIm ��m ! x1x2 ! =  x1 + �mx2x1 � �mx2 ! �  y1y2 ! :5



Step 2 Find the ve
torz = By =  B1y1B2y2 ! �  z1z2 ! :Step 3 Find the ve
tor u = 1p2Qz =12  Im Im�m ��m ! z1z2 ! = 12  z1 + z2�m(z1 � z2) ! :Now we 
al
ulate the number of operations in this algorithm. Ea
h entryin B1 and B2 is a sum or a di�eren
e of two entries in A: It follows thatthe preparatory step takes n2=2 additions/ subtra
tions. Step 1 amounts ton additions/subtra
tions. The same amount of additive operations plus ndivisions by 2 are required on Step 3. Step 2 is the 
al
ulation of two matrix-ve
tor produ
ts of dimension n=2: By the 
onventional algorithm, it takesn2=2 multipli
ations and about the same number of additions. On the whole,we need n2=2 + O(n) multipli
ative operations and n2 + O(n) additive onesto 
ompute u = Ax: This seems to be worse than 54n2 + O(n) 
ops requiredin Melman's algorithm. Note, however, that, unlike the latter, our algorithmdoes not assume A to be symmetri
. If A is real symmetri
, then we needto 
ompute only � n2=4 entries on the preparatory step, whi
h redu
es thetotal number of operations to 54n2 +O(n); the same amount as in Melman'salgorithm. The same number of 
omplex operations are required in the 
aseof a hermitian A:Suppose that B1 and B2 
omputed on the preparatory step are stored.If, later, we need to 
al
ulate the produ
t ~u = A~x with the same matrix A;then only Steps 1 to 3 in the algorithm must be repeated for the new ve
torx: This means that ea
h additional produ
t with the matrix A takes onlyn2=2+O(n) multipli
ations and n2+O(n) additions to 
ompute. Again, thisis the same amount as in Melman's algorithm.Remark. In the introdu
tion of [2℄, the author, after stating that n2multipli
ations and � n2 additions are usually required for a general matrix-ve
tor produ
t of dimension n; then adds: \This remains true even for asymmetri
 matrix." However, suppose that one needs to 
ompute manyprodu
ts with the same symmetri
 or Hermitian matrix A: Then, as shownby Mou [3℄, after some preparatory work amounting to performing � n2=26



subtra
tions, roughly half the multipli
ations in ea
h produ
t u = Ax 
anbe repla
ed by the same number of additions. If the times for multipli
ationand addition di�er 
onsiderably for the 
omputer used, this may lead tosigni�
ant gains in the overall performan
e.For the bene�t of the reader, we explain the basi
 idea of Mou's algorithm,using a fourth-order example with a symmetri
 4 � 4 matrix A: First, werepla
e A by the matrix Â with the same o�-diagonal entries as in A and thediagonal entries â11 = a11 � a12 � a13 � a14;â22 = a22 � a12 � a23 � a24;â33 = a33 � a13 � a23 � a34;â44 = a44 � a14 � a24 � a34:Then, instead of the 
onventional formulasui = 4Xj=1 aijxj; i = 1; 2; 3; 4we 
ompute u1; : : : ; u4 from the formulasu1 = â11x1 + a12(x1 + x2) + a13(x1 + x3) + a14(x1 + x4);u2 = a12(x1 + x2) + â22x2 + a23(x2 + x3) + a24(x2 + x4);u3 = a13(x1 + x3) + a23(x2 + x3) + â33x3 + a34(x3 + x4);u4 = a14(x1 + x4) + a24(x2 + x4) + a34(x3 + x4) + â44x4:Here, on
e a partial produ
t of the form aij(xi+xj) has been 
omputed, it isimmediately added to the intermediate sums for the two 
omponents ui anduj: Remark. The 
ase when A is a skew-
entrosymmetri
 matrix di�ersfrom what was said above by obvious and insigni�
ant details.
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3.2 Centrohermitian matri
esLet A be a 
entrohermitian matrix of order n = 2m; and x be a ve
torpartitioned as in (17). To �nd the ve
tor u = Ax; do the following:Preparatory step Find the matri
esB1 = A11 + �A12�m and B2 = A11 � �A12�m:Form the (real) matrix B =  <B1 �=B1=B2 <B2 ! :Step 1 Find the ve
tor (see (15))y = p2Q�1x = p2Q�x = Im �m�iIm i�m ! x1x2 ! =  x1 + �mx2i(�mx2 � x1) ! � yR + iyI:Step 2 Find the real matrix-ve
tor produ
tszR = ByR and zI = ByIand de�ne z = zR + izI =  z1z2 ! :Step 3 Find the ve
tor u = 1p2Qz =12  Im iIm�m �i�m ! z1z2 ! = 12  z1 + iz2�m(z1 � iz2) ! :The preparatory step amounts to performing n2=2 
omplex additions,whi
h is equivalent to n2 real additions. If A is hermitian, then B is sym-metri
, and only roughly half the entries in the symmetri
 blo
ks <B1 and<B2 need to be 
omputed. Also, the blo
ks =B2 and �=B1 are the trans-posed versions of ea
h other; thus, only, say, =B1 should be 
omputed.The 
osts of Steps 1 and 3 are negligible. The two real matrix-ve
torprodu
ts on Step 2 take about half of the work required for a single 
omplexmatrix-ve
tor produ
t of the same dimension. This says that the algorithmabove ensures the same relative savings as the algoritm in the pre
edingsubse
tion. 8
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