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Abstract

An error analysis of the symplectic Lanczos algorithm for the symplectic eigenvalue prob-
lem in finite-precision arithmetic is given, if no breakdown occurs. The analysis shows that the
restriction of preserving the symplectic structure does not destroy the characteristic feature
of nonsymmetric Lanczos processes. An analog of Paige’s theory on the relationship between
the loss of orthogonality among the Lanczos vectors and the convergence of Ritz values in the
symmetric Lanczos algorithm is discussed. As to be expected, it follows that (under certain
assumptions) the computed J-orthogonal Lanczos vectors loose J-orthogonality when some
Ritz values begin to converge.
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1 Introduction
The Lanczos algorithm proposed by Lanczos in 1950 [11] is a procedure for the successive reduction

of a given general matrix A € IR"*" to a tridiagonal matrix T. In the jth step the Lanczos
algorithm generates two n x j matrices @); and P;

Qj:[q17q27"':qj]: P]:[pl,pQ,,p]]
which satisfy
PlQ;=1
and
(1) AQ; = QT+ Bitrgite;
(2) ATP; = PT] +v4pjtae]
where e; =1[0,...,0,1] € R’ and T} is the tridiagonal matrix
a2
T] — 52 (65}
i
Bi
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The eigenvalues of the intermediate tridiagonal matrices T}; of smaller dimension typically approx-
imate some of the eigenvalues of A (often the ones largest in magnitude). During the iteration the
matrix A is referenced only through matrix-vector products Az and A”z; hence the algorithm is
useful for finding a few eigenvalues of very large and sparse matrices. A wide range of Lanczos
papers appeared since the 1960s, see, e.g., the references in [7].

Recently, there has been considerable interest in structure-preserving Lanczos algorithms for
the symplectic eigenproblem. These eigenproblems arise in applications like the problem of solving
algebraic Riccati equations or Hy-norm computations. See, e.g. [10, 12, 17]. In some of these
applications the symplectic matrix is very large and sparse, and only a few eigenvalues and the
corresponding invariant subspace are desired.

A structure-preserving Lanczos-like method for the symplectic eigenproblem was first proposed
by Banse [2]. The symplectic matrix is reduced to a symplectic butterfly matrix. Banse presents
a look-ahead version of the method which overcomes breakdown by giving up the strict butterfly
form. Benner and Fafibender [3, 4] suggest to combine the idea of the symplectic Lanczos method
with the idea of implicitly restarted Lanczos methods in order to deal with the numerical difficulties
inherent to any nonsymmetric Lanczos-like method.

Here we give an error analysis of the symplectic Lanczos method for the symplectic eigen-
problem. Numerical experiments show that, just like in the conventional Lanczos algorithm,
information about the extreme eigenvalues tends to emerge long before the symplectic Lanczos
process is completed. The effect of finite-precision arithmetic is discussed. Using Bai’s work [1]
on the nonsymmetric Lanczos algorithm, an analog of Paige’s theory [13] on the relationship be-
tween the loss of orthogonality among the computed Lanczos vectors and the convergence of a
Ritz value is discussed. The symplectic Lanczos algorithm is reviewed in Section 2. Stopping cri-
teria are discussed. In Section 3 a rounding error analysis of the symplectic Lanczos algorithm in
finite-precision arithmetic is presented. Section 4 discusses convergence of the symplectic Lanczos
algorithm versus the loss of J-orthogonality of the computed Lanczos vectors. Numerical exper-
iments are presented in Section 5. All proofs are deferred to the Appendix, due to their highly
technical nature.

2 The Symplectic Lanczos Algorithm

A matrix M € R*™*?" is called symplectic if
(3) MJQn,QnMT — J2n72n

(or equivalently, MT J27:2" M = J?™27) where

amon _ | 0 I™7
(4) J - [ _In’n 0 I

and I™" is the n x n identity matrix. If the dimension of I™", or J?™27, is clear from the context,
we leave off the superscript. We denote by Z2* the first 2k columns of a 2n x 2n matrix Z.

The symplectic matrices form a group under multiplication. The eigenvalues of symplectic
matrices occur in reciprocal pairs: if A is an eigenvalue of M with right eigenvector z, then A~ is
an eigenvalue of M with left eigenvector (Jxz)T.

In exact arithmetic and without breakdown, the symplectic Lanczos methods proposed by
Banse [2] and Benner and Fafibender [4] reduce M to a symplectic butterfly matrix. A symplectic

matrix
B= { By B, } = \ %
B; By \ &

is called a butterfly matriz if B;, Bz € IR™*" are diagonal matrices and By, B, € R™*" are
tridiagonal matrices. An unreduced butterfly matriz is one for which the tridiagonal matrix By is
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unreduced, see [4, 5]. Using the definition of a symplectic matrix, one easily verifies that if B is
unreduced, then the diagonal submatrix B3 is nonsingular. This allows the parameterization of B
in the following form (see [4, 5]):

B = (K2n,2n)le2n,2n
— ] W
i al_l bl 1
_ a,' bn ~1
o ai 1 C1 d2
I I
. n Lo d,
L 1 dn cn |

Given s; € IR?™ and a symplectic matrix M € RR?***®" the symplectic Lanczos algorithm
generates a sequence of symplectic butterfly matrices B2%:2k € IR?**2* such that (if no breakdown
occurs)

(5) MS?k = g2k p2k2k Ly el k=1,2,... ,n,

where S2F € IR?™*?% §2%ke, = 5;, and the columns of S2* are orthogonal with respect to the
indefinite inner product defined by J as in (4). That is, the columns of S2*¥ are J-orthogonal.
The eigenvalues of the intermediate matrices B?#:?k are progressively better estimates of M’s
eigenvalues. For k = n the algorithm computes a symplectic matrix S such that S transforms M
into butterfly form: S~'MS = B.

In order to simplify the notation we use in the following permuted versions of M, B, and S.
Let

Zp = PZPT
with the permutation matrix
P = [61763: s €2 1,€62,64, ... :e2n] € ]:R2n><2n-

Using the permutation matrix P, the matrix J can be permuted to the 2n x 2n block diagonal
matrix

Jp::PJPTzdiag([_Ol H[_Ol H{_Ol H)

Mp, Bp, and Sp are permuted symplectic matrices, in other words, they are Jp—orthogonal.
Using the permuted versions of Mp, Bp, and Sp, the structure preserving Lanczos method
generates a sequence of permuted symplectic matrices

Sj23k = [Ulywlyv%w% cee 7Ukawk] € anX?k
satisfying

2% 2k 2k, 2k T
(6) MpSp' = Sp'Bp ™" + dit1(brt1Vk41 + QG 1Wpt1) ey

The symplectic Lanczos algorithm for symplectic matrices is summarized in Table 1. For a deriva-
tion of the algorithm and a detailed discussion of various aspects see [3, 4, 5]. There is some
freedom in the choice of the parameters that occur in the algorithm. Essentially, the parame-
ters by can be chosen freely. Here we set by, = 1. A different choice of the parameters a; and
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Algorithm : Symplectic Lanczos method

Choose an initial vector 7, € IR*"™, %, # 0.
Set vp = 0 € R*".
Set dl = |‘§1‘|2 and V1 = dllﬁl
form=1,2,... do
(update of wy,)
set
Wy, = Mpvm — byUm
Ay = v;{lJpMpvm
1 ~

Wy = Ewm

(computation of ¢,,)
em = —aytwl JpMptoy,

(update of vy11)

Umt1 = —AmUm—1 — CpUm + W + 0, Mp vy
dm+1 = [[Umt1]]2

— 1~
Um+1 = mvm+l

Table 1: Symplectic Lanczos Method for the Symplectic Eigenproblem

dy, is possible. Note that M;l = —JpMIZJp, since M is symplectic. Thus M;lvm is just a
matrix-vector-product with the transpose of Mp.
Equivalent to (6), as Bp™* = (Kp""%)=IN2F* and eI, (NpF?F)=1 = —eI. |, we have
2,2k \ — 2,2k —
(7) MpSE (Np™ )7 = SPH(KR™™) ™" = digr (b vrs1 + arawigr )esy_y -

The vector 711 := djr1(bgt1Vkr1 + arr1wra1) is the residual vector and is Jp—orthogonal to the
columns of S2¥, the Lanczos vectors. The matrix B?;k’% is the Jp-orthogonal projection of Mp

onto the range of S
B}Q)k,?k — JIQDk,Qk (S?pk)TJPMPSI%k

Remark 2.1 The usual nonsymmetric Lanczos algorithm generates two sequences of vectors {q;}
and {p;} (see (1) and (2)). Adapting the usual nonsymmetric Lanczos algorithm to the situation
considered here, the symplectic Lanczos process could have been stated as follows: Given vy, t, €
R>" and a symplectic matriz M € TR*"*?", the symplectic Lanczos algorithm produces matrices
S = [vy, wy, ..., vk, wi] € R2"*2¢ gnd W2k = [ty,... ta] € R2"*2* with Jp—orthogonal
columns which satisfy

(W%k)TS%k — 12k72k,

and
2%k 2% 2k, 2k T
MPSP = Sp BP + dk+17°k+1€2k;
Tri72k 2% [ 22k, 2k\T y T
MpWp" = Wp'(Bp"™)" + dit1Try1€.

As Sp is symplectic, we obtain from (W2k)TS2F = [2k:2k that

2k 2n,2n o2k 72k,2k __
Wp ZJP SP ‘]P —[—Jp’wl, Jp’l)l, ey —Jp’wk, Jp’l)k].
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Moreover,
Th41 = Mpug41, and Fre1 = JpUkL1.

Substituting the expressions for Wf—,’“ and Try1 into the second recursion and pre- and post-
multiplying with Jp yields that the two recursions are equivalent. Hence one of the two sequences
can be eliminated here and thus work and storage can essentially be halved. (This property is valid
for a broader class of matrices, see [6].)

Agsume that we have performed k steps of the symplectic Lanczos method and thus obtained
the identity (after permuting back)

2% 2%k 2k, 2k ~ N T
MS*" =S5""B + dit1 (bg+10k4+1 + Q1 Whp1)eqp-

If the norm of the residual vector is small, the 2k eigenvalues of B?*?* are approximations to the
eigenvalues of M. Numerical experiments indicate that the norm of the residual rarely becomes
small by itself. Nevertheless, some eigenvalues of B2%:2¥ may be good approximations to eigenval-
ues of M. Let A be an eigenvalue of B?*2¥ with the corresponding eigenvector y. Then the vector
x = S?Fy satisfies

Mz — Az| (M 8% — 52k B2y |,

|dis1] eyl |brg1 Ortr + @rgr D |2

(8)

The vector z is referred to as Ritz vector and \ as Ritz value of M. If the last component of the
eigenvector y is sufficiently small, the right-hand side of (8) is small and the pair {\, z} is a good
approximation to an eigenvalue-eigenvector pair of M. Note that |egky| > 0 if B?*:2* is unreduced
(see, e.g., [5, Lemma 3.11]). The pair {\,z} is exact for the nearby problem

(M + E)x = X\x where E = —dpy1(bpy10rs1 + app1@pir)ef (S2F)TJ2m020,
In an actual implementation, typically the Ritz estimate

|dir1] leaey! ||brs1 Okt + Qg1 Bt |2

is used in order to decide about the numerical accuracy of an approximate eigenpair. This avoids
the explicit formation of the residual (M Sk — G2k p2k.2k)y,

A small Ritz estimate is not sufficient for the Ritz pair {\,z} to be a good approximation to
an eigenvalue-eigenvector pair of M. It does not guarantee that A is a good approximation to an
eigenvalue of M. That is

mjin|)\ —uj|, where uj € o(M) = {u € €3z € R*"\{0} > Mz = ux}

is not necessarily small when the Ritz estimate is small (see, e.g., [9, Section 3]). For nonnor-
mal matrices the norm of the residual of an approximate eigenvector is not by itself sufficient
information to bound the error in the approximate eigenvalue. It is sufficient however to give a
bound on the distance to the nearest matrix to which the Ritz triplet {\, z,y} is exact [9] (here
y denotes the left Ritz vector of M corresponding to the Ritz value A). In the following, we will
give a computable expression for the error. Assume that B?*?* is diagonalizable, i.e., there exists
Y e %>k guch that

By -

Ak

Y71B2k’2ky —
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Let X = S?*Y = [z;.... ,29;] and denote by 1011 + Ggr1Wrs1 by The1. Since
M52k — SQkBQk,Qk + dk+1?k+1egk;
it follows that

MS*Yy = §*yy 1By 4 dy 7€l Y,

or
MX = XA+ dpp17pr1ea,Y.
Thus
Mz, = Nizi + yor,idks1Tk+1,
and
Mazpyi = N ' hpi + Yok bt idis1 Thit s
fori=1,...,k. The last equation can be rewritten as

(Jope) ™M = Ni(Jzp) " + y2k,k+i/\idk+1?kT+1JM-

Using Theorem 2’ of [9] we obtain that {\;, z;, (Jzx+:)T} is an eigen-triplet of M — F\, where

HF)\i

» = |des1| max lyakil |[FPrralla [yriridi] [Pl JM])
T lailla [FZTmE

Furthermore, if || F},

o is small enough, then
10; — Aj| < cond(N;)||F, 2

where 6; is an eigenvalue of M and cond(};) is the condition number of the Ritz value A;

2+ O(]|Fy,

_ lwillo|J2xill2

cond(};) = =z llollzrasllo.
() B il 2][@r+i |2

Similarly, we obtain that {\; ', 244, (Jz;)T} is an eigen-triplet of M — F,-1 where

|17 AT ||FE L TM
1, [ls = |diss| max {?JQk,k+z |[Pesrllz Y2k Ay | [Ty JM]|2
1 2

lzrpill IREAIP

Consequently, as \; and )\i_l should be treated alike, the symplectic Lanczos algorithm should be
continued until ||F), ||z and ||F\-1|[> are small, and until cond();)||F},||2 and cond(A;)||F-1||2
are below a given threshold for alccuracy. Note that as in the Ritz estimate, in the criteria derived
here, the essential quantities are |dj+1| and the last component of the desired eigenvectors |yag ;|
and |yak k+il-

3 The Symplectic Lanczos Algorithm in Finite-Precision
Arithmetic

In this section, we present a rounding error analysis of the symplectic Lanczos algorithm in finite-
precision arithmetic. Our analysis will follow the lines of Bai’s analysis of the nonsymmetric
Lanczos algorithm [1]. Tt is in the spirit of Paige’s analysis for the symmetric Lanczos algorithm
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[13], except that we (as Bai) carry out the analysis component-wise rather than norm-wise. The
component-wise analysis allows to measure each element of a perturbation relative to its individual
tolerance, so that, unlike in the norm-wise analysis, the sparsity pattern of the problem under
consideration can be exploited.

We use the usual model of floating-point arithmetic, as, e.g., in [7, 8]:

fl(oy) = (voy)(l+e)

where o denotes any of the four basic arithmetic operations +, —, *, / and |¢| < u with u denoting
the unit roundoff.

We summarize (as in [1]) all the results for basic linear algebra operations of sparse vectors
and/or matrices that we need for our analysis:

Sazpy operation:
fllaz +y) = az +y +e, el < u (2faz|+[y]) + O(u?),

Inner product:

flzTy) = 2Ty +e, e < ku |z [y + O(u?),
Matriz-vector multiplication:
fl(Az) = Az + e, le| < mu |4 |z| + O(u?),
where k is the number of overlapping nonzero components in the vectors = and y, and m is the
maximal number of nonzero elements of the matrix A in any row. For a vector z = [z, ... ,azn]T,
|| denotes the vector [|z1],... ,|zn[]”. Similar, for a matrix A = [a;;]?;_;, |A| denotes the n x n

matrix [|a;;|]7 = -

In this section, any computed quantity will be denoted by a hat, e.g., @ will denote a computed
quantity that is affected by rounding errors. (Please note, that in the previous section, we used
hatted quantities to denote the non-permuted symplectic Lanczos vectors.)

Analyzing one step of the symplectic Lanczos algorithm to see the effects of the finite-precision
arithmetic we obtain the following theorem.

Theorem 3.1 Let M € R**®" be a symplectic matriz with at most m nonzero entries in any
row or column. If no breakdown occurs during the execution of k steps of the symplectic Lanczos
algorithm as given in Table 1, the computed Lanczos vectors satisfy

9) a,@; = Mpo; -0 +hy,

(10) diniOje1 = —djij =05 + @ +a; " Mp'0; + g1,
where

(11) kil < (m+2)u [Mp| [;] + 2u 5] + O(u?),

(12) lgiral < (m+5)u fa; | |Mp'] [§;] + 4u |@;] + 4u [&;5;] + 3u |d;5;_1| + O(u?).
The computed matrices §}2;k,1\7}2,k72k, and I?}Q,k’Qk satisfy
(13) MpS2 (N2 =1 = G2 (K221 _ g\ Mpgyred,_, + Ex,
where
1Bulle < w[[S||p | (m+5) [R5 p|| M5 + 4 | N5 || M]|
(14) + (m+6) [| M| + 2| K252 ¢ | + O(u?).

Proof: See Appendix. Vv
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This indicates that the recursion equation MpS2F (N 2y =1 = g2k (K2F*F)=1_ gy Mpug1el
is satisfied to working precision, if || M||2, ||S2*| g, || K2%2k||p, and || N2%2k||p||M || are of mod-
erate size. But, unfortunately, ||S2%||z may grow unboundedly in the case of near breakdown.

While the equation (9) is given by the (2j)th column of MpSpN5' = SpK5', the equation
(10) corresponds to the (2j —1)th column of SpN;' = M5'SpK5'. The upper bounds associated
with (9) and (10) involve only ||M||F as to be expected, see (11) and (12). Recall that Mp" =
—JpMIT;Jp, since M is symplectic. Thus \M;l\ does not introduce any problems usually involved
by forming the inverse of a matrix. In order to summarize these results into one single equation,
we define

(15) Ey =[Mpgs, —hi, Mpgs, —ha, ..., Mpgrs1, — hg].

Then (13) holds. Using the component-wise upper bounds for |h;| and |g;j+1|, we obtain the
upper bound for Ej as given in (14). As we summarize our results in terms of the equation
MpSpNIZ1 = SpKEl, we have to pre-multiply the error bound associated with (10) by Mp,
resulting in an artificial || M||% term here. Hence combining all our findings into one single equation
forces the ||M|[% term.

For the nonsymmetric Lanczos algorithm, Bai obtains a similar result in [1]. The equations
corresponding to our equations (9) and (10) are (see (1) and (2))

= ~ _ ~ ~ ~ ~ ~ nonsymLan
Bi+1d41 = Agj —a;q; — ;a5 + h; ;

~ ~ _ T~ ~ A~ o~ nonsymLan
Yji+1bj+1 = A'pj —a;pj — Bibj—1 + 941

The errors associated are given by

L ~ ~ i~ ~ |~
|7 < (34 m)u Al [g;] + 4u [a;] 5]+ 3u [3] 13| + O(u?),

‘ nonsymLan| <

i1 (3 +m)u [A] [B;] +4u |&;] ;] + 3u [5;] ;-1 + O(u?).

Hence, the symplectic Lanczos algorithms behaves essentially like the nonsymmetric Lanczos al-
gorithm. The additional restriction of preserving the symplectic structure does not pose any
additional problems concerning the rounding error analysis, the results of the analysis are essen-
tially the same.

Corollary 3.2 In Remark 2.1 we have noted that the usual nonsymmetric Lanczos algorithm
generates two sequences of vectors, but that due to the symplectic structure, the two recurrence
relations of the standard nonsymmetric Lanczos algorithm are equivalent for the situation discussed
here. It was noted that the equation which is not used is given by

T2k ( 772k,2kNT _ 1772k ( 772k, 2k\T T
MpWp (Kp™™)" = Wp'(Np"™)" + diy1 Jporti€y,
where
W2k = JIQDanS?ng}Q;k’Qk = [—Jpwl, Jpvy, ..., — Jpwy, Jp’l}k] .

Instead of summarizing our findings into equation (13), we could have summarized

(16) MEWRF (K2 = WEk(NZ2IT 4 dyyy Jptriiely, + Fi
where

ngk _ J12Dn,2n§123kjl23k,2k,
(17) F, = [MpJphi, Jpga, ..y MpJphy, Jpgis].

As an upper bound for ||Fi||F we obtain
(18) |[Flle < w1821 [Om +2) 1M + (m 4 7) |[R2E24 ||| M + 4 N2 o + 4
+ O(u?).

As before, the term ||M||% is introduced because we summarize all our findings into one single
equation.
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It is well-known, that in finite-precision arithmetic, orthogonality between the computed Lanc-
z0s vectors in the symmetric Lanczos process is lost. This loss of orthogonality is due to cancella-
tion and is not the result of the gradual accumulation of roundoff error (see, e.g., [15, 16]). What
can we say about the J-orthogonality of the computed symplectic Lanczos vectors? Obviously,
rounding errors, once introduced into some computed Lanczos vectors, are propagated to future
steps. Such error propagation for the nonsymmetric Lanczos process is analyzed by Bai [1].

Let us take a closer look at the Jp-orthogonality of the computed symplectic Lanczos vectors.
Define

~ ~ ~ —~ 1T ~ ~ ~ ~
K = [vy,Wy,...,0, W] Jp [U1,W1,... Uk, W] .
That is,
kyj—1,om—1 = v; JpUp, kaj—1,0m = vj JpWm,
kajom—1 = wj JpUp, kajom = wj JpWm.

In exact arithmetic we would have K = Jp, where Jp is block diagonal; each diagonal block is of
the form [ % §]. As 27 Jpz = 0 for any vector z, we have

kojoj = kaj—1,2j—1 =0,

not depending on the loss of Jp-orthogonality between the computed symplectic Lanczos vectors.
Examining the other elements of K we obtain the following lemma.

Lemma 3.3 The elements kj,, of K satisfy the following equations

kjj = 0 j=1,...,2k
(19) _kj,j+1 = kj+1,j = —1+k; ] =1,...,2k—-1

kjm = O(u) jm=1,...,2k,

m 7&.7 - 1).7,.7 + 1
where
2|71 Tp| {2 2) [Mp| + 5} |5

(20) ""3]'| < u ‘U]| ‘ P|{ (mt;}_*'/\) ‘ P|+ }"U]| +O(u2).
Proof: See Appendix. Vv

Lemma 3.3 describes how J—orthogonality between the computed symplectic Lanczos vectors is
lost. Our findings will be useful in the following section when discussing the question of loss of
J-orthogonality versus convergence of a Ritz pair.

4 Convergence versus Loss of /J-—Orthogonality

It is well-known that in the symmetric Lanczos procedure, loss of orthogonality between the
computed Lanczos vectors implies convergence of a Ritz pair to an eigenpair, see, e.g., [14]. Here
we will discuss the situation for the symplectic Lanczos algorithm, following the lines of Section
4 of Bai’s analysis of the nonsymmetric Lanczos algorithm in [1]. We will see that a conclusion
similar to the one for the symmetric Lanczos process holds here, subject to a certain condition.

From the previous section, we know that the computed symplectic Lanczos vectors obey the
following equalities:

(21) MpSY = S¥BY - {gk+1?k+legk—l - Ek] Nk,
(22) MEWE = WEBEE+ [dipi Jpbnsiel, + B (RPH)T,
with

(23) (SE)TTESY = K = JP* + Cr + Ay - O,
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where B2 = (K2h2k) -1 N2k2k gpok — p2n2ngak p2k2k the rounding error matrices Fj, and
F}, are as in (15) and, (17), resp., Ay is a block diagonal matrix with 2 x 2 block on the diagonal,

Ay :diag({ _?ﬁ " } . { _ik " }),
and Cj is a strictly lower block triangular matrix with block size 2. That is (C),; = 0 for
=1,...,2k,j=1¢,...,2k, and (Cg)2p 201 =0for £=1,... k.

To simplify our discussion, we make two assumptions, which are also used in the analysis of the
symmetric Lanczos process [15, p. 265] and in the analysis of the nonsymmetric Lanczos process
[1]. The first assumption is local J-orthogonality, that is, the computed symplectic Lanczos vectors
are J-orthogonal to their neighboring Lanczos vectors:

(][5 Jmei-[s 8]

This implies that the 2 x 2 block on the sub-diagonal of C}, are zero, yielding the following block-
structure

(000 0 0 07
0 0 0 0 0 0
X 0 0 0 00
X X 0 0 00
G=1x x x 0 00
X X X -~ X 0 00
LXXX---XXOO_

where the X denote 2 x 2 blocks. R
The second assumption is that the eigenvalue problem for the 2k x 2k butterfly matrix Bf,k’% =
(KM =1 N2 is solved exactly, that s,

(25) YIBE Y, = diag( AL AT - A AT ).
This implies that the computed Ritz vector for ); is given by
Zj = SIQDky2j71a
while the computed Ritz vector for )\;1 is given by
T; = Sl%kygj.

Theorem 4.1 Assume that the symplectic Lanczos algorithm in finite-precision arithmetic satis-
fies (21) — (23). Let

L§€2) n UISQ) _ J123k72kAk§}23k,2k _ E%k’QkJ;k’QkAk,
DU = (RIS - (TR EAR,

where L;f) and L;:l) are strictly lower block triangular matrices, and U,E2) and U,E4) are strictly
upper block triangular matrices with block size 2. Then the computed Ritz vectors x; = Sl%kygj and
z; = SHys;_1 satisfy

2k,2k [+(4 2
(26) T p2nons y2TjJP {U’g - U’g )} Y2j-1 Yn
o J5 T = - = — ,
! dit1(eX yaj—1) dit1 (e yaj—1)
(27) T j2n.2ns yQTj—lJIQ’k’Qk [U’S4) B U’EQ)] Y2 (o
z; Jp 1 = =

diy1(edpy25) diy1(e3,y2;5)
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Proof: See Appendix. Vv

The derived equations are similar to those obtained by Bai for the nonsymmetric Lanczos process.
Hence we can interpret our findings analogously: equations (26) and (27) describe the way in
which the J-orthogonality is lost. Recall that the scalar diy; and the last eigenvector components
(el y2j-1) and (el yo;) are also essential quantities used as the backward error criteria for the
computed Ritz triplets {)\;, z;, (Jz;)T} and {\; ', 2;, (Jz;)T} discussed in Section 2. (Also recall
that el y,| > 0 if B2%:2% is unreduced.) Hence, if the quantities |¢)1| and |t)2| are bounded and
bounded away from zero, then (26) and (27) reflect the reciprocal relation between the convergence
of the symplectic Lanczos process (i.e., tiny dk+1(62ky2] 1) and dk+1(e%y2])) and the loss of J—
orthogonality (i.e., large 7}, Jpz; and TPz

Let us conclude our analysis by estimating [¢1]| and |¢2|. Let us assume (again analogous
to Bai’s analysis) that Ay = 0, i.e., @;‘FJpﬁj = —1, which simplifies the technical details of the
analysis and appears to be the case in practice, up to the order of machine precision. Under this
assumption, we have U,§2) = 0. Moreover, we have

il < NOR 1wl o] g2 a2,

for j = 1,2. Let us derive an estimate for HU HF U ) is the strictly upper block triangular
part of

(28) (KR ) RESEE — (W T B N
A generous upper bound is therefore given by

WO N < B2 | EL 6l 182 |5 + [[W2H]| ol | Bel 7| N?52)| o
1521 [I\K2’“’2’“I\F\|Fk|\p + HEkHFHN%’%HF]

A

IN

18255 { m 4+ 5) [[R2425) || W22 || M [+ 7 || K225 ||| N 242
4[R2 (m2) [ K2 5[ M[F 4 (m48) ([543 M |
+ 4[| N2 M + (m o+ 6) [IN22] || M| | + O(u?).

Summarizing, we obtain the following corollary, which gives an upper bound for |1 | and |¢o].
Corollary 4.2 Assume that Ay = 0 in Theorem J.1. Then
W] < ucond(})) {(m +5) [[K2%2H] [ | N2 | p| | M5+ T || 52| [ N*52|

+ (m+2) [|[K#]|p||M][% + (m + 8) ||K*F2H|3 ]| M]| 7 + 4]| K| o
4[N B M| + (m 4 6) || N353 || M} + O(u?),

where ¢ € {1,192} and

cond(};) = cond(A\;") = |IS**|%ly2;1l2l [yl
is the condition number of the Ritz values \; and )\;1.

Note that this bound is too pessnnlstlc In order to derive an upper bound for HU HF, an upper
bound for the matrix (28) is used, as Uk is the strictly upper block triangular part of that matrix.

This is a very generous upper bound for |\U,£4)HF. Moreover, the term

K224 || N2 |
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is an upper bound for the norm of B#"**. The squared terms ||K2*2k||% and ||[N2%:2%||2 are
introduced as the original equations derived in (13) and (16) are given in terms of K22k and
N2k:2k Byt not in terms of B2** . Numerical examples show that the bound |t}] is too pessimistic.

Unfortunately, for the symplectic Lanczos process (as for any nonsymmetric Lanczos-like pro-
cess), near breakdown may cause the norms of the symplectic Lanczos vectors ||v;||» and ||w;||2
to grow unboundedly. Accumulating the quantity Zle(\ﬁjﬂg + ||w;]|3), which costs about 4nk
flops, we can obtain a computable bound for cond();) and cond(/\gl) in practise. Theorem 4.1 and
Corollary 4.2 indicate that if the J—orthogonality between 741 and z; (and z;) is lost, then the
value d 41 (el y2;_1) is proportional to |1h| (and the value diy1(eZ,ys;) is proportional to [s]).
Given the upper bound from Corollary 4.2, and supposing that cond();) is reasonably bounded,
the loss of J-orthogonality implies that dgi1 (€T y2j—1) (and dgi1 (el y2;)) are small. Therefore,
in the best case we can state that if the effects of finite-precision arithmetic, Ey and Fj in (21)
and (22), are small, then small residuals tell us that the computed eigenvalues are eigenvalues of
matrices close to the given matrix.

5 Numerical examples

As the results derived are not surprising we give just one example to demonstrate the practical
behavior of the convergence of a Ritz value versus the loss of J—orthogonality among the symplectic
Lanczos vectors. All computations were done using MATLAB! Version 5.3 on a Sun Ultra 1 with
IEEE double-precision arithmetic and machine precision e = 2.2204 x 1016,

Our code implements exactly the algorithm as given in Table 1. In order to detect convergence,
the rather crude criterion

Irksal] < ||M]]+107°
was used. Benign breakdown in the symplectic Lanczos process was detected by the criterion
[[Oms1l] < €x [[M][ or [|wm ]| < ex|[M]],
while a serious breakdown was detected by

Um1 7 0, Wig1 20, |amy1| < ex||M]].

Example 5.1 This set of tests was done using a 100 x 100 symplectic block-diagonal matriz

(29) M = diag(200,100,50,47,...,4,3, [ 2 1] . 55 15+ 5+ 2 L1207,

5200’ 100° 500 47° " 3

A random starting vector vy is used. The symplectic Lanczos process generates a sequence of
symplectic butterfly matrices B?*?% whose eigenvalues are increasingly better approzimates to
eigenvalues of M. The largest Ritz value approrimates the largest eigenvalue Ay = 200 of M.
Table 2 illustrates the loss of J—orthogonality among the symplectic Lanczos vectors in terms of
ZlTJP'I/:]c+1 and the convergence of a Ritz value in terms of the residual dk+1(egky2). As predicted
by Theorem 4.1, the loss of J—orthogonality accompanies the convergence of a Ritz value to the
largest eigenvalue A1 (and the convergence of a Ritz value to the smallest eigenvalue )\1_1) in terms
of small residuals. The last two columns of Table 2 report the value for 1y and its upper bound
|| from Corollary 4.2. The upper bound || is too pessimistic.

When the symplectic Lanczos process is stopped at k = 16, the computed largest Ritz value A
has the relative accuracy

1200 — X\
200

We note that in this example, the Ritz value corresponding to the largest eigenvalue of M is well
conditioned, while the condition number for all eigenvalues of M is one, the condition number of
the largest Ritz value is ~ 1.08. The results for wT Jpry41 and dk+1(egky1) are almost the same.

~ 1.5632 % 1071,

IMATLAB is a registered trademark of The MathWorks, Inc.
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Lanczos step

T ~
Zl JPTk+1

dit1(ed,2)

¥

[¥]

1

O~ O O ix W N

11
12
13
14
15
16

—9.1290 % 1017
1.6751 % 10717
—8.4297 % 10718
2.6983 % 1017
2.8513 % 1016
4.7089 % 1015
6.8569 x 1014
—8.3995 % 1013
—9.3850 % 1012
9.0525 % 1011
—4.1822% 10710
6.8361 % 1009
—2.9881 % 10797
5.7946 % 1006
—1.0299 x 10~%4
1.5128 x 10703

—6.4278 % 10~ 1
3.5949 x 1001
—8.1016 % 10792
—1.7984 x 10702
—1.3822 % 10703
—8.3119 % 107 9%
—5.7074 % 10796
—4.6590 % 1007
—4.1698 % 10708
—4.3229 % 10799
9.3571 % 10710
—5.7230% 10~ 1!
1.3010 % 1012
6.5210 % 10~ 4
2.6478 % 10~15
—1.0915 % 10~15

5.8679 x 10~ 17
6.0217 % 1018
6.8203 x 1019
—4.8526 % 1019
—3.9411 % 10719
—3.9140 % 10719
—3.9135 %1019
3.9133% 1019
3.9133 % 1019
—3.9133% 1019
—3.9133% 10719
—3.9123 %1019
—3.8875 % 1019
3.7786 % 1019
—2.7270 % 1019
—1.6512 % 10~'8

4.0869 * 1003
3.6108 x 10797
8.4543 x 10797
1.5293 % 1006
2.3792 % 1006
3.5814 % 1006
4.7835 % 1096
6.0405 x 1006
8.5821 % 1006
1.4113 % 1079
1.0338 x 1094
4.9373 x 10704
8.9149 x 1004
0.3192 % 10704
9.5668 x 10704
0.7898 x 1004

Table 2: loss of J-orthogonality versus convergence of Ritz value

Appendix

In this appendix we present proofs for Theorem 3.1, Lemma 3.3, and Theorem 4.1.
Proof of Theorem 3.1:

We need to analyze one step of the symplectic Lanczos algorithm. After j — 1 steps of the
symplectic Lanczos algorithm, we have computed @;_1,W;_1,¢j_1,d;,v;. During the jth step we
will compute a;, w;,¢;,dj+1 and ;4. Recall that we set by = 1, hence by is not a computed

quantity.

At first we have to compute a; = vaJpMpvj. Due to its special structure, multiplication by

13

Jp does not cause any roundoff-error; hence it will not influence our analysis. Let Mp have at
most m nonzero entries in any row or column. Then for the matrix-vector multiplication JpMpv;

we have

where

51 = fl(JpMpi)\j) = JpMpi)\j +€1,

61| < mu [JpMp| [5;] + O(u?).

Then a; is computed by an inner product

where

assuming that v; and sy are full vectors. Overall, we have

(30)

where the roundoff error f}l] =0

5 = f1(T5) = 0751 + &,

2] < 2nu [5;]"[31] + O(u?),

aj = ﬁ;ferMpﬁj + f;l],

T
J

€1 + e is bounded by

M < mu 5T Tp Mp| [55] + 200 (5] 75 | + O(?)
< (m+2n)u ||| IpMp| 3] + O(u?).
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Next we have to compute w; = (Mpv; — v;)/a; (recall that we choose b; = 1). For the matrix-
vector multiplication Mpv; we obtain

53 = fl(Mpv;) = Mpv; + €3,
where
@] < mu [Mp| 5] + O(u?),
The saxpy operation w; = Mpv; — v; yields
54 = fl(83 — V) = 53 — U; + €y,
with
|4l < u ([05] + [35]) + O(u?).

Thus overall we have

(31) @; = Mp; — o + I,
where the rounding error vector Eﬂ = €3 + €4 is bounded by

P < mu | Mp| (5] + u (155] + 183]) + O(u?)
< mu [Mp| [0 +u (18] + [Mp] [5;]) + O(u?)
< (m+ Du|Mp| 9]+ u [7;] + O(u?).

The computation of w; is completed by

(32) ;= fUw;/a;) = @5 /a; +

where the rounding error vector f\][g] is bounded by
F<ujwa;! + o).

The analysis of the computation of ¢; = 'U]TJPMPU)]‘/G/]' is entirely analogous to the analysis of
the computation of a;. We start with the matrix-vector multiplication JpMpw;

S5 = fl(JpMpw;) = JpMpw; + €5,
where
&s] <mu |[JpMp| |@;] + O(u?).

This is followed by an inner product ’U;TFJPMPU)]‘

56 = fl(ﬁf’s}) = ﬁfgs + €s,
with

@l < 2nu (5|7 |85 + O(u?).
Finally, the computation is completed by

s7 = fl(ss/a;) = s6/a; + e,
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where
~ ~ 2
7] <u sea; |+ O(u).
Overall, we have
~ o~ PO 4
¢; =0, JpMpw;/a; + fj[ L
) R PN I
where the roundoff error fj =a; Vje;+a; €+ eris bounded by

i

IN

mu [5;|"|Jp Mp| ;] a5 "] + 2nu [3;"[Jp Mp] |@;] a5 |
+u (0] |Tp Mp| ;] a7 + O(u?)
< (m+2n+1)u |aj—1| ;T | TpMp| |@;| + O(u?).
Finally, we have to compute 041 = —djv;—1 — ¢;v; + w; + a;lMlglvj, djt1 = ,/Ffﬂﬁjﬂ and

Vj+1 = Ujp1/dj+1. Recall that, as M is symplectic, the inverse of Mp is given by M;l =
—JngJp. Let us start us with the matrix-vector multiplication M;lvj

S5 = fU(Mp'0;) = Mp'0; + &3
where
s < mu [Mp'] [0/ + O(u?).
Next three saxpy operations are used to finish the computation of v;41:

8y = fl(3a; ' + ;) = 8sa; ' + @ + &,

where

€] < u (2[s5a; |+ |@y]) + O(u?),
and

510 = fl(89 — ¢;0;) = 59 — ¢;0; + €10,

where

(10| < u (2[6;35] + [3o]) + O(u?),
and

511 = fl(510 — C/l\ﬁj—ﬁ =510 — C/l\ﬁj—1 + e,

where

1] < u (2d;5-1] + [510]) + O(u?).
Overall, we have for v;41

(33) Vj41 = —d;Uj_1 — G0; + W, +a; ' Mp'o; + ffﬂl

~1

where the roundoff error vector ﬁil =a, es + €9 + €109 + €11 is bounded by

5 A~ — ~ A~ o~ ~ ~ A~ ~
L < mu @ IMBY (5] + o (208sa; Y + @) + u (2080] + [3a))
+u (2|d;0j-1| + [B10]) + O(u?)
< (m+dufa;t] [Mp (5] + 3u @] + 3u [¢;5;] + 2u |d;5;_1| + O(u?).
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Next we compute djy1 = /0], 0jt1-
AT

s12 = fl(V J+1UJ+1) =V;410j41 + €12,
with

[€12] < 2nu (0541 [041] + O(u?).

- = =T =
djvr = fl(V512) = \[ 0110511 + fﬁu

where the roundoff error f}:‘]l is bounded by

‘76] | <uv/S19 <u\/v]+1v]+1+(9( 9.

The symplectic Lanczos step is completed by computing vj41 = Uj41/djt1:

Hence,

(34) Vj41 = fl(ajJrld;-&l) = 5j+1d;4}1 + f]+1
with
‘ ]+1| <u |”]+1‘ |dg+1‘ + O(u )
From (34) and (33) we know that
(35) djs1 041 = —d;Bj—1 — &0; + W) +@; ' Mp'0j + gjsa

where g;j11 is the sum of roundoff errors in computing the intermediate vector v;1; and the
symplectic Lanczos vector v,

7

gi+1 = Fih + dia Fih.

Using the bounds for the rounding errors ﬁil and fml we have
gj+1l < (m+4)ufay Y Mt (03] + 3u fiw;] + 3u [¢9;] + 2u |d Uj-1]

+u [0j41] + O(u?)
(36) < (m+5)u \a_lHMP | [vj] + 4u |w]\+4u|c]v]\+3u|dv] 1|+ O(u?).

Similar, from (32) and (31) we know that
where

hy = 7 +a; 117,

and
bl < (m+Du [Mpl [5] +u [5;] + u @] + O(u?)
(38) < (m+2)u |Mp| [5;] + 2u [5;] + O(u?).

While the equation ajw; = Mpv; — v; is given by the (2j)th column of MpSpNIS1 = SpKEl,
the equation dj11vj41 = —djvj, —cjv; +w; + a;lMlglvj corresponds to the (2j — 1)th column of
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SpNp' = Mp'SpK'. Hence, in order to summarize the results obtained so far into one single
equation, let

Ey =[Mpga, —hi, Mpgs, —ha, ..., Mpgri1, — hg].

Then we have from (35) and (37)

- -~

¢t 1]ldy O
-1 0| 0 0
dy 0|a 1
. o~ . 0O O0|-1 0
Mp [V1, W1, ... Uk, W] —
dp. 0
.10 0
dk 0 Ek 1
I 0 0 |-1 0|
a;t 1
0 a
= [y, W1,... , Uk, W] — di41 MpOgire,_y + Ey,
a1
0 ag
or, even shorter,
(39) MpSH(NpM) =t = SP(K™)™! — dy Mpli el + By

Using the component-wise upper bounds for |g;+1| and |h;|, let us derive an upper bound for
HEkHF Clearly,

Ekllr < |[Th1s b2y ooy W] llr + [|MPl[F[l g2, g3, - gea]llF-

From (38) we have

[[has ho, oy ][ < [(m+2) (M| [SE] +2 3] [(R22)p]] + O(u?),
and
(40) B, Ba s Bl e < w1825 [(m 4 2) (IM]]p + 2 1R 5] + O(u?).

Using (36) we obtain
[[92: g5 v ]| < [m+5) (K357 M1 |53
+ 4 SE] + 4 1SF| INFH ] + 0w?),
and
g2 g5 - genllle < u |IS?||p |(m + 5) || K225 p||M||p
(41) + 444 |[N*2] | + Ou?).
Hence, summarizing we obtain as an upper bound for the error matrix Ej, of (39)

1Ellr < wl|S%||p [(m+5) |22 p|| M3 + 4 ||N252K| | p|| M| p

+ (m+6) || M][r + 2| K*¥[r] + O(u).
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This completes the proof of Theorem 3.1. Vv

Proof of Lemma 3.3:

Obviously,

k2joj = koj—1,2j—1 =0
for j =1,...,k as 27 Jpx = 0 for any vector z. Moreover, as kam2j—1 = —k2j—1,2m, we only
need to examine kaj 051 for j =1,... ,k, and kajom—1,k2j—1,2m—1 and kajom for jym =1,... ,k,
j<m.

Let us start with koj ;1. Using (32) and (34) we have

(42) kojoj-1 = W5 Jpy;

W v
= (2 + fPHTIp(L + 7
aj d;

J
T =~ = ~aT
w; Jp'l)]' + aj(f?])TJp’Uj + d]"wj prj['ﬂ

= — +0(u?)
ajd;
;:TJ = +¢
w; Jpv;
(43) = LT om?),
a;d;
where
~ e~ ~aT
Gl < \aj(f][S])TJPUjI + |djw; JPJ?Jm‘
< 2u |wy|"|Jp| [v;]
< 2u[o;|"|Jp| (IMp| [5;] - [05)-
We would like to be able to rewrite koj 21 = @;‘FJpﬁj = —1 4+ some small error. In order to do

0, we rewrite a]'g]' suitably. From (30) and (34) we have

ajd; = (0] JeMpi; + £')d;

~

v ~ 0
= |G+ Mt + | 4
j
~ ~ .7 n
= 0 JpMpi; + d;((f") " JeMpi; + F17).

Using (31) we obtain

~ =T =~ ~ -~ ~
ajd; = v; Jp(w; +v; —J?][Q]) +dj((f][7])TJPMPUj .|.f]11])
2T =~ 2T o =T n ~
= v Jpw; + O Jpvj — v Jp /}2] + dj((f}ﬂ)TJpMpvj + El])
AT

= -~ ~ =T -~ ~
= Uj Jpwj + dj(’Uj — ‘)/";[7])TJPU]‘ — ’Uj Jp]?][Q] + dj((‘)’c}’?])TJpMpUj + ]?]{1])

For the last equation we used again (34). This rewriting allows us to make us of the fact that
zT Jz = 0 for any vector . Thus

~ ~T = ~ ~T -~ R R ~
ajdj = 'Uj Jp’w]'—'l)j Jp}}2]+dj(f;[7])TJP(MPU]’—’Uj)‘*'djf]{‘l]
2T~ 2T n i~ 7
= 0; Jpw; — 0, JP]?]['Q] + dj(f}ﬂ)TJP(wj - f?]) + djfy['l]

~T A
= Jpw; +

2T =
(44) = —w; Jpuj + (o,



Error Analysis 19

where we used (31). The roundoff error is bounded by

Gl < [y TeFP 1] FT 1] (] + 172D + 1] (7]
< (m+ Du 5] Tp| [Mp| (5] + 2u [5;]7 | 76| [55]
+ o 5] | (5] + (m + 2n)u |d| 5517 |Tp Mp] (3] + O(u?)
< (m+ D [0;)"|Tp| [Mp] [35] + 2u [5;]7| Je| [5]

+u [5(T |Jp| (|Mp] 5] + [3;])
+ (m + 2n)u [0 |Jp| [Mp] [3;] + O(u?)
< (@m+ 20+ 2)u [55|7 | Jp| [Mp] 3]+ 3u [55]7|Tp| [3;] + O(?).

Combining (43) and (44) we have

~T  ~
w; Jpv; + (4
kajoj—1 = % +0(u?)
—w; Jpvj + (o
G+ G
2T =
—w; Jp’Uj + C2

= —1+k; +0(u?).

= -1+ +0(u?)

Using the Taylor expansion of f(z) = % at t =x — (o,

_ ' f'(@) 5 L g

flx) = fO+ft)(x—1t)+ T(m —t)° + higher order terms
= ate - G +2<2 G+ G +3<2 (3 + higher order terms,
x x x
we obtain
_I_
w o< LGl ow
@ T

(45) < 2(m +n +2)u [v,|" | Jp| |Mp| [05] + 5u [5;]"|Te| |7 + o).

2T =
|wj Jp’Uj|

Next we turn our attention to the terms kojom—1,k2j—1,2m—1, and kajom,. The analysis of
these three terms will be demonstrated by considering kaj 2m = @TJp@m. Let us assume that we
have already analyzed all previous terms, that is, all the terms in the 2m x 2m leading principal

submatrix of K, printed in bold face,

( ki1 kq 251 kq 2; kiom-1 kiom
ko;—11 koj—1,2-1  ko2j—1,2j koj—1,2m-1  k2j—1.2m

koj; 1 koj 251 koj 2; kojom-1 k2j2m
koji11 koji1,25-1  Kkajt12j koji1,2m-1  k2j41.2m
k2m—1,1 k2m—1,2j—1 k2m—172j k2m—1,2m—1 k2m—172m
k2m,1 k2m72j—1 k2m,2j k2m72m—1 k2m72m

Our goal is to rewrite ksj2m, in terms of any of these already analyzed terms. First of all, note,
that for j = m we have ko 2, = 0. Hence for the following discussion we assume j < m. From



Error Analysis 20

(37) we have

~ ~T ~ ~
amkajom = W Jp(MpUy, — Uy + hi)

= 'l/ﬁprMpi)\m — k2j72m_1 + ’lﬁprhm.
Using (35) we obtain for @JTJpMp@m

@] JpMptpy = =dp 1@} JpMpOnm- = e 1@] JpMpbp—1 + @] JpMpim -1
+ a;&lzﬁfjpﬁm,l + @prMpgm.
Using (37) twice yields
@] JpMpO = =dp 1B Jp(@m 2B 2 + B2 = hin )

- /c\m—l{ﬁfJP(am—l'&;m—l + ﬁm—l - hm—l)
+ @) JpMpWm—1 + ap_ 1 k2j2m-3 + @] JpMpgnm

= waPMPﬂ;m—l - C/l\m—lam—Qij,Qm—Al - gm—1k2j72m—5
— Cm1Gm-1kjom—2 — Cm—1kjom—3 + @, 1 kajom—3

+ dp1W] Jphm—z + Cru1@; Jphm—1 + @] JpMpgm.
The last term that needs our attention here is @JTJpMp@m_l. From (37) we have

aj@prMp@m_l = (Mpi)\j — ﬁj + h]')TJPMp’I/ﬁm_l
= 0, MpJpMpiy, 1 =0, JpMpipy 1 + h] JpMpin,
= 0] Jpm—i1 + Wy, 1 JpMp 0 + hj JpMpiy—1
as M is symplectic. Using (35) yields
aj@fJPMP'L/&m—l = koj_1,2m-2+ h]TJPMP'Iﬁm—l
+ Ay Jp(djaBg1 + djBy 1 + 805 — @ — gj41)
= aj (&;+1k2m72,2j+1 + (@k2m72,2j73 + Cikom—2,2j—1 + k2m—2.2m)

+ k2j—1,2m—2 + h?JPMP'Iﬁm—l — QW1 PGt

Therefore,

~

T o~ ~—1 ~ ~ ~
dmamk2j,2m = a; k2j71,2m72 - dmk2j,2m71 - Cmflam71k2j,2m72 - Cm71k2j,2m73
~1 T ~ T
+ G, 1 k2j2m—3 — dm_1Gm—2k2j2m—4 — dm_1k2j2m—5
+ djkam—_22j—3 + Cjkam—22j—1 + djr1kom—22j41 + kam—22m
N ~T ~ ~T T AT
+ dm_le Jphm_o + Cm—1W; Jphm_1 + dmwj Jphm
~ 13T N T ~T
+ a; hj JpMptWy, 1 — ’wmiljpgj+1 +wj JpMpgm.
Hence, as |h;| =~ O(u) and |g;| =~ O(u) we obtain koj 2, = O(u). A similar analysis can be done

for k2j,2m71 and k2j71,2m71- \/

Proof of Theorem 4.1:

Our goal is to derive expressions for ijJp?kH and CE?JP?]G+1 that describe the way in which J-
orthogonality is lost. In exact arithmetic, these expressions are zero. Our approach follows Bai’s
derivations in [1, Proof of Theorem 4.1]. Pre-multiplying (22) by (S2¥)T and taking the transpose
yields

_ N N U N . T
(WTMpSH = Bp* (W TSE + (K3°*) ™" |dig1 JpOnriedy, + Fi| S
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Pre-multiplying (21) by (W2*)T we obtain

(WE)"MpSHt = (W TSP B — (WET |diaPrnrediy — Bi N
Subtracting these two equations, we obtain
(W}%k)TSr\QkE?k,?k _ §2k,2k(W2k)T§123k
k,2k 3 T
= i1 (KM " eandiy JESH + diys (W i€l N}
n (KIQDk,Qk) 1F13“52k _ (/WQk)TEkNIQDk,Qk
dk+1(K123k’2) 1e2kvk+1JPSP dkﬂ(W]%k)T?kHegk

(46) + (f{;k,%) 1F];1“5123k _ (WIQJk)TEkN;k,Qk.

N2k,2k

We are most interested in deriving an expression for
2k\T 7~ T T72k\T 7~ T
(SP')" JPThy1€s_4 (or (Wp")" JpThy1€m;_1)

from the above equation. From this we can easily obtain expressions for szprk+1 or CU]TJPT]H_l as
desired. In order to do so, we note that most of the matrices in (46) have a very special form. Let
us start with the left-hand side. From (23) we have (S2)T JpS2 = K = J&2* 4 ) + Ay — CTL.
This implies

(/ngk)TS\%k _ J12Dk2k(s) 2n2nS2k
_ J12Dk,2kK

2k,2 2k,2k 2k,2k 2k,2k ~T
—R2k Rk ey R A - T

where J22*Cy, and (J3**CT)T have the same form as Cy, and J3"** A is a diagonal matrix,

2,2k A 1 -k 0 -k 0
Jp Ak—dlag({ 0 _Hl},...,[ 0 _f"?k:|).

Therefore, we can rewrite the left-hand side of (46) as
( ) S sz 2k §2k,2k(W2k)T§2k
_ [ 12k, 2k+J2k2kC +J2k 2k A, +J2k2kCT] B2k-2k
_ 312)1@,% [_ng’zk +J12Dk,2kck +J123k,2kAk +J12Dk,2kcg“}
_ [ g2k ch B2k 2k B2k 2kJ2k chk] i [JIQDkaAkBSIQDk,Qk _ BSIQDk,QkJIQDkaAk}
2,2k ~T D2k,2k  B2k,2k 72k,2k ~T
+ [Tl B - B kT
By the local J-orthogonality assumption (and, therefore, by the special form of J2k e ), 1
follows that
LS) - J123k72k0k§123k,2k B BSIQDk,QkJIQDk,Qka

is a strictly lower block triangular matrix with block size 2. With the same argument we have
that

(1) . 72k.2k ~T B2k,2k  D2k,2k 72k,2k ~T
U,’ =Jp 7" CyBp™" = Bp " Jp " C}

is a strictly upper block triangular matrix with block size 2. Since the 2 x 2 diagonal blocks of
J2k 2kAkB% 2k B2k 2kJ2k 2kAk are zero, we can write

JIZDk,2kAkB‘12)k,2k _ B‘]ZDk,%J]ZDk,%Ak _ Lgf) " U,52),
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(2)

where L, (2)

is strictly lower block triangular and U,~ strictly upper block triangular. Hence,

(W SpBp** — B (W T8 = 1) + 1) + UV + U}
Now let us turn our attention to the right-hand side of (46). The row vector
OF  JESH =Tk, % 00]

has nonzero elements in its first (2n — 2) positions. As (I??Dk72k)’1egk = bpear_1 + apeop, we have
that

L = gy (KE2) ooy oF, | TESH
is a strictly lower block triangular matrix with block size 2. Similarly we have that
ng) = Jk+1(/w71%k)T?k+1egk
is a strictly upper block triangular matrix with block size 2. Hence, we can rewrite (46) as
1 2 3 1 2 3
L+ - LY + vl + U - v
(47) = (K7 BISE — (W) T BN

This implies that the diagonal blocks of (K2 2%)=1 FT 52k — (W 2k T £, N2?* must be zero. There-
fore, we can write

(}-?I%kﬂk) 1FkTS ( )TE N2k 2k 24) + U]g4)

where Lgf) is strictly lower block triangular and U,§4) is strictly upper block triangular. By writing

down only the strictly upper block triangular part of (47) we have
v =u + U - Uy
or
i (W) Praedy, = TR 2ECF B — Bt 2t of + U — Uy,
This is equivalent to
dis1 (SE)T TR Fg el

_ JIQDk,Qk J123k72k0k §123k72k _ §123k72kJ123k72kC]Z“ n U,52) _ U,§4)]

(48)

Clzﬂglimk _ (Elzjk,%) TCk _ 2k 2k [Ulgz) _ U}g4)] :

where we have used the fact that §123k72k is symplectic.
From (25) we get

n2k,2k _ n2k,2k _y—1
BP Y2j—1 = A]'ygj_l and BP Yo; = Aj Y2j-

This implies

52k, 2k | —

_ ~ok ok
Z/;j—1(BP ) T:/\j 19%}'—1 and y2](B )"

)\jyg’j.
Pre-multiplying (48) by yQTj and post-multiplying by y»;_1 yields

2n 2n -

iy 1935 (SE) T T " Thg (€34y21)
»2k,2k k,2k k,2k 2 4
= yng,{pr Kyj1 — y2J(B2 YT O yajo1 — y2]J2 2 [U,E ) —U,§ )] Y21

AjyaiClyzio1 — Njys, O yaj—1 — y2]J2k 2k [UIEQ) - U,E‘”] Y2j-1

ys; T [U154) - U152)] Y2j-1-
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Similarly, pre-multiplying (48) by ygj_l and post-multiplying by ys; yields
0 g 2n k,2k [77(4 2
drs1ya; o (SE) T TR Frpredeyn; = ya; 1 T3 [UIS -, )] Yaj-

With the assumptions (24) and (25) this concludes the proof of Theorem 4.1. Vv
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