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Error Analysis 2The eigenvalues of the intermediate tridiagonal matrices Tj of smaller dimension typically approx-imate some of the eigenvalues of A (often the ones largest in magnitude). During the iteration thematrix A is referenced only through matrix-vector products Ax and ATx; hence the algorithm isuseful for �nding a few eigenvalues of very large and sparse matrices. A wide range of Lanczospapers appeared since the 1960s, see, e.g., the references in [7].Recently, there has been considerable interest in structure-preserving Lanczos algorithms forthe symplectic eigenproblem. These eigenproblems arise in applications like the problem of solvingalgebraic Riccati equations or H1-norm computations. See, e.g. [10, 12, 17]. In some of theseapplications the symplectic matrix is very large and sparse, and only a few eigenvalues and thecorresponding invariant subspace are desired.A structure-preserving Lanczos-like method for the symplectic eigenproblem was �rst proposedby Banse [2]. The symplectic matrix is reduced to a symplectic butter
y matrix. Banse presentsa look-ahead version of the method which overcomes breakdown by giving up the strict butter
yform. Benner and Fa�bender [3, 4] suggest to combine the idea of the symplectic Lanczos methodwith the idea of implicitly restarted Lanczos methods in order to deal with the numerical di�cultiesinherent to any nonsymmetric Lanczos-like method.Here we give an error analysis of the symplectic Lanczos method for the symplectic eigen-problem. Numerical experiments show that, just like in the conventional Lanczos algorithm,information about the extreme eigenvalues tends to emerge long before the symplectic Lanczosprocess is completed. The e�ect of �nite-precision arithmetic is discussed. Using Bai's work [1]on the nonsymmetric Lanczos algorithm, an analog of Paige's theory [13] on the relationship be-tween the loss of orthogonality among the computed Lanczos vectors and the convergence of aRitz value is discussed. The symplectic Lanczos algorithm is reviewed in Section 2. Stopping cri-teria are discussed. In Section 3 a rounding error analysis of the symplectic Lanczos algorithm in�nite-precision arithmetic is presented. Section 4 discusses convergence of the symplectic Lanczosalgorithm versus the loss of J-orthogonality of the computed Lanczos vectors. Numerical exper-iments are presented in Section 5. All proofs are deferred to the Appendix, due to their highlytechnical nature.2 The Symplectic Lanczos AlgorithmA matrix M 2 IR2n�2n is called symplectic ifMJ2n;2nMT = J2n;2n(3)(or equivalently, MTJ2n;2nM = J2n;2n), whereJ2n;2n = � 0 In;n�In;n 0 � ;(4)and In;n is the n�n identity matrix. If the dimension of In;n, or J2n;2n, is clear from the context,we leave o� the superscript. We denote by Z2k the �rst 2k columns of a 2n� 2n matrix Z.The symplectic matrices form a group under multiplication. The eigenvalues of symplecticmatrices occur in reciprocal pairs: if � is an eigenvalue of M with right eigenvector x, then ��1 isan eigenvalue of M with left eigenvector (Jx)T .In exact arithmetic and without breakdown, the symplectic Lanczos methods proposed byBanse [2] and Benner and Fa�bender [4] reduce M to a symplectic butter
y matrix. A symplecticmatrix B = � B1 B2B3 B4 � = 264@ @@@@ @@@ 375is called a butter
y matrix if B1; B3 2 IRn�n are diagonal matrices and B2; B4 2 IRn�n aretridiagonal matrices. An unreduced butter
y matrix is one for which the tridiagonal matrix B4 is



Error Analysis 3unreduced, see [4, 5]. Using the de�nition of a symplectic matrix, one easily veri�es that if B isunreduced, then the diagonal submatrix B3 is nonsingular. This allows the parameterization of Bin the following form (see [4, 5]):B = (K2n;2n)�1N2n;2n
= 2666666664 a�11 b1. . . . . .a�1n bna1 . . . an

3777777775
2666666666666664

�1 . . . . . . �11 c1 d2. . . d2 . . . . . .. . . . . . . . . dn1 dn cn
3777777777777775 :Given s1 2 IR2n and a symplectic matrix M 2 IR2n�2n the symplectic Lanczos algorithmgenerates a sequence of symplectic butter
y matrices B2k;2k 2 IR2k�2k such that (if no breakdownoccurs) MS2k = S2kB2k;2k + rk+1eT2k; k = 1; 2; : : : ; n;(5)where S2k 2 IR2n�2k; S2ke1 = s1, and the columns of S2k are orthogonal with respect to theinde�nite inner product de�ned by J as in (4). That is, the columns of S2k are J{orthogonal.The eigenvalues of the intermediate matrices B2k;2k are progressively better estimates of M 'seigenvalues. For k = n the algorithm computes a symplectic matrix S such that S transforms Minto butter
y form: S�1MS = B.In order to simplify the notation we use in the following permuted versions of M , B, and S.Let ZP := PZP Twith the permutation matrixP := [e1; e3; : : : ; e2n�1; e2; e4; : : : ; e2n] 2 IR2n�2n:Using the permutation matrix P , the matrix J can be permuted to the 2n � 2n block diagonalmatrix JP := PJP T = diag(� 0 1�1 0 � ; � 0 1�1 0 � ; : : : ; � 0 1�1 0 �):MP , BP , and SP are permuted symplectic matrices, in other words, they are JP {orthogonal.Using the permuted versions of MP , BP , and SP , the structure preserving Lanczos methodgenerates a sequence of permuted symplectic matricesS2kP := [v1; w1; v2; w2; : : : ; vk; wk] 2 IR2n�2ksatisfying MPS2kP = S2kP B2k;2kP + dk+1(bk+1vk+1 + ak+1wk+1)eT2k:(6)The symplectic Lanczos algorithm for symplectic matrices is summarized in Table 1. For a deriva-tion of the algorithm and a detailed discussion of various aspects see [3, 4, 5]. There is somefreedom in the choice of the parameters that occur in the algorithm. Essentially, the parame-ters bk can be chosen freely. Here we set bk = 1. A di�erent choice of the parameters ak and



Error Analysis 4Algorithm : Symplectic Lanczos methodChoose an initial vector ev1 2 IR2n; ev1 6= 0.Set v0 = 0 2 IR2n.Set d1 = jjev1jj2 and v1 = 1d1 ev1.for m = 1, 2, : : : do(update of wm)setewm =MP vm � bmvmam = vTmJPMP vmwm = 1am ewm(computation of cm)cm = �a�1m wTmJPM�1P vm(update of vm+1)evm+1 = �dmvm�1� cmvm+wm+a�1m M�1P vmdm+1 = jjevm+1jj2vm+1 = 1dm+1 evm+1Table 1: Symplectic Lanczos Method for the Symplectic Eigenproblemdk is possible. Note that M�1P = �JPMTP JP , since M is symplectic. Thus M�1P vm is just amatrix-vector-product with the transpose of MP .Equivalent to (6), as B2k;2kP = (K2k;2kP )�1N2k;2kP and eT2k(N2k;2kP )�1 = �eT2k�1, we haveMPS2kP (N2k;2kP )�1 = S2kP (K2k;2kP )�1 � dk+1(bk+1vk+1 + ak+1wk+1)eT2k�1:(7)The vector rk+1 := dk+1(bk+1vk+1 + ak+1wk+1) is the residual vector and is JP {orthogonal to thecolumns of S2kP , the Lanczos vectors. The matrix B2k;2kP is the JP -orthogonal projection of MPonto the range of S2kP B2k;2kP = J2k;2kP (S2kP )TJPMPS2kP :Remark 2.1 The usual nonsymmetric Lanczos algorithm generates two sequences of vectors fqjgand fpjg (see (1) and (2)). Adapting the usual nonsymmetric Lanczos algorithm to the situationconsidered here, the symplectic Lanczos process could have been stated as follows: Given v1; t1 2IR2n and a symplectic matrix M 2 IR2n�2n, the symplectic Lanczos algorithm produces matricesS2kP = [v1; w1; : : : ; vk; wk] 2 IR2n�2k and W 2kP = [t1; : : : ; t2k] 2 IR2n�2k with JP {orthogonalcolumns which satisfy (W 2kP )TS2kP = I2k;2k ;and MPS2kP = S2kP B2k;2kP + dk+1rk+1eT2k;MTPW 2kP = W 2kP (B2k;2kP )T + dk+1�rk+1eT2k:As SP is symplectic, we obtain from (W 2kP )TS2kP = I2k;2k thatW 2kP = J2n;2nP S2kP J2k;2kP = [�JPw1; JP v1; : : : ; � JPwk; JP vk]:



Error Analysis 5Moreover, rk+1 =MP vk+1; and �rk+1 = JP vk+1:Substituting the expressions for W 2kP and �rk+1 into the second recursion and pre- and post-multiplying with JP yields that the two recursions are equivalent. Hence one of the two sequencescan be eliminated here and thus work and storage can essentially be halved. (This property is validfor a broader class of matrices, see [6].)Assume that we have performed k steps of the symplectic Lanczos method and thus obtainedthe identity (after permuting back)MS2k = S2kB2k;2k + dk+1(bk+1bvk+1 + ak+1 bwk+1)eT2k:If the norm of the residual vector is small, the 2k eigenvalues of B2k;2k are approximations to theeigenvalues of M . Numerical experiments indicate that the norm of the residual rarely becomessmall by itself. Nevertheless, some eigenvalues of B2k;2k may be good approximations to eigenval-ues of M . Let � be an eigenvalue of B2k;2k with the corresponding eigenvector y. Then the vectorx = S2ky satis�es jjMx� �xjj2 = jj(MS2k � S2kB2k;2k)yjj2= jdk+1j jeT2kyj jjbk+1bvk+1 + ak+1 bwk+1jj2:(8)The vector x is referred to as Ritz vector and � as Ritz value of M . If the last component of theeigenvector y is su�ciently small, the right-hand side of (8) is small and the pair f�; xg is a goodapproximation to an eigenvalue-eigenvector pair ofM . Note that jeT2kyj > 0 if B2k;2k is unreduced(see, e.g., [5, Lemma 3.11]). The pair f�; xg is exact for the nearby problem(M +E)x = �x where E = �dk+1(bk+1bvk+1 + ak+1 bwk+1)eTk (S2k)TJ2n;2n:In an actual implementation, typically the Ritz estimatejdk+1j jeT2kyj jjbk+1bvk+1 + ak+1 bwk+1jj2is used in order to decide about the numerical accuracy of an approximate eigenpair. This avoidsthe explicit formation of the residual (MS2k � S2kB2k;2k)y.A small Ritz estimate is not su�cient for the Ritz pair f�; xg to be a good approximation toan eigenvalue-eigenvector pair of M . It does not guarantee that � is a good approximation to aneigenvalue of M . That isminj j�� �j j; where �j 2 �(M) = f� 2 Cj9x 2 IR2nnf0g 3Mx = �xgis not necessarily small when the Ritz estimate is small (see, e.g., [9, Section 3]). For nonnor-mal matrices the norm of the residual of an approximate eigenvector is not by itself su�cientinformation to bound the error in the approximate eigenvalue. It is su�cient however to give abound on the distance to the nearest matrix to which the Ritz triplet f�; x; yg is exact [9] (herey denotes the left Ritz vector of M corresponding to the Ritz value �). In the following, we willgive a computable expression for the error. Assume that B2k;2k is diagonalizable, i.e., there existsY 2 C2k�2k such thatY �1B2k;2kY = 2666666664 �1 . . . �k ��11 . . . ��1k
3777777775 = �:



Error Analysis 6Let X = S2kY = [x1: : : : ; x2k] and denote bk+1bvk+1 + ak+1 bwk+1 by brk+1. SinceMS2k = S2kB2k;2k + dk+1brk+1eT2k;it follows that MS2kY = S2kY Y �1B2k;2kY + dk+1brk+1eT2kY;or MX = X�+ dk+1brk+1eT2kY:Thus Mxi = �ixi + y2k;idk+1brk+1;and Mxk+i = ��1i xk+i + y2k;k+idk+1brk+1;for i = 1; : : : ; k. The last equation can be rewritten as(Jxk+i)TM = �i(Jxk+i)T + y2k;k+i�idk+1brTk+1JM:Using Theorem 2' of [9] we obtain that f�i; xi; (Jxk+i)T g is an eigen-triplet of M � F�i wherejjF�i jj2 = jdk+1j maxi ( jy2k;ij jjbrk+1jj2jjxijj2 ; jy2k;k+i�ij jjbrTk+1JM jj2jjJxk+ijj2 ) :Furthermore, if jjF�i jj2 is small enough, thenj�i � �j j � cond(�j)jjF�i jj2 +O(jjF�i jj22);where �i is an eigenvalue of M and cond(�j) is the condition number of the Ritz value �jcond(�j) = jjxijj2jjJxk+ijj2jxTk+iJxij = jjxijj2jjxk+ijj2:Similarly, we obtain that f��1i ; xk+i; (Jxi)T g is an eigen-triplet of M � F��1i wherejjF��1i jj2 = jdk+1j maxi ( jy2k;k+ij jjbrk+1jj2jjxk+ijj2 ; jy2k;i��1i j jjbrTk+1JM jj2jjJxijj2 ) :Consequently, as �i and ��1i should be treated alike, the symplectic Lanczos algorithm should becontinued until jjF�i jj2 and jjF��1i jj2 are small, and until cond(�j)jjF�i jj2 and cond(�j)jjF��1i jj2are below a given threshold for accuracy. Note that as in the Ritz estimate, in the criteria derivedhere, the essential quantities are jdk+1j and the last component of the desired eigenvectors jy2k;ijand jy2k;k+ij.3 The Symplectic Lanczos Algorithm in Finite-PrecisionArithmeticIn this section, we present a rounding error analysis of the symplectic Lanczos algorithm in �nite-precision arithmetic. Our analysis will follow the lines of Bai's analysis of the nonsymmetricLanczos algorithm [1]. It is in the spirit of Paige's analysis for the symmetric Lanczos algorithm



Error Analysis 7[13], except that we (as Bai) carry out the analysis component-wise rather than norm-wise. Thecomponent-wise analysis allows to measure each element of a perturbation relative to its individualtolerance, so that, unlike in the norm-wise analysis, the sparsity pattern of the problem underconsideration can be exploited.We use the usual model of 
oating-point arithmetic, as, e.g., in [7, 8]:fl(x � y) = (x � y)(1 + ")where � denotes any of the four basic arithmetic operations +;�; �; = and j"j � u with u denotingthe unit roundo�.We summarize (as in [1]) all the results for basic linear algebra operations of sparse vectorsand/or matrices that we need for our analysis:Saxpy operation:fl(�x+ y) = �x + y + e; jej � u (2j�xj+ jyj) +O(u2);Inner product: fl(xT y) = xT y + e; jej � ku jxjT jyj+O(u2);Matrix-vector multiplication:fl(Ax) = Ax+ e; jej � mu jAj jxj+O(u2);where k is the number of overlapping nonzero components in the vectors x and y, and m is themaximal number of nonzero elements of the matrix A in any row. For a vector x = [x1; : : : ; xn]T ,jxj denotes the vector [jx1j; : : : ; jxnj]T . Similar, for a matrix A = [aij ]ni;j=1; jAj denotes the n� nmatrix [jaij j]ni;j=1.In this section, any computed quantity will be denoted by a hat, e.g., b� will denote a computedquantity that is a�ected by rounding errors. (Please note, that in the previous section, we usedhatted quantities to denote the non-permuted symplectic Lanczos vectors.)Analyzing one step of the symplectic Lanczos algorithm to see the e�ects of the �nite-precisionarithmetic we obtain the following theorem.Theorem 3.1 Let M 2 IR2n�2n be a symplectic matrix with at most m nonzero entries in anyrow or column. If no breakdown occurs during the execution of k steps of the symplectic Lanczosalgorithm as given in Table 1, the computed Lanczos vectors satisfybaj bwj = MPbvj � bvj + hj ;(9) bdj+1bvj+1 = �bdjbvj�1 � bcjbvj + bwj + ba�1j M�1P bvj + gj+1;(10)where jhj j � (m+ 2)u jMP j jbvj j+ 2u jbvj j+O(u2);(11) jgj+1j � (m+ 5)u jba�1j j jM�1P j jbvj j+ 4u j bwj j+ 4u jbcjbvj j+ 3u jbdjbvj�1j+O(u2):(12)The computed matrices bS2kP ; bN2k;2kP ; and bK2k;2kP satisfyMP bS2kP ( bN2k;2kP )�1 = bS2kP ( bK2k;2kP )�1 � bdk+1MP bvk+1eT2k�1 +Ek;(13)wherejjEkjjF � u jjbS2kjjF h(m+ 5) jj bK2k;2kjjF jjM jj2F + 4 jj bN2k;2kjjF jjM jjF+ (m+ 6) jjM jjF + 2jj bK2k;2kjjF i+O(u2):(14)Proof: See Appendix. p



Error Analysis 8This indicates that the recursion equationMPS2kP (N2k;2kP )�1 = S2kP (K2k;2kP )�1�dk+1MP vk+1eT2k�1is satis�ed to working precision, if jjM jj2F ; jjbS2kjjF ; jj bK2k;2kjjF , and jj bN2k;2kjjF jjM jjF are of mod-erate size. But, unfortunately, jjbS2kjjF may grow unboundedly in the case of near breakdown.While the equation (9) is given by the (2j)th column of MPSPN�1P = SPK�1P , the equation(10) corresponds to the (2j�1)th column of SPN�1P =M�1P SPK�1P . The upper bounds associatedwith (9) and (10) involve only jjM jjF as to be expected, see (11) and (12). Recall that M�1P =�JPMTP JP , sinceM is symplectic. Thus jM�1P j does not introduce any problems usually involvedby forming the inverse of a matrix. In order to summarize these results into one single equation,we de�ne Ek = [MP g2; � h1; MP g3; � h2; : : : ; MP gk+1; � hk] :(15)Then (13) holds. Using the component-wise upper bounds for jhj j and jgj+1j, we obtain theupper bound for Ek as given in (14). As we summarize our results in terms of the equationMPSPN�1P = SPK�1P , we have to pre-multiply the error bound associated with (10) by MP ,resulting in an arti�cial jjM jj2F term here. Hence combining all our �ndings into one single equationforces the jjM jj2F term.For the nonsymmetric Lanczos algorithm, Bai obtains a similar result in [1]. The equationscorresponding to our equations (9) and (10) are (see (1) and (2))b�j+1bqj+1 = Abqj � b�jbqj � b
jbqj + hnonsymLanj ;b
j+1bpj+1 = AT bpj � b�jbpj � b�jbpj�1 + gnonsymLanj+1 :The errors associated are given byjhnonsymLanj j � (3 +m)u jAj jbqj j+ 4u jb�j j jbqj j+ 3u jb
j j jbqj�1j+O(u2);jgnonsymLanj+1 j � (3 +m)u jAj jbpj j+ 4u jb�j j jbpj j+ 3u jb
j j jbpj�1j+O(u2):Hence, the symplectic Lanczos algorithms behaves essentially like the nonsymmetric Lanczos al-gorithm. The additional restriction of preserving the symplectic structure does not pose anyadditional problems concerning the rounding error analysis, the results of the analysis are essen-tially the same.Corollary 3.2 In Remark 2.1 we have noted that the usual nonsymmetric Lanczos algorithmgenerates two sequences of vectors, but that due to the symplectic structure, the two recurrencerelations of the standard nonsymmetric Lanczos algorithm are equivalent for the situation discussedhere. It was noted that the equation which is not used is given byMTPW 2kP (K2k;2kP )T =W 2kP (N2k;2kP )T + dk+1JP vk+1eT2k;where W 2kP = J2n;2nP S2kP J2k;2kP = [�JPw1; JP v1; : : : ; � JPwk; JP vk] :Instead of summarizing our �ndings into equation (13), we could have summarizedMTPcW 2kP ( bK2k;2kP )T = cW 2kP ( bN2k;2kP )T + bdk+1JP bvk+1eT2k + Fk(16)where cW 2kP = J2n;2nP bS2kP J2k;2kP ;Fk = �MTP JPh1; JP g2; : : : ; MTP JPhk; JP gk+1� :(17)As an upper bound for jjFkjjF we obtainjjFkjjF � u jjbS2kjjF h(m+ 2) jjM jj2F + (m+ 7) jj bK2k;2kjjF jjM jjF + 4 jj bN2k;2kjjF + 4i(18) + O(u2):As before, the term jjM jj2F is introduced because we summarize all our �ndings into one singleequation.



Error Analysis 9It is well-known, that in �nite-precision arithmetic, orthogonality between the computed Lanc-zos vectors in the symmetric Lanczos process is lost. This loss of orthogonality is due to cancella-tion and is not the result of the gradual accumulation of roundo� error (see, e.g., [15, 16]). Whatcan we say about the J{orthogonality of the computed symplectic Lanczos vectors? Obviously,rounding errors, once introduced into some computed Lanczos vectors, are propagated to futuresteps. Such error propagation for the nonsymmetric Lanczos process is analyzed by Bai [1].Let us take a closer look at the JP -orthogonality of the computed symplectic Lanczos vectors.De�ne K = [bv1; bw1; : : : ; bvk; bwk]T JP [bv1; bw1; : : : ; bvk; bwk] :That is, k2j�1;2m�1 = bvTj JP bvm, k2j�1;2m = bvTj JP bwm,k2j;2m�1 = bwTj JP bvm, k2j;2m = bwTj JP bwm.In exact arithmetic we would have K = JP , where JP is block diagonal; each diagonal block is ofthe form � 0 1�1 0 �. As xT JPx = 0 for any vector x, we havek2j;2j = k2j�1;2j�1 = 0;not depending on the loss of JP -orthogonality between the computed symplectic Lanczos vectors.Examining the other elements of K we obtain the following lemma.Lemma 3.3 The elements kjm of K satisfy the following equationskjj = 0 j = 1; : : : ; 2k�kj;j+1 = kj+1;j = �1 + �j j = 1; : : : ; 2k � 1kjm = O(u) j;m = 1; : : : ; 2k;m 6= j � 1; j; j + 1(19)where j�j j � u jbevj jT jJP j f2(m+ n+ 2) jMP j+ 5g jbvj jjbewTj JPbevj j +O(u2):(20)Proof: See Appendix. pLemma 3.3 describes how J{orthogonality between the computed symplectic Lanczos vectors islost. Our �ndings will be useful in the following section when discussing the question of loss ofJ{orthogonality versus convergence of a Ritz pair.4 Convergence versus Loss of J{OrthogonalityIt is well-known that in the symmetric Lanczos procedure, loss of orthogonality between thecomputed Lanczos vectors implies convergence of a Ritz pair to an eigenpair, see, e.g., [14]. Herewe will discuss the situation for the symplectic Lanczos algorithm, following the lines of Section4 of Bai's analysis of the nonsymmetric Lanczos algorithm in [1]. We will see that a conclusionsimilar to the one for the symmetric Lanczos process holds here, subject to a certain condition.From the previous section, we know that the computed symplectic Lanczos vectors obey thefollowing equalities:MP bS2kP = bS2kP bB2k;2kP � h bdk+1brk+1eT2k�1 �Eki bN2k;2kP ;(21) MTPcW 2kP = cW 2kP ( bB2k;2kP )TP + h bdk+1JP bvk+1eT2k + Fki ( bK2k;2kP )�T ;(22)with (bS2kP )T J2n;2nP bS2kP = K = J2k;2kP + Ck +�k � CTk ;(23)



Error Analysis 10where bB2k;2kP = ( bK2k;2kP )�1 bN2k;2kP , cW 2kP = J2n;2nP bS2kP J2k;2kP , the rounding error matrices Ek andFk are as in (15) and, (17), resp., �k is a block diagonal matrix with 2� 2 block on the diagonal,�k = diag(� 0 �1��1 0 � ; : : : ; � 0 �k��k 0 �);and Ck is a strictly lower block triangular matrix with block size 2. That is (Ck)`;j = 0 for` = 1; : : : ; 2k; j = `; : : : ; 2k, and (Ck)2`;2`�1 = 0 for ` = 1; : : : ; k.To simplify our discussion, we make two assumptions, which are also used in the analysis of thesymmetric Lanczos process [15, p. 265] and in the analysis of the nonsymmetric Lanczos process[1]. The �rst assumption is local J{orthogonality, that is, the computed symplectic Lanczos vectorsare J{orthogonal to their neighboring Lanczos vectors:� bvTj�1bwTj�1 � � 0 1�1 0 � [bvj bwj ] = � 0 00 0 � :(24)This implies that the 2� 2 block on the sub-diagonal of Ck are zero, yielding the following block-structure
Ck = 26666666666664

0 0 0 � � � � � � 0 0 00 0 0 � � � � � � 0 0 0X 0 0 � � � � � � 0 0 0X X 0 � � � � � � 0 0 0X X X . . . 0 0 0... . . . . . . ...X X X � � � X 0 0 0X X X � � � X X 0 0
37777777777775 ;where the X denote 2� 2 blocks.The second assumption is that the eigenvalue problem for the 2k�2k butter
y matrix bB2k;2kP =( bK2k;2kP )�1 bN2k;2kP is solved exactly, that is,Y �1k bB2k;2kP Yk = diag(�1; ��11 ; : : : ; �k; ��1k ):(25)This implies that the computed Ritz vector for �j is given byzj = bS2kP y2j�1;while the computed Ritz vector for ��1j is given byxj = bS2kP y2j :Theorem 4.1 Assume that the symplectic Lanczos algorithm in �nite-precision arithmetic satis-�es (21) { (23). Let L(2)k + U (2)k = J2k;2kP �k bB2k;2kP � bB2k;2kP J2k;2kP �k;L(4)k + U (4)k = ( bK2k;2kP )�1F Tk bS2kP � (cW 2kP )TEk bN2k;2kP ;where L(2)k and L(4)k are strictly lower block triangular matrices, and U (2)k and U (4)k are strictlyupper block triangular matrices with block size 2. Then the computed Ritz vectors xj = bS2kP y2j andzj = bS2kP y2j�1 satisfyxTj J2n;2nP brk+1 = yT2jJ2k;2kP hU (4)k � U (2)k i y2j�1bdk+1(eT2ky2j�1) =:  1bdk+1(eT2ky2j�1) ;(26) zTj J2n;2nP brk+1 = yT2j�1J2k;2kP hU (4)k � U (2)k i y2jbdk+1(eT2ky2j) =:  2bdk+1(eT2ky2j) :(27)



Error Analysis 11Proof: See Appendix. pThe derived equations are similar to those obtained by Bai for the nonsymmetric Lanczos process.Hence we can interpret our �ndings analogously: equations (26) and (27) describe the way inwhich the J{orthogonality is lost. Recall that the scalar dk+1 and the last eigenvector components(eT2ky2j�1) and (eT2ky2j) are also essential quantities used as the backward error criteria for thecomputed Ritz triplets f�i; zi; (Jxi)T g and f��1i ; xi; (Jzi)T g discussed in Section 2. (Also recallthat jeT2ky`j > 0 if B2k;2k is unreduced.) Hence, if the quantities j 1j and j 2j are bounded andbounded away from zero, then (26) and (27) re
ect the reciprocal relation between the convergenceof the symplectic Lanczos process (i.e., tiny bdk+1(eT2ky2j�1) and bdk+1(eT2ky2j)) and the loss of J{orthogonality (i.e., large brTk+1JPxj and brTk+1JP zj).Let us conclude our analysis by estimating j 1j and j 2j. Let us assume (again analogousto Bai's analysis) that �k = 0, i.e., bwTj JP bvj = �1, which simpli�es the technical details of theanalysis and appears to be the case in practice, up to the order of machine precision. Under thisassumption, we have U (2)k = 0. Moreover, we havej j j � jjU (4)k jjF jjy2j jj2jjy2j�1jj2;for j = 1; 2. Let us derive an estimate for jjU (4)k jjF . U (4)k is the strictly upper block triangularpart of ( bK2k;2kP )�1F Tk bS2kP � (cW 2kP )TEk bN2k;2kP :(28)A generous upper bound is therefore given byjjU (4)k jjF � jj bK2k;2kjjF jjF Tk jjF jjbS2kjjF + jjcW 2kjjF jjEkjjF jj bN2k;2kjjF� jjbS2kjjF hjj bK2k;2kjjF jjFk jjF + jjEk jjF jj bN2k;2kjjF i� u jjbS2kjj2F n(m+ 5) jj bK2k;2kjjF jj bN2k;2kjjF jjM jj2F + 7 jj bK2k;2k jjF jj bN2k;2kjjF+ 4 jj bK2k;2kjjF + (m+ 2) jj bK2k;2kjjF jjM jj2F + (m+ 8) jj bK2k;2kjj2F jjM jjF+ 4 jj bN2k;2kjj2F jjM jjF + (m+ 6) jj bN2k;2k jjF jjM jjFo+O(u2):Summarizing, we obtain the following corollary, which gives an upper bound for j 1j and j 2j.Corollary 4.2 Assume that �k = 0 in Theorem 4.1. Thenj j � u cond(�j)n(m+ 5) jj bK2k;2kjjF jj bN2k;2kjjF jjM jj2F + 7 jj bK2k;2kjjF jj bN2k;2kjjF+ (m+ 2) jj bK2k;2kjjF jjM jj2F + (m+ 8) jj bK2k;2kjj2F jjM jjF + 4jj bK2k;2kjjF+ 4 jj bN2k;2k jj2F jjM jjF + (m+ 6) jj bN2k;2kjjF jjM jjFo+O(u2);where  2 f 1;  2g and cond(�j) = cond(��1j ) = jjbS2kjj2F jjy2j jj2jjy2j�1jj2is the condition number of the Ritz values �j and ��1j .Note that this bound is too pessimistic. In order to derive an upper bound for jjU (4)k jjF , an upperbound for the matrix (28) is used, as U (4)k is the strictly upper block triangular part of that matrix.This is a very generous upper bound for jjU (4)k jjF . Moreover, the termjj bK2k;2kjjF jj bN2k;2kjjF



Error Analysis 12is an upper bound for the norm of bB2k;2kP . The squared terms jj bK2k;2kjj2F and jj bN2k;2kjj2F areintroduced as the original equations derived in (13) and (16) are given in terms of bK2k;2k andbN2k;2k, but not in terms of bB2k;2kP . Numerical examples show that the bound j j is too pessimistic.Unfortunately, for the symplectic Lanczos process (as for any nonsymmetric Lanczos-like pro-cess), near breakdown may cause the norms of the symplectic Lanczos vectors jjevj jj2 and jjwj jj2to grow unboundedly. Accumulating the quantity Pkj=1(jjbevj jj22 + jj bwj jj22), which costs about 4nk
ops, we can obtain a computable bound for cond(�j) and cond(��1j ) in practise. Theorem 4.1 andCorollary 4.2 indicate that if the J{orthogonality between brk+1 and xj (and zj) is lost, then thevalue bdk+1(eT2ky2j�1) is proportional to j 1j (and the value bdk+1(eT2ky2j) is proportional to j 2j).Given the upper bound from Corollary 4.2, and supposing that cond(�j) is reasonably bounded,the loss of J{orthogonality implies that bdk+1(eT2ky2j�1) (and bdk+1(eT2ky2j)) are small. Therefore,in the best case we can state that if the e�ects of �nite-precision arithmetic, Ek and Fk in (21)and (22), are small, then small residuals tell us that the computed eigenvalues are eigenvalues ofmatrices close to the given matrix.5 Numerical examplesAs the results derived are not surprising we give just one example to demonstrate the practicalbehavior of the convergence of a Ritz value versus the loss of J{orthogonality among the symplecticLanczos vectors. All computations were done using Matlab1 Version 5.3 on a Sun Ultra 1 withIEEE double-precision arithmetic and machine precision � = 2:2204� 10�16.Our code implements exactly the algorithm as given in Table 1. In order to detect convergence,the rather crude criterion jjrk+1jj � jjM jj � 10�6was used. Benign breakdown in the symplectic Lanczos process was detected by the criterionjjevm+1jj � � � jjM jj or jj ewm+1jj � � � jjM jj;while a serious breakdown was detected byvm+1 6= 0; wm+1 6= 0; jam+1j � � � jjM jj:Example 5.1 This set of tests was done using a 100� 100 symplectic block-diagonal matrixM = diag(200; 100; 50; 47; : : : ; 4; 3; � 2 1�1 2 � ; 1200 ; 1100 ; 150 ; 147 ; : : : ; 14 ; 13 ; � 2 1�1 2 ��1):(29)A random starting vector v1 is used. The symplectic Lanczos process generates a sequence ofsymplectic butter
y matrices B2k;2k whose eigenvalues are increasingly better approximates toeigenvalues of M . The largest Ritz value approximates the largest eigenvalue �1 = 200 of M .Table 2 illustrates the loss of J{orthogonality among the symplectic Lanczos vectors in terms ofzT1 JP brk+1 and the convergence of a Ritz value in terms of the residual bdk+1(eT2ky2). As predictedby Theorem 4.1, the loss of J{orthogonality accompanies the convergence of a Ritz value to thelargest eigenvalue �1 (and the convergence of a Ritz value to the smallest eigenvalue ��11 ) in termsof small residuals. The last two columns of Table 2 report the value for  2 and its upper boundj j from Corollary 4.2. The upper bound j j is too pessimistic.When the symplectic Lanczos process is stopped at k = 16, the computed largest Ritz value �1has the relative accuracy j200� �1j200 � 1:5632 � 10�15:We note that in this example, the Ritz value corresponding to the largest eigenvalue of M is wellconditioned, while the condition number for all eigenvalues of M is one, the condition number ofthe largest Ritz value is � 1:08. The results for wT1 JP brk+1 and bdk+1(eT2ky1) are almost the same.1Matlab is a registered trademark of The MathWorks, Inc.



Error Analysis 13Lanczos step zT1 JP brk+1 bdk+1(eT2ky2)  2 j j1 �9:1290 � 10�17 �6:4278 � 10�01 5:8679 � 10�17 4:0869 � 10�082 1:6751 � 10�17 3:5949 � 10�01 6:0217 � 10�18 3:6108 � 10�073 �8:4297 � 10�18 �8:1016 � 10�02 6:8293 � 10�19 8:4543 � 10�074 2:6983 � 10�17 �1:7984 � 10�02 �4:8526 � 10�19 1:5293 � 10�065 2:8513 � 10�16 �1:3822 � 10�03 �3:9411 � 10�19 2:3792 � 10�066 4:7089 � 10�15 �8:3119 � 10�05 �3:9140 � 10�19 3:5814 � 10�067 6:8569 � 10�14 �5:7074 � 10�06 �3:9135 � 10�19 4:7835 � 10�068 �8:3995 � 10�13 �4:6590 � 10�07 3:9133 � 10�19 6:0405 � 10�069 �9:3850 � 10�12 �4:1698 � 10�08 3:9133 � 10�19 8:5821 � 10�0610 9:0525 � 10�11 �4:3229 � 10�09 �3:9133 � 10�19 1:4113 � 10�0511 �4:1822 � 10�10 9:3571 � 10�10 �3:9133 � 10�19 1:0338 � 10�0412 6:8361 � 10�09 �5:7230 � 10�11 �3:9123 � 10�19 4:9373 � 10�0413 �2:9881 � 10�07 1:3010 � 10�12 �3:8875 � 10�19 8:9149 � 10�0414 5:7946 � 10�06 6:5210 � 10�14 3:7786 � 10�19 9:3192 � 10�0415 �1:0299 � 10�04 2:6478 � 10�15 �2:7270 � 10�19 9:5668 � 10�0416 1:5128 � 10�03 �1:0915 � 10�15 �1:6512 � 10�18 9:7898 � 10�04Table 2: loss of J{orthogonality versus convergence of Ritz valueAppendixIn this appendix we present proofs for Theorem 3.1, Lemma 3.3, and Theorem 4.1.Proof of Theorem 3.1:We need to analyze one step of the symplectic Lanczos algorithm. After j � 1 steps of thesymplectic Lanczos algorithm, we have computed baj�1; bwj�1;bcj�1; bdj ; bvj . During the jth step wewill compute baj ; bwj ;bcj ; bdj+1 and bvj+1. Recall that we set bk = 1, hence bk is not a computedquantity.At �rst we have to compute aj = vTj JPMP vj . Due to its special structure, multiplication byJP does not cause any roundo�-error; hence it will not in
uence our analysis. Let MP have atmost m nonzero entries in any row or column. Then for the matrix-vector multiplication JPMP vjwe have bs1 = fl(JPMP bvj) = JPMPbvj + be1;where jbe1j � mu jJPMP j jbvj j+O(u2):Then aj is computed by an inner productbs2 = fl(bvTj bs1) = bvTj bs1 + be2;where jbe2j � 2nu jbvj jT jbs1j+O(u2);assuming that bvj and bs1 are full vectors. Overall, we havebaj = bvTj JPMP bvj + bf [1]j ;(30)where the roundo� error bf [1]j = bvTj be1 + be2 is bounded byj bf [1]j j � mu jbvj jT jJPMP j jbvj j+ 2nu jbvj jT jbs1j+O(u2)� (m+ 2n)u jbvj jT jJPMP j jbvj j+O(u2):



Error Analysis 14Next we have to compute wj = (MP vj � vj)=aj (recall that we choose bj = 1). For the matrix-vector multiplication MP vj we obtainbs3 = fl(MPbvj) =MP bvj + be3;where jbe3j � mu jMP j jbvj j+O(u2):The saxpy operation ewj =MP vj � vj yieldsbs4 = fl(bs3 � bvj) = bs3 � bvj + be4;with jbe4j � u (jbvj j+ jbs3j) +O(u2):Thus overall we have bewj =MP bvj � bvj + bf [2]j ;(31)where the rounding error vector bf [2]j = be3 + be4 is bounded byj bf [2]j j � mu jMP j jbvj j+ u (jbvj j+ jbs3j) +O(u2)� mu jMP j jbvj j+ u (jbvj j+ jMP j jbvj j) +O(u2)� (m+ 1)u jMP j jbvj j+ u jbvj j+O(u2):The computation of wj is completed bybwj = fl(bewj=baj) = bewj=baj + bf [3]j(32)where the rounding error vector bf [3]j is bounded byj bf [3]j j � u jbewjba�1j j+O(u2):The analysis of the computation of cj = vTj JPMPwj=aj is entirely analogous to the analysis ofthe computation of aj . We start with the matrix-vector multiplication JPMPwjbs5 = fl(JPMP bwj) = JPMP bwj + be5;where jbe5j � mu jJPMP j j bwj j+O(u2):This is followed by an inner product vTj JPMPwjbs6 = fl(bvTj bs5) = bvTj bs5 + be6;with jbe6j � 2nu jbvj jT jbs5j+O(u2):Finally, the computation is completed bybs7 = fl(bs6=baj) = bs6=baj + be7;



Error Analysis 15where jbe7j � u jbs6ba�1j j+O(u2):Overall, we have bcj = bvTj JPMP bwj=baj + bf [4]j ;where the roundo� error bf [4]j = ba�1j bvTj be5 + ba�1j be6 + be7 is bounded byj bf [4]j j � mu jbvj jT jJPMP j j bwj j jba�1j j+ 2nu jbvj jT jJPMP j j bwj j jba�1j j+u jbvj jT jJPMP j j bwj j jba�1j j+O(u2)� (m+ 2n+ 1)u jba�1j j jbvj jT jJPMP j j bwj j+O(u2):Finally, we have to compute evj+1 = �djvj�1 � cjvj + wj + a�1j M�1P vj , dj+1 = qevTj+1evj+1 andvj+1 = evj+1=dj+1. Recall that, as M is symplectic, the inverse of MP is given by M�1P =�JPMTP JP . Let us start us with the matrix-vector multiplication M�1P vjbs8 = fl(M�1P bvj) =M�1P bvj + be8where jbe8j � mu jM�1P j jbvj j+O(u2):Next three saxpy operations are used to �nish the computation of evj+1:bs9 = fl(bs8ba�1j + bwj) = bs8ba�1j + bwj + be9;where jbe9j � u (2jbs8ba�1j j+ j bwj j) +O(u2);and bs10 = fl(bs9 � bcjbvj) = bs9 � bcjbvj + be10;where jbe10j � u (2jbcjbvj j+ jbs9j) +O(u2);and bs11 = fl(bs10 � bdjbvj�1) = bs10 � bdjbvj�1 + be11;where jbe11j � u (2jbdjbvj�1j+ jbs10j) +O(u2):Overall, we have for evj+1bevj+1 = �bdjbvj�1 � bcjbvj + bwj + ba�1j M�1P bvj + bf [5]j+1;(33)where the roundo� error vector bf [5]j+1 = ba�1j be8 + be9 + be10 + be11 is bounded byj bf [5]j+1j � mu jba�1j j jM�1P j jbvj j+ u (2jbs8ba�1j j+ j bwj j) + u (2jbcjbvj j+ jbs9j)+ u (2jbdjbvj�1j+ jbs10j) +O(u2)� (m+ 4)u jba�1j j jM�1P j jbvj j+ 3u j bwj j+ 3u jbcjbvj j+ 2u jbdjbvj�1j+O(u2):



Error Analysis 16Next we compute dj+1 =qevTj+1evj+1.bs12 = fl(bevTj+1bevj+1) = bevTj+1bevj+1 + be12;with jbe12j � 2nu jbevj+1jT jbevj+1j+O(u2):Hence, bdj+1 = fl(pbs12) =rbevTj+1bevj+1 + bf [6]j+1;where the roundo� error bf [6]j+1 is bounded byj bf [6]j+1j � upbs12 � urbevTj+1bevj+1 +O(u2):The symplectic Lanczos step is completed by computing vj+1 = evj+1=dj+1:bvj+1 = fl(bevj+1 bd�1j+1) = bevj+1 bd�1j+1 + bf [7]j+1;(34)with j bf [7]j+1j � u jbevj+1j jbd�1j+1j+O(u2):From (34) and (33) we know thatbdj+1bvj+1 = �bdjbvj�1 � bcjbvj + bwj + ba�1j M�1P bvj + gj+1(35)where gj+1 is the sum of roundo� errors in computing the intermediate vector evj+1 and thesymplectic Lanczos vector vj+1 gj+1 = bf [5]j+1 + bdj+1 bf [7]j+1:Using the bounds for the rounding errors bf [5]j+1 and bf [7]j+1 we havejgj+1j � (m+ 4)u jba�1j j jM�1P j jbvj j+ 3u j bwj j+ 3u jbcjbvj j+ 2u jbdjbvj�1j+ u jbevj+1j+O(u2)� (m+ 5)u jba�1j j jM�1P j jbvj j+ 4u j bwj j+ 4u jbcjbvj j+ 3u jbdjbvj�1j+O(u2):(36)Similar, from (32) and (31) we know thatbaj bwj =MP bvj � bvj + hj ;(37)where hj = bf [2]j + baj bf [3]j ;and jhj j � (m+ 1)u jMP j jbvj j+ u jbvj j+ u jbewj j+O(u2)� (m+ 2)u jMP j jbvj j+ 2u jbvj j+O(u2):(38)While the equation ajwj =MP vj � vj is given by the (2j)th column of MPSPN�1P = SPK�1P ,the equation dj+1vj+1 = �djvj1 � cjvj +wj + a�1j M�1P vj corresponds to the (2j � 1)th column of



Error Analysis 17SPN�1P = M�1P SPK�1P . Hence, in order to summarize the results obtained so far into one singleequation, let Ek = [MP g2; � h1; MP g3; � h2; : : : ; MP gk+1; � hk] :Then we have from (35) and (37)
MP [bv1; bw1; : : : ; bvk; bwk ]

26666666666666664
bc1 1 bd2 0�1 0 0 0bd2 0 bc2 1 . . .0 0 �1 0 . . .. . . . . . bdk 0. . . . . . 0 0bdk 0 bck 10 0 �1 0

37777777777777775= [bv1; bw1; : : : ; bvk; bwk ]2666664 ba�11 10 ba1 . . . ba�1k 10 bak
3777775� bdk+1MPbvk+1eT2k�1 +Ek;or, even shorter, MP bS2kP ( bN2k;2kP )�1 = bS2kP ( bK2k;2kP )�1 � bdk+1MP bvk+1eT2k�1 +Ek:(39)Using the component-wise upper bounds for jgj+1j and jhj j, let us derive an upper bound forjjEkjjF . Clearly,jjEkjjF � jj [h1; h2; : : : ; hk] jjF + jjMP jjF jj [g2; g3; : : : ; gk+1] jjF :From (38) we havej [h1; h2; : : : ; hk] j � u h(m+ 2) jMP j jbS2kP j+ 2 jbS2kP j j( bK2k;2k)P ji+O(u2);and jj [h1; h2; : : : ; hk] jjF � u jjbS2kjjF h(m+ 2) jjM jjF + 2 jj bK2k;2kjjF i+O(u2):(40)Using (36) we obtainj [g2; g3; : : : ; gk+1] j � u h(m+ 5) j bK2k;2kP j jM�1P j jbS2kP j+ 4 jbS2kP j+ 4 jbS2kP j j bN2k;2kP ji+O(u2);and jj [g2; g3; : : : ; gk+1] jjF � u jjbS2kjjF h(m+ 5) jj bK2k;2kjjF jjM jjF+ 4 + 4 jj bN2k;2k jjF i+O(u2):(41)Hence, summarizing we obtain as an upper bound for the error matrix Ek of (39)jjEkjjF � u jjbS2kjjF h(m+ 5) jj bK2k;2kjjF jjM jj2F + 4 jj bN2k;2kjjF jjM jjF+ (m+ 6) jjM jjF + 2jj bK2k;2kjjF i+O(u2):



Error Analysis 18This completes the proof of Theorem 3.1. pProof of Lemma 3.3:Obviously, k2j;2j = k2j�1;2j�1 = 0for j = 1; : : : ; k as xT JPx = 0 for any vector x. Moreover, as k2m;2j�1 = �k2j�1;2m, we onlyneed to examine k2j;2j�1 for j = 1; : : : ; k, and k2j;2m�1; k2j�1;2m�1 and k2j;2m for j;m = 1; : : : ; k,j < m.Let us start with k2j;2j�1. Using (32) and (34) we havek2j;2j�1 = bwTj JP bvj(42) = ( bewjbaj + bf [3]j )TJP (bevjbdj + bf [7]j )= bewTj JPbevj + baj( bf [3]j )TJPbevj + bdj bewTj JP bf [7]jbaj bdj +O(u2)=: bewTj JPbevj + �1baj bdj +O(u2);(43)where j�1j � jbaj( bf [3]j )TJPbevj j+ jbdj bewTj JP bf [7]j j� 2u jbewj jT jJP j jbevj j� 2u jbevj jT jJP j (jMP j jbvj j � jbvj j):We would like to be able to rewrite k2j;2j�1 = bwTj JP bvj = �1 + some small error. In order to doso, we rewrite baj bdj suitably. From (30) and (34) we havebaj bdj = (bvTj JPMP bvj + bf [1]j )bdj= "(bevjbdj + bf [7]j )TJPMPbvj + bf [1]j # bdj= bevTj JPMPbvj + bdj(( bf [7]j )TJPMP bvj + bf [1]j ):Using (31) we obtainbaj bdj = bevTj JP (bewj + bvj � bf [2]j ) + bdj(( bf [7]j )TJPMP bvj + bf [1]j )= bevTj JP bewj + bevTj JP bvj � bevTj JP bf [2]j + bdj(( bf [7]j )T JPMP bvj + bf [1]j )= bevTj JP bewj + bdj(bvj � bf [7]j )T JP bvj � bevTj JP bf [2]j + bdj(( bf [7]j )TJPMP bvj + bf [1]j ):For the last equation we used again (34). This rewriting allows us to make us of the fact thatxT Jx = 0 for any vector x. Thusbaj bdj = bevTj JP bewj � bevTj JP bf [2]j + bdj( bf [7]j )T JP (MP bvj � bvj) + bdj bf [1]j= bevTj JP bewj � bevTj JP bf [2]j + bdj( bf [7]j )T JP (bewj � bf [2]j ) + bdj bf [1]j=: bevTj JP bewj + �2= �bewTj JPbevj + �2;(44)



Error Analysis 19where we used (31). The roundo� error is bounded byj�2j � jbevTj JP bf [2]j j+ jbdj j j bf [7]j jT jJP j (jbewj j+ j bf [2]j j) + jbdj j j bf [1]j j� (m+ 1)u jbevj jT jJP j jMP j jbvj j+ 2u jbevj jT jJP j jbvj j+ u jbevj jT jJP j jbewj j+ (m+ 2n)u jbdj j jbvj jT jJPMP j jbvj j+O(u2)� (m+ 1)u jbevj jT jJP j jMP j jbvj j+ 2u jbevj jT jJP j jbvj j+ u jbevj jT jJP j (jMP j jbvj j+ jbvj j)+ (m+ 2n)u jbevj jT jJP j jMP j jbvj j+O(u2)� (2m+ 2n+ 2)u jbevj jT jJP j jMP j jbvj j+ 3u jbevj jT jJP j jbvj j+O(u2):Combining (43) and (44) we havek2j;2j�1 = bewTj JPbevj + �1�bewTj JPbevj + �2 +O(u2)= �1 + �1 + �2�bewTj JPbevj + �2 +O(u2)=: �1 + �j +O(u2):Using the Taylor expansion of f(x) = �1+�2x+�2 at t = x� �2,f(x) = f(t) + f 0(t)(x� t) + f 00(t)2 (x� t)2 + higher order terms= �1 + �2x � �1 + �2x2 �2 + �1 + �2x3 �22 + higher order terms;we obtain j�j j � j�1j+ j�2jjbewTj JPbevj j +O(u2)� 2(m+ n+ 2)u jbevj jT jJP j jMP j jbvj j+ 5u jbevj jT jJP j jbvj jjbewTj JPbevj j +O(u2):(45)Next we turn our attention to the terms k2j;2m�1; k2j�1;2m�1, and k2j;2m. The analysis ofthese three terms will be demonstrated by considering k2j;2m = bwTj JP bwm. Let us assume that wehave already analyzed all previous terms, that is, all the terms in the 2m� 2m leading principalsubmatrix of K, printed in bold face,26666666666664
k11 � � � k1;2j�1 k1;2j � � � k1;2m�1 k1;2m... ... ... ... ...k2j�1;1 � � � k2j�1;2j�1 k2j�1;2j � � � k2j�1;2m�1 k2j�1;2mk2j;1 � � � k2j;2j�1 k2j;2j � � � k2j;2m�1 k2j;2mk2j+1;1 � � � k2j+1;2j�1 k2j+1;2j � � � k2j+1;2m�1 k2j+1;2m... ... ... ... ...k2m�1;1 � � � k2m�1;2j�1 k2m�1;2j � � � k2m�1;2m�1 k2m�1;2mk2m;1 � � � k2m;2j�1 k2m;2j � � � k2m;2m�1 k2m;2m

37777777777775 :Our goal is to rewrite k2j;2m in terms of any of these already analyzed terms. First of all, note,that for j = m we have k2m;2m = 0. Hence for the following discussion we assume j < m. From



Error Analysis 20(37) we have bamk2j;2m = bwTj JP (MP bvm � bvm + hm)= bwTj JPMPbvm � k2j;2m�1 + bwTj JPhm:Using (35) we obtain for bwTj JPMPbvmbdm bwTj JPMP bvm = �bdm�1 bwTj JPMP bvm�2 � bcm�1 bwTj JPMP bvm�1 + bwTj JPMP bwm�1+ ba�1m�1 bwTj JP bvm�1 + bwTj JPMP gm:Using (37) twice yieldsbdm bwTj JPMP bvm = �bdm�1 bwTj JP (bam�2 bwm�2 + bvm�2 � hm�2)� bcm�1 bwTj JP (bam�1 bwm�1 + bvm�1 � hm�1)+ bwTj JPMP bwm�1 + ba�1m�1k2j;2m�3 + bwTj JPMP gm= bwTj JPMP bwm�1 � bdm�1bam�2k2j;2m�4 � bdm�1k2j;2m�5� bcm�1bam�1k2j;2m�2 � bcm�1k2j;2m�3 + ba�1m�1k2j;2m�3+ bdm�1 bwTj JPhm�2 + bcm�1 bwTj JPhm�1 + bwTj JPMPgm:The last term that needs our attention here is bwTj JPMP bwm�1. From (37) we havebaj bwTj JPMP bwm�1 = (MP bvj � bvj + hj)TJPMP bwm�1= bvTj MTP JPMP bwm�1 � bvTj JPMP bwm�1 + hTj JPMP bwm�1= bvTj JP bwm�1 + bwTm�1JPM�1P bvj + hTj JPMP bwm�1as M is symplectic. Using (35) yieldsbaj bwTj JPMP bwm�1 = k2j�1;2m�2 + hTj JPMP bwm�1+ baj bwTm�1JP (bdj+1bvj+1 + bdjbvj�1 + bcjbvj � bwj � gj+1)= baj(bdj+1k2m�2;2j+1 + bdjk2m�2;2j�3 + bcjk2m�2;2j�1 + k2m�2;2m)+ k2j�1;2m�2 + hTj JPMP bwm�1 � baj bwTm�1JP gj+1:Therefore,bdmbamk2j;2m = ba�1j k2j�1;2m�2 � bdmk2j;2m�1 � bcm�1bam�1k2j;2m�2 � bcm�1k2j;2m�3+ ba�1m�1k2j;2m�3 � bdm�1bam�2k2j;2m�4 � bdm�1k2j;2m�5+ bdjk2m�2;2j�3 + bcjk2m�2;2j�1 + bdj+1k2m�2;2j+1 + k2m�2;2m+ bdm�1 bwTj JPhm�2 + bcm�1 bwTj JPhm�1 + bdm bwTj JPhm+ ba�1j hTj JPMP bwm�1 � bwTm�1JP gj+1 + bwTj JPMP gm:Hence, as jhj j � O(u) and jgj j � O(u) we obtain k2j;2m � O(u). A similar analysis can be donefor k2j;2m�1 and k2j�1;2m�1. pProof of Theorem 4.1:Our goal is to derive expressions for zTj JP brk+1 and xTj JP brk+1 that describe the way in which J{orthogonality is lost. In exact arithmetic, these expressions are zero. Our approach follows Bai'sderivations in [1, Proof of Theorem 4.1]. Pre-multiplying (22) by (bS2kP )T and taking the transposeyields (cW 2kP )TMP bS2kP = bB2k;2kP (cW 2kP )T bS2kP + ( bK2k;2kP )�1 hbdk+1JP bvk+1eT2k + FkiT bS2kP :



Error Analysis 21Pre-multiplying (21) by (cW 2kP )T we obtain(cW 2kP )TMP bS2kP = (cW 2kP )T bS2kP bB2k;2kP � (cW 2kP )T h bdk+1brk+1eT2k�1 �Eki bN2k;2kP :Subtracting these two equations, we obtain(cW 2kP )T bS2kP bB2k;2kP � bB2k;2kP (cW 2kP )T bS2kP= bdk+1( bK2k;2kP )�1e2kbvTk+1JTP bS2kP + bdk+1(cW 2kP )T brk+1eT2k�1 bN2k;2kP+ ( bK2k;2kP )�1F Tk bS2kP � (cW 2kP )TEk bN2k;2kP= bdk+1( bK2k;2kP )�1e2kbvTk+1JTP bS2kP � bdk+1(cW 2kP )T brk+1eT2k+ ( bK2k;2kP )�1F Tk bS2kP � (cW 2kP )TEk bN2k;2kP :(46)We are most interested in deriving an expression for(bS2kP )T JP brk+1eT2k�1 (or (cW 2kP )TJP brk+1eT2k�1)from the above equation. From this we can easily obtain expressions for zTj JP rk+1 or xTj JP rk+1 asdesired. In order to do so, we note that most of the matrices in (46) have a very special form. Letus start with the left-hand side. From (23) we have (bS2kP )TJP bS2kP = K = J2k;2kP +Ck +�k �CTk .This implies (cW 2kP )T bS2kP = J2k;2kP (bS2kP )T J2n;2nP bS2kP= J2k;2kP K= �I2k;2k + J2k;2kP Ck + J2k;2kP �k � J2k;2kP CTk ;where J2k;2kP Ck and (J2k;2kP CTk )T have the same form as Ck, and J2k;2kP �k is a diagonal matrix,J2k;2kP �k = diag(� ��1 00 ��1 � ; : : : ; � ��k 00 ��k �):Therefore, we can rewrite the left-hand side of (46) as(cW 2kP )T bS2kP bB2k;2kP � bB2k;2kP (cW 2kP )T bS2kP= h�I2k;2k + J2k;2kP Ck + J2k;2kP �k + J2k;2kP CTk i bB2k;2kP� bB2k;2kP h�I2k;2k + J2k;2kP Ck + J2k;2kP �k + J2k;2kP CTk i= hJ2k;2kP Ck bB2k;2kP � bB2k;2kP J2k;2kP Cki+ hJ2k;2kP �k bB2k;2kP � bB2k;2kP J2k;2kP �ki+ hJ2k;2kP CTk bB2k;2kP � bB2k;2kP J2k;2kP CTk i :By the local J{orthogonality assumption (and, therefore, by the special form of J2k;2kP Ck), itfollows that L(1)k := J2k;2kP Ck bB2k;2kP � bB2k;2kP J2k;2kP Ckis a strictly lower block triangular matrix with block size 2. With the same argument we havethat U (1)k := J2k;2kP CTk bB2k;2kP � bB2k;2kP J2k;2kP CTkis a strictly upper block triangular matrix with block size 2. Since the 2 � 2 diagonal blocks ofJ2k;2kP �k bB2k;2kP � bB2k;2kP J2k;2kP �k are zero, we can writeJ2k;2kP �k bB2k;2kP � bB2k;2kP J2k;2kP �k = L(2)k + U (2)k ;



Error Analysis 22where L(2)k is strictly lower block triangular and U (2)k strictly upper block triangular. Hence,(cW 2kP )T bS2kP bB2k;2kP � bB2k;2kP (cW 2kP )T bS2kP = L(1)k + L(2)k + U (1)k + U (2)k :Now let us turn our attention to the right-hand side of (46). The row vectorbvTk+1JTP bS2kP = [� : : : � 0 0]has nonzero elements in its �rst (2n� 2) positions. As ( bK2k;2kP )�1e2k = bke2k�1 + ake2k we havethat L(3)k := bdk+1( bK2k;2kP )�1e2kbvTk+1JTP bS2kPis a strictly lower block triangular matrix with block size 2. Similarly we have thatU (3)k := bdk+1(cW 2kP )T brk+1eT2kis a strictly upper block triangular matrix with block size 2. Hence, we can rewrite (46) asL(1)k + L(2)k � L(3)k + U (1)k + U (2)k � U (3)k= ( bK2k;2kP )�1F Tk bS2kP � (cW 2kP )TEk bN2k;2kP :(47)This implies that the diagonal blocks of ( bK2k;2kP )�1F Tk bS2kP �(cW 2kP )TEk bN2k;2kP must be zero. There-fore, we can write ( bK2k;2kP )�1F Tk bS2kP � (cW 2kP )TEk bN2k;2kP = L(4)k + U (4)kwhere L(4)k is strictly lower block triangular and U (4)k is strictly upper block triangular. By writingdown only the strictly upper block triangular part of (47) we haveU (3)k = U (1)k + U (2)k � U (4)kor bdk+1(cW 2kP )T brk+1eT2k = J2k;2kP CTk bB2k;2kP � bB2k;2kP J2k;2kP CTk + U (2)k � U (4)k :This is equivalent tobdk+1(bS2kP )TJ2n;2nP brk+1eT2k= � J2k;2kP hJ2k;2kP CTk bB2k;2kP � bB2k;2kP J2k;2kP CTk + U (2)k � U (4)k i= CTk bB2k;2kP � ( bB2k;2kP )�TCTk � J2k;2kP hU (2)k � U (4)k i ;(48)where we have used the fact that bB2k;2kP is symplectic.From (25) we get bB2k;2kP y2j�1 = �jy2j�1 and bB2k;2kP y2j = ��1j y2j :This implies yT2j�1( bB2k;2kP )�T = ��1j yT2j�1 and yT2j( bB2k;2kP )�T = �jyT2j :Pre-multiplying (48) by yT2j and post-multiplying by y2j�1 yieldsbdk+1yT2j(bS2kP )T J2n;2nP brk+1(eT2ky2j�1)= yT2jCTk bB2k;2kP y2j�1 � yT2j( bB2k;2kP )�TCTk y2j�1 � yT2jJ2k;2kP hU (2)k � U (4)k i y2j�1= �jyT2jCTk y2j�1 � �jyT2jCTk y2j�1 � yT2jJ2k;2kP hU (2)k � U (4)k i y2j�1= yT2jJ2k;2kP hU (4)k � U (2)k i y2j�1:
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