ON THE PERTURBATION THEORY FOR UNITARY EIGENVALUE
PROBLEMS
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Abstract. Some aspects of the perturbation theory for eigenvalues of unitary matrices are
considered. Making use of the close relation between unitary and Hermitian eigenvalue problems a
Courant-Fischer-type theorem for unitary matrices is derived and an inclusion theorem analogue to
the Kahan theorem for Hermitian matrices is presented. Implications for the special case of unitary
Hessenberg matrices are discussed.
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1. Introduction. New numerical methods to compute eigenvalues of unitary
matrices have been developed during the last ten years. Unitary QR-type methods
[19, 9], a divide-and-conquer method [20, 21], a bisection method [10], and some spe-
cial methods for the real orthogonal eigenvalue problem [1, 2] have been presented.
Interest in this task arose from problems in signal processing [11, 29, 33], in Gaussian
quadrature on the unit circle [18], and in trigonometric approximations [31, 16] which
can be stated as eigenvalue problems for unitary matrices, often in Hessenberg form.
As those numerical methods exploit the rich mathematical structure of unitary ma-
trices, which is closely analogous to the structure of Hermitian matrices, the methods
are efficient and deliver very good approximations to the desired eigenvalues.

There exist, however, only a few perturbation results for the unitary eigenvalue
problem, which can be used to derive error bounds for the computed eigenvalue ap-
proximations. A thorough and complete treatment of the perturbation aspects asso-
ciated with the numerical methods for unitary eigenvalue problems is still missing.

The following perturbation results have been obtained so far. If U and U are
unitary matrices with spectra o(U) = {);}, and o(U) = {\;}, respectively, we can
arrange the eigenvalues in diagonal matrices A and /~\, respectively, and consider as a
measure for the distance of the spectra

(1.1) du(o(U),o(U)) := m}inHA—PTKPHu, p=2F

where the minimum is taken over all permutation matrices P and the norm is either
the spectral or the Frobenius norm. By the Hoffman-Wielandt theorem (see, e.g.,[34])
we get

dr(o(U), o)) < U = T
Bhatia and Davis [5] proved the corresponding result for the spectral norm
ds(o(U),0(0)) < [|U = Tll.
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2 On the perturbation theory for the unitary eigenvalue problem

Elsner and He consider a relative error in [15]. They use the measure

(1.2) du(o(U),o(0)) := min ||(A + PTAP) "' (A = PTAP)||,,
where again y =2 or y = F. They prove that
du(o(U),o(0)) < |CUTT)|l,

where C(U) = i(I + U)~'(I — U) is the Cayley transformation of U (assuming here
that —1 & o(U)).

To each eigenvalue A of U, where —1 ¢ o(U), we can associate an angle 6y by
defining

Oy = arctan[v/—1(1 + X)"H(1 = \)]

with —7/2 < 6y < «/2. It is the angle formed by the line from -1 through A and the
real axis (see also Section 2). With respect to their angles the eigenvalues of U and
U have a natural ordering on the unit circle. Elsner and He give sine- and tangent-
interpretations of the above inequality in terms of these angles. Furthermore they
show that with respect to a certain cutting point ( on the unit circle the eigenvalues
of U and U have a natural ordering {\;({)} and {);(¢)} on the unit circle such that

max () = 4 (Q)] < U = Tl]>

An interlacing theorem for unitary matrices is also presented in [15], showing that the
eigenvalues of suitably modified principal submatrices of a unitary matrix interlace
those of the complete matrix on the unit circle (see Section 2).

In this paper we consider further aspects of the perturbation problem for the
eigenvalues of a unitary matrix U. In Section 2 we show how the angles ( are related
to the eigenvalues of the Cayley transform of U. With the aid of this relation we
can give a min-max-characterization for the angles of U’s eigenvalues in analogy to
the Courant-Fischer theorem for Hermitian matrices. We also show that tangents of
these angles can be characterized by usual Rayleigh quotients corresponding to the
generalized eigenvalue problem

V=1 + UMY =)z = p(I + U + U)z.

Furthermore we prove a Kahan-like inclusion theorem showing that the eigenvalues of
a certain modified leading principal submatrix of U determine arcs on the unit circle
such that each arc contains an eigenvalue of U. In applications unitary matrices are
often of Hessenberg form. In Section 3 we recall that a unitary unreduced Hessenberg
matrix H has a unique parameterization H = H(vy1,...,v,), where the reflection
parameters 7y, ..., v, € C, with |y;| < 1fori=1,...,n —1 and |y,| = 1, determine
H completely. We show the implications of the results in Section 2 for the special
case of unitary Hessenberg matrices. In particular it will be seen that the modified
kth leading principal submatrix in this special case is just H(y1,...,Vk—1,() where
|| = 1. We discuss the dependence of the eigenvalues on this last reflection parameter
(. Finally Section 4 will give numerical examples which elucidate the statements
proved in Section 3.
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2. Perturbation Results for unitary Matrices. Unitary matrices have a rich
mathematical structure that is closely analogous to that of Hermitian matrices. In
this section we first discuss the intimate relationship between unitary and Hermitian
matrices which indicates that one can hope to find unitary analogues for the good nu-
merical methods and for the theoretical results that exist for the symmetric/Hermitian
eigenvalue problem. We will adapt some eigenvalue bounds for Hermitian matrices to
the unitary case.

Let p be a complex unimodular number. The Cayley transformation with respect
to p maps the unitary matrices whose spectrum does not include p, onto the Hermitian
matrices. The Cayley transformation with respect to p for a unitary matrix U € C"*"
is defined as

C(U) =u(pln — U)_l(pln +U)

where p is not an eigenvalue of U and 1+ = v/—1. I,, denotes the n x n identity matrix.
A simple calculation shows that C'(U) is Hermitian. The mapping is one-to-one and

the inverse Cayley transformation with respect to p for a Hermitian matrix X is given
by

C™HX) = p(X 4 10,) "N (X —1I).

The symmetric/Hermitian eigenproblem has been extensively studied, see, e.g. [28,
17, 24, 26]. Due to this relation between Hermitian and unitary matrices, one can
hope to get similar results for unitary matrices.

With the aid of the Cayley transformation we can order the eigenvalues con-
veniently. Let Aq,..., A, be the eigenvalues of U numbered starting at p moving
counterclockwise along the unit circle. Let pu; < ps < ... < u, be the eigenvalues of
X =C(U). Then for k=1,...,n

A
Y

2.1 .
(2.1) B =

For simplicity assume that p = —1. Then

1=
' A

o Im()\k)
" 1+ Re(\)
= tan(0y)

143

where 0, = arg(1+ Ag). For z € C\ {0} the argument of z, arg(z) € (—m,n] is defined
by

arctan(gz((j))) +7 Re(z)<0

arg(z) = arctan(g’z((j))) Re(z) >0
3 Re(z) =0,Im(z) >0
-3 Re(2) =0,Im(z) <0

The Cayley transformation of Ay is the tangent of the angle 6, = arg(1 + A\) which
is formed by the real axis and the straight line through A; and —1:
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Hence it is reasonable to define

D VI D

A<\ if

T+ N —Zl-l-)\j'

This also gives a complete ordering of the points on the unit circle with respect to
the cutting point —1. Note that the complete ordering excludes the cutting point —1.
For a different cutting point the orders of the eigenvalues are only changed cyclically.

If (1,¢> are complex unimodular numbers such that {; < (s, then ({1, () will
denote the open arc from the point {; to the point {; on the unit circle (moving
counterclockwise).

The Courant-Fischer theorem (see, e.g., [17, Theorem 8.1.2]) characterizes the
eigenvalues of Hermitian matrices by Rayleigh quotients. A similar characterization
can be given for the eigenvalues of unitary matrices. Let U € C"*" be a unitary

matrix with eigenvalues Ay,...,A,. Assume that —1 is not an eigenvalue of U and
number the eigenvalues starting at —1 moving counterclockwise along the unit circle.
Let v1,...,v, be an orthonormal basis in C"*" of eigenvectors of U. Let z € C"™ with

||z||]2 = 1. Then we can expand z as
n
z:Zaivi a, €C,i=1,...,n.
i=1
From ||z||o = 1 we obtain
n
Z |OLZ"2 =1.
i=1
Because of
n
AUz = Z i |2\
i=1

we see that the Rayleigh quotient 27Uz lies in the convex polygon which is spanned
by the eigenvalues of U.
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THEOREM 2.1. With the notation given above we obtain for 0, = arg(1+ ), k =
1,...,n

Or = min  arg(l + 27Uz)

max
VeVi_kt1 z€V]|z]|2=1

= min max arg(l+ 2fUz)
VeV zeV,||zl|2=1

where Vi, denotes the set of all k-dimensional subspaces of C".
In particular,

6, = min arg(1 4 27U z)
2€C" ||z]l2=1

0, = max  arg(l+27Uz)
2eC" ||z]|2=1
Proof. Let vy,...,v, be an orthonormal basis of eigenvectors of U. Let V €

Va—k+1. Then VN {vy,...,ux} # 0. Let z be a vector in this intersection, ||z||2 = 1.
Then

k

k
z:Zaivi, Z\ai\Qzl, a; €C,i=1,...,k.
i=1

i=1

Hence, the Rayleigh quotient 27Uz lies in the convex polygon spanned by the eigen-
values A1, ..., A\x. Therefore

arg(1+ 2HU2) < arg(1 4+ \p)

and
max min  arg(l + 2HU2) < 6.
VEVh k41 z€V)]|z]|2=1
Now consider the subspace of dimension n — k + 1 which is spanned by vg,...,v,. A

vector z,||z||a = 1 in this subspace can be written as

n n
Z=Z%Uu Z|%|2=1, veQC, i=k,...n.
i=k i=k
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Hence, the Rayleigh quotient 27Uz lies in the convex polygon spanned by the eigen-
values Ag, ..., An. Therefore

arg(1 + 27Uz) > arg(1+ \y)
and

max min  arg(l+ 27Uz2) =6,
VEVL _rt1 2€V,]|z|[2=1

The second equation can be shown analogously. O

COROLLARY 2.2. With the notation given above we define for z € C" with
lz][l2 =1

ZH\(I, + UH) (I, — U)]2

B = Zai, v o, + 0
Then
(2.2) tan(arg(1 + 2U2)) = R(2)
and fork=1,...,n
tan(6y) = min  R(2)

max
VEVh_ky1 z€V,]|z]l2=1

= min max  R(z).
VEWVL zeV,||z]]2=1

Proof. A simple calculation yields (2.2). The rest of the corollary follows from
Theorem 2.1 and the monotonicity of the function tan in (=%,%). O

The corollary shows that the angles 6y can be characterized by usual Rayleigh
quotients. R(z) can be interpreted as the Rayleigh quotient corresponding to the
generalized eigenvalue problem

(2.3) (I, + U1, = U) — p(I, + UE)(I, + U)}z = 0.

Since U is unitary, 2(I, +U)(I,, — U) is Hermitian and (I,, + U¥) (I, +U) is Hermitian
and positive definite. (2.3) is equivalent to the eigenvalue problem

(I, +U) (I, = Uz = px

for the Cayley transformation of U.

REMARK 2.3. For ease of notation the above theorem and corollary are formulated
for the case that p = —1 is not an eigenvalue of U. This restriction is not necessary,
one can proof the corresponding statements for any cutting point p € C, |p| =1, p not
an eigenvalue of U.

In [15], the Cauchy interlacing theorem for Hermitian matrices is generalized to
the unitary case. The Cauchy interlace theorem shows that the eigenvalues of the k x k
leading principal submatrix of a Hermitian matrix X interlace the eigenvalues of X.
Adapting this theorem to the unitary case, one has to deal with the problem that
leading principal submatrices of unitary matrices are in general not unitary and that
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their eigenvalues lie inside the unit circle. In [15] it is shown that certain modified
leading principal submatrices of a unitary matrix U have the property that their
eigenvalues interlace with those of U.

THEOREM 2.4. [15, Theorem 5.2 and 5.3] Let

Ui Ui
2.4 U=
24) { Us1 U ]

be an n X n unitary matriz, Uiy the k X k leading principal submatriz of U, and

(2.5) Up = Ui = Ura(Uss — pln—t) ™' Uni

where p € C,|p| =1 and p is not an eigenvalue of U. Then Uy is unitary. Let
A <. <\,

be the eigenvalues of U and

i <<

be those of Uy, ordered with respect to p. Then

A < i < Nign—k-

Uy is called the modified kth leading principal submairiz of U. Furthermore,
analogues of the Hoffman-Wielandt theorem and a Weyl-type theorem are derived in
[15].

With the help of Theorem 2.4 one can specify for each eigenvalue of a modified
leading principal submatrix U an arc on the unit circle which contains that eigenvalue.
These bounds are fairly rough, especially if £ is much smaller than n. This result is of
theoretical nature, because in practice we are more interested in the question, whether
the arc (u1, pu2) contains an eigenvalue of U or not.

The same problem arises in the Hermitian case. Lehmann and Kahan derived
inclusion theorems which consider this problem (see, e.g., [28] and the references
therein). A special case of their results is

THEOREM 2.5. [28, Theorem on page 196] Let X € C"*™ be a Hermitian matriz.
Partition X as

Ckxk.

where X}, €

2T

c Vv

Let p; be the eigenvalues of Xy, = 1,...0k, u1 < ... < pg. If rank(C) = 1,
then each interval [p;, piv1],t = 0,1,...,k contains an eigenvalue of X, where py =
—00, Ug+1 = OC.
The following theorem states the analogous result for unitary matrices.
THEOREM 2.6. Let U € C"*" be a unitary matriz and let U be partitioned as
in (2.4). Let p € C,|p| = 1, be not an eigenvalue of U. Define a unitary matriz

U as in (2.5) with eigenvalues py,...,u;. The eigenvalues are numbered starting
at p moving counterclockwise along the unit circle. If rank(Uz1) = 1, then each arc
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(i, thiv1) on the unit circle, i = 1,...,k contains at least one eigenvalue of U, where
Ho = g1 = p.

Proof. Since p is not an eigenvalue of U, it is not an eigenvalue of Usz: Assume
p is an eigenvalue of Usy. Then there is a normalized eigenvector 2z € C€" ¥ such that

Usox = pzx. Therefore
{0] [wa] [wa]
U = = .
T Ussz px

As |p| =1, ||z|| = 1 and U is unitary, Uyaz has to be zero. But this would imply that
p is an eigenvalue of U in contradiction to our general assumption. Hence p is not an
eigenvalue of Us,.

U}, is defined as

U = Ui — Ur2(Usg — pln_g) " Uss.

Ur — pI can be interpreted as the Schur complement of Uss — pI,,— in U — pI,,.
We can make use of this fact to construct (U — pI,)~! using the following result of
Duncan [13] (see Corollary 2.4 in [27])

Let A € C"™*™ be partioned as

_ E F n—kxn—k
A—{G H} where H € C .

Let A and H be nonsingular, then T = E — FH™'G € C*** is the
Schur complement of H in A, T is nonsingular and

A1 = T-! ~T-'FH-!
| —H'GT7! H'+H'GT'FH!
We obtain
(U - pln)_l =
(U — pI)~ ! —(Uk — pIy) " U12(Uz2 — plp—i) ™"

—(Ua2 — pLyy_ )" U21 (U, — pIi)™"  (Uaz — plpy_i) " I + U1 (Ug — pI}) "' Ur2(Ua2 — pI—i) 7"

In particular, (U — pI;) ! is the k x k leading principal submatrix of (U — pI,,) " !.
Now we consider the Cayley transformation with respect to p of U

X =CU) =ply - U)il(pln +U)
= —ul, — 2p(U — pI,)"".

This yields
(2.6) X +al, = =2up(U — pI,) .
We partition X as we did U:

X:[Xk X12}

Xo1 Xoo
where X}, is the k x k leading principal submatrix of X. From (2.6) it follows that

Xy 4+ = —22p(Uk - pIk)il.
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Therefore, X}, is the Cayley transformation of Uy. Further we obtain from (2.6):
Xo1 = 20p(Uss — plp—) "' Uay (Uy, — pIx) "

If rank(Us1) = 1, then rank(Xs;) = 1 as the other two matrices in the product have
full rank.

Now we can use Theorem 2.5 to obtain that each interval formed by two eigen-
values of X contains at least one eigenvalue of X. We have seen in (2.1) that the
eigenvalues of X and X, can be obtained from those of U and Uy, via the Cayley trans-
formation. As the Cayley transformation is monotone, this yields: each arc (u;, pir1)
on the unit circle, i = 1,...,k — 1 contains at least one eigenvalue of U. For the two
outer arcs (p, u1), (L, p) the statement follows directly from Theorem 2.4. O

The last result we mention in this section clarifies the question of how the eigen-
values of a unitary matrix change if the matrix is modified by a unitary differing from
I only by rank one. For the Hermitian case, the answer is given, e.g., in [17, chapter
12.5.3]. For the unitary case we obtain

THEOREM 2.7. Let U,S € C"*" be unitary matrices and S such that
rank(l, —S) = 1.

Then the eigenvalues of U and US interlace on the unit circle.
Proof. See [4, section 6]. O

3. Unitary upper Hessenberg Matrices. It is well known that any (unitary)
n X n matrix can be transformed to an upper Hessenberg matrix H by a unitary
similarity transformation @. If the first column of () is fixed and H is an unreduced
upper Hessenberg matrix with positive subdiagonal elements (that is hy1,; > 0),
then the transformation is unique. Any n X n unitary upper Hessenberg matrix
with nonnegative subdiagonal elements can be uniquely parameterized by 2n — 1 real
parameters. This compact form is used in [1, 3, 9, 11, 14, 19, 20, 21, 22, 23, 32] to
develop fast algorithms for solving the unitary eigenvalue problem.

Let

Gk = Gk(fyk) = diag([k_h [ _(;Zk %

} s In——1)

with 4 € C, o € RT and ||> + 07 = 1, and

Gn(’}/n) = diag(Infla _7n)

with v, € C, |v,| = 1.

The product H = H(v1,7%2,.+yn) = G1(7) - Gue1(Yn—1)Gn () =

-1 —O0172 —010273 —01...0n—1Yn
o —mye —vy—loyys - —O2...0n-1Tn

= 02 —Y273 “tt T203...0pn—1n

On—1 _’)/nfl’}/n
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is a unitary upper Hessenberg matrix with positive subdiagonal elements. Conversely,
if H € C"*™ is a unitary upper Hessenberg matrix with positive subdiagonal elements,
then it follows from elementary numerical linear algebra that one can determine ma-
trices G1,Ga,...,Gn_1,Gp such that GEGH | ... GEGHH = I. Since H as a unitary

matrix has a unique inverse, this has to be GFGH_| ..GFGH. Thus H has a unique
factorization of the form
(31) H= H(’Yla'yQa ey ’Yn) =G (71)G2 (72) v 'Gn—l('y'n—l)én(’y'n)-

The Schur parameters {vi}7_, and the complementary Schur parameters {o}}_, can
be computed from the elements of H by a stable O(n?) algorithm [19]. In statistics
the Schur parameters are referred to as partial correlation coefficients and in signal
processing as reflection coefficients [2, 11, 12, 25, 29, 30, 33].

If o), = 0, then |y;| = 1, and we have the direct sum decomposition

H = H(’yl’ "'77]@) @ H(7k7k+1) "'17]@77’1)'

Hence, in general o109...0,—1 > 0 is assumed if the factorization (3.1) is used to
solve a unitary eigenvalue problem. Such a unitary upper Hessenberg matrix is called
unreduced. If X is an eigenvalue of an unreduced Hessenberg matrix, then its geometric
multiplicity is one [17, Theorem 7.4.4]. Since unitary matrices are diagonalizable, no
eigenvalue of an unreduced unitary upper Hessenberg matrix is defective, that is, the
eigenvalues of an unreduced unitary upper Hessenberg matrix are distinct.

We will adapt the general theorems given in the last section to the more specific
case of unitary upper Hessenberg matrices. Let H € C™*" be a unitary upper Hes-
senberg matrix with positive subdiagonal elements, H = H(v1,...,7s). Partition H
as

(3.2) H= [ Hu M }

Hy; Hs

where Hy; is the k x k leading principal submatrix. From Theorem 2.4 we obtain that
the modified kth leading principal submatrix of H, Hy, = Hyy — Hi5(Hys — pI) = Hyy,
is unitary (if p € C,|p| = 1,p not an eigenvalue of H). As Hj is a unitary upper
Hessenberg matrix, we can factor Hy = G1(31)G2(32) - - - Gr—1 (Fr—1)Gx (3 ). Taking
a closer look at Hy, reveals that Hy, differs from Hy; only in the last column. Hence the
modification of Hy; to Hy is equivalent to a modification of the reflection coefficient
Vi, 1.e.

HkZHk(’Yla---:’Yk—th): |<k|:1

The following theorem by Bunse-Gerstner and He characterizes the correct choice of
the parameter (:

THEOREM 3.1. Let H = H(y1,...,va) € C"*" be a unitary upper Hessenberg
matriz with positive subdiagonal elements. For k € {1,...,n — 1} let H be partioned
as in (3.2). Let p € C,|p| =1 not be an eigenvalue of H. Define parameters (;(p),l =

1,....n by

Ca(p) = M

_ putGralp) o
(3.3) Gl =Ty I=no Ll
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Then

Hi(viy k=1, Ce(p)) = Hir — Hia(Hao — pIy—y) ' Hox.

Let py,...,ux and Ai,..., N, be the eigenvalues of Hp(v1,...,Yk—1,Ck(p)) and H
respectively, where the eigenvalues are numbered starting at p moving counterclockwise
along the unit circle. Then for each i = 1,...,k the eigenvalue p; lies on the arc
(A Aign—r)-

Proof. The interlace property follows directly from Theorem 2.4. For the rest of
the proof see [10]. O

Using Theorem 2.6 and 3.1 we obtain
THEOREM 3.2. Let H = H(vyy,...,vs) € C"*" be a unitary upper Hessenberg

matriz with positive subdiagonal elements. Let p € C,|p| = 1 not be an eigenvalue
of H. For k € {1,...,n} let H, = Hy(v1,...,Yk—1,Ce(p)) where (. (p) is defined as
in (3.3). Let ui,...,ux be the eigenvalues of Hy. Then for i = 0,...,k each arc
(i, thiv1) on the unit circle contains at least one eigenvalue of H, where pg = pgr1 =
p.

Moreover,we obtain

THEOREM 3.3. Let H = H(vyy,...,v,) € C*" be a unitary upper Hessenberg
matriz with positive subdiagonal elements. Then for any ¢ € C,|(| =1 there exists a
cutting point p € C, |p| =1 such that the eigenvalues of Hy, = Hy(y1,...,Vk—-1,C) and
H have the interlace properties with respect to p on the unit circle given by Theorem
3.1 and 3.2.

Proof. We will show that p — (x(p) is an automorphism on the unit circle, this
proves the theorem. Note that for unitary upper Hessenberg matrices with positive

subdiagonal elements we have |v;| <1, =1,...,n — 1.
Obviously

PYn-1+Tn

> G =

p = Ca—1(p) P

is bijective on the unit circle. The same is true for the mapping

: oy PGl
CJ(p)chfl(p)—p+W<j(p) j=n—1,...,2.

Hence p — (i (p) is a one-to-one mapping of the unit circle onto itself. O

The statement of the above theorem can be summarized as follows: Any lead-
ing principal submatrix of a unitary upper Hessenberg matrix with positive lower
subdiagonal elements can be modified to be unitary by replacing the last reflection
coefficient with a parameter on the unit circle. No matter how this parameter is
chosen, there is always a cutting point p on the unit circle such that the eigenvalues
of the modified leading principal submatrix and those of the entire matrix satisfy the
interlace properties given by Theorem 3.1 and 3.2.

Disregarding the cutting point p and the two arcs formed with it, Theorem 3.3 implies
the following corollary.

COROLLARY 3.4. Let H = H(v1,...,7) € C"™" be a unitary upper Hes-

3

senberg matriz with positive subdiagonal elements. For ( € C,|¢| = 1 let Hy =
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Hi(viy- - 7%-1,¢) € CF*k ke {1,...,n}. Then every arc on the unit circle formed
by two eigenvalues of Hy, contains an eigenvalue of H.

In particular the above theorems show that the eigenvalues of two consecutive
modified leading principal submatrices Hy and Hy4; of a unitary upper Hessenberg
matrix with positive subdiagonal elements interlace on the unit circle. More specifi-
cally, consider the modified leading principal submatrices Hy = Hy(v1,---,Vk—1,Ck)
and Hpq1 = Hiyp1 (v, -5k, Cetr1) where |Ce| = |Ck+1] = 1 and k < n. The eigenval-
ues of Hy and Hypy; interlace with respect to the cutting point p on the unit circle
where p is given by

_ Grrr (1 =% Gk)
p = AL T ThGk)
Ck — Yk

The remaining question is: how strongly do the eigenvalues of Hy(y1,...,%Vk—1,¢)
depend of the choice of (? We present some results on this dependence on the last
reflection parameter.

THEOREM 3.5. Let Hy = H(vi, -, Yn-1,C), Hy = H(v1, .-, Yn-1,() be uni-
tary upper Hessenberg matrices with positive subdiagonal elements, |(,| = |(3] = 1.
1. The eigenvalues of H, and Hy interlace on the unit circle.
2. v(H,, Hp) < |Ca — (| where the eigenvalue variation v(U, B) is defined by

v(U,B) = min{ie{nllaxn} |A\i — priciy|, [T permutation of {1,...,n}},

ERREE}

the A\;’s being the eigenvalues of U and the u;’s those of B.
8. Let A\4,..., 0% and X5, ... XL be the eigenvalues of H, and Hy. Let

SHH,S) = diag(\{,...,\%)

be the Schur decomposition of Ha, Sk = [s1,...,s¢] = [s4]¥,—,. Then for
i=1,... .k
in |\ — A2 < ||Hps; — AYs;
je{rnl}..r.l,k}‘ i ]‘_H bS zSH2
< [Ca = Col [swil-
Proof.
1. We have

Hy,=H,S where S = diag(In,l,C_agb)

S is unitary and rank(I, —S) = 1. According to Theorem 2.7, the eigenvalues
of H, and Hj interlace on the unit circle.
2. As the matrices H, and Hj differ only in the last column we have

|Ha = Hyll2 = |G () - Grno1 (yn-1)[Gn(Ca) = GGz = 1o = Gol-

Since H, and Hj are unitary, the statement 2. follows from the following
theorem of Bhatia/Davis [5]:
For all constant multiplies U = aQ and B = BV of two unitary
matrices Q and V we have

v(U,B) <|[U - Bl».
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(For a completely different proof and extension of the result to multiples of
unitaries see [6]. When U and B are Hermitian, the above inequality is a
classical result of Weyl).
3. Hp is unitary and therefore unitarily diagonalizable. The first inequality
follows directly from the following easy to prove result [8, Satz 1.8.14]:
Let A € C"*" be diagonalizable, A = TDT~" where D = diag(\1, ..., \p)
and T € C"*". Let p € C,z € C",||z|]> =1 and r = Az — pz.
Then

Cmin X = p| [T [Tl [Ir]lo-
i€{1 0y}

Furthermore we obtain

|Hps; — Aisilla = [|(Hy — Ha)sill2
= |G1 (1) Gnet (Y0=1)[Gn (Ca) — Gn(G)]sil ]
= H(Ca - Cb)e{SiHQ
= [Ca — Co| |Skil-

Hence, eigenvalues of a unitary upper Hessenberg matrix, whose eigenvectors have
a small last component, are not sensitive to changes in the last reflection parameter.

4. Numerical Examples. Numerical experiments are presented to elucidate
the statements of Section 3. The eigenvalues of a unitary upper Hessenberg matrix
H are compared with the eigenvalues of modified kth leading principal submatrices
H,, for different dimensions k. The essential statements of Section 3 can be observed
clearly:

e Between two eigenvalues of Hy on the unit circle there lies an eigenvalue of
H (Corollary 3.4).

e The eigenvalues of unitary upper Hessenberg matrices, whose corresponding
eigenvectors have a small last component, are not sensitive against changes
of the last reflection coefficient. (Theorem 3.5).

All computations were done using MATLAB' on a SUN SparcStation 10.

A unitary upper Hessenberg matrix H = H (y1,...,%20) € C29%2% was constructed
from 20 randomly chosen reflection coefficients 71,...,720 € C. The eigenvalues
Aj of H lie randomly on the unit circle. The eigenvalue u; of the modified kth
leading principal submatrices Hy = Hy(v1,-- -, Yk—1, (k) were computed for different

dimensions k& < 20.

For the first example (; = ‘:’Y—z‘ was chosen. The eigenvalues of H and Hy are
plotted for £ = 10 and k& = 15 in the following typical figure. The eigenvalues of H
are marked by ’o’, the eigenvalues of Hy by "*’.

IMATLAB is a trademark of The MathWorks, Inc.
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For the second example a random complex number (i, |(x| = 1 was chosen. The
following figure displays the same information as before.

Corollary 3.4 states that every arc on the unit circle formed by two eigenvalues of
Hj, contains an eigenvalue of H. This can be seen in the above figures. Comparing the
results of the two examples presented, one observes that independent of the choice
of (; the same eigenvalues of H are approximated. In Theorem 3.5 it was proven
that if the last component of an eigenvector of a unitary upper Hessenberg matrix is
small, then the corresponding eigenvalue is not sensitive against changes in the last
reflection coefficient. Individual bounds for the minimal distance of each eigenvalue
A of H, = Hi(v1,...,7-1,Cs) to the eigenvalues )\2 of Hy = Hi (v, -, Ye—1,Cp)
are given

in (A =\ <G — ;
je{r{{}‘r}’n}\z 1 < 1Ca — Gl I8kil

where sp;, £ € {1,...,k} is the /th component of the eigenvector for the ith eigenvalue
of H,. This means that if there is an eigenvalue A{ of H, such that the last component
of the corresponding eigenvector is small, then any unitary upper Hessenberg matrix
of the form Hj will have an eigenvalue X’ that is close to A{.

The following table reports the minimal distance between each eigenvalue \}* of
Hy, = Hi(71, -+, Y1, %/ |7|) and the eigenvalues N5 of Hy = Hy(y1,...,7k—1,()

3



On the perturbation theory for the unitary eigenvalue problem 15

(where ¢ € C,[¢] = 1 is randomly chosen as above) as well as the error bounds for
k = 10. The absolute difference between ¢, and (; was |{, — (3| = 1.9052¢ + 00.

omin =5 | i = G s
AT 1.8894e-06 1.2717e-03
A0 8.6787¢-05 7.2976e-03
A0 4.7180e-02 1.4922e-01
AL 3.8116e-04 1.9408e-02
AT 1.5810e-02 1.7357e-01
At 2.4628e-03 7.1265e-02
At 5.3716e-03 1.2358e-01
At 9.5131e-05 5.8360e-02
At 8.4488e-03 6.0709e-01
A 3.9452¢-01 1.7845¢4-00

Comparing the actual minimal distance with the error bound one observes that the
approximations are much better than the error bound predicts.

The same results can be observed for larger unitary upper Hessenberg matrices
H. Moreover, one can observe that the eigenvalues of the modified leading principal
submatrices H;_, and Hj, interlace on the unit circle with respect to a cutting point

p.

5. Concluding Remarks. In this paper, we have proved that the angles 6y
associated with the eigenvalues A; of a unitary matrix U can be characterized by
Rayleigh quotients. An inclusion theorem for the eigenvalues of symmetric matrices
given by Kahan was adapted to the unitary case. We discussed the special case of
unitary Hessenberg matrices, which is important for certain applications. We proved
that every arc on the unit circle formed by two eigenvalues of a modified kth leading
principal submatrix of a unitary upper Hessenberg matrix contains an eigenvalue of
the complete matrix. Results on the dependence of the eigenvalues of unitary upper
Hessenberg matrices on the last reflection coefficient are given.

Parts of this paper (Section 2 and most of Section 3) first appeared in [7]. Bohn-
horst analyses the connection between a unitary matrix U and its Cayley transforma-
tion more closely with the help of structure ranks.

Acknowledgments. All three authors owe a special thanks to Ludwig Elsner
for stimulating discussions and many helpful suggestions.
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