
ON THE PERTURBATION THEORY FOR UNITARY EIGENVALUEPROBLEMSB. BOHNHORST�, A. BUNSE-GERSTNERy, AND H. FA�BENDERzAbstract. Some aspects of the perturbation theory for eigenvalues of unitary matrices areconsidered. Making use of the close relation between unitary and Hermitian eigenvalue problems aCourant-Fischer-type theorem for unitary matrices is derived and an inclusion theorem analogue tothe Kahan theorem for Hermitian matrices is presented. Implications for the special case of unitaryHessenberg matrices are discussed.Key words. unitary eigenvalue problem, perturbation theoryAMS(MOS) subject classi�cations. 15A18, 65F991. Introduction. New numerical methods to compute eigenvalues of unitarymatrices have been developed during the last ten years. Unitary QR-type methods[19, 9], a divide-and-conquer method [20, 21], a bisection method [10], and some spe-cial methods for the real orthogonal eigenvalue problem [1, 2] have been presented.Interest in this task arose from problems in signal processing [11, 29, 33], in Gaussianquadrature on the unit circle [18], and in trigonometric approximations [31, 16] whichcan be stated as eigenvalue problems for unitary matrices, often in Hessenberg form.As those numerical methods exploit the rich mathematical structure of unitary ma-trices, which is closely analogous to the structure of Hermitian matrices, the methodsare e�cient and deliver very good approximations to the desired eigenvalues.There exist, however, only a few perturbation results for the unitary eigenvalueproblem, which can be used to derive error bounds for the computed eigenvalue ap-proximations. A thorough and complete treatment of the perturbation aspects asso-ciated with the numerical methods for unitary eigenvalue problems is still missing.The following perturbation results have been obtained so far. If U and eU areunitary matrices with spectra �(U) = f�jg, and �(eU) = fe�jg, respectively, we canarrange the eigenvalues in diagonal matrices � and e�, respectively, and consider as ameasure for the distance of the spectrad�(�(U); �(eU )) := minP jj�� P T e�P jj�; � = 2; F(1.1)where the minimum is taken over all permutation matrices P and the norm is eitherthe spectral or the Frobenius norm. By the Ho�man-Wielandt theorem (see, e.g.,[34])we get dF (�(U); �(eU )) � jjU � eU jjF :Bhatia and Davis [5] proved the corresponding result for the spectral normd2(�(U); �(eU )) � jjU � eU jj2:�Schmidt, Vogel & Partner Consult, Gesellschaft f�ur Organisation und ManagementberatungmbH, Gadderbaumerstr. 19, 33602 BielefeldyUniversit�at Bremen, Fachbereich 3 - Mathematik und Informatik, 28334 Bremen, Germany,email: angelika@math.uni-bremen.dezUniversit�at Bremen, Fachbereich 3 - Mathematik und Informatik, 28334 Bremen, Germany,email: heike@math.uni-bremen.de 1



2 On the perturbation theory for the unitary eigenvalue problemElsner and He consider a relative error in [15]. They use the measureed�(�(U); �(eU )) := minP jj(� + P T e�P )�1(�� P T e�P )jj�;(1.2)where again � = 2 or � = F . They prove thated�(�(U); �(eU )) � jjC(UH eU)jj�where C(U) = i(I + U)�1(I � U) is the Cayley transformation of U (assuming herethat �1 62 �(U)).To each eigenvalue � of U , where �1 62 �(U), we can associate an angle �� byde�ning �� = arctan[p�1(1 + �)�1(1� �)]with ��=2 � �� < �=2. It is the angle formed by the line from -1 through � and thereal axis (see also Section 2). With respect to their angles the eigenvalues of U andeU have a natural ordering on the unit circle. Elsner and He give sine- and tangent-interpretations of the above inequality in terms of these angles. Furthermore theyshow that with respect to a certain cutting point � on the unit circle the eigenvaluesof U and eU have a natural ordering f�j(�)g and fe�j(�)g on the unit circle such thatmaxj j�j(�)� e�j(�)j � jjU � eU jj2:An interlacing theorem for unitary matrices is also presented in [15], showing that theeigenvalues of suitably modi�ed principal submatrices of a unitary matrix interlacethose of the complete matrix on the unit circle (see Section 2).In this paper we consider further aspects of the perturbation problem for theeigenvalues of a unitary matrix U . In Section 2 we show how the angles � are relatedto the eigenvalues of the Cayley transform of U . With the aid of this relation wecan give a min-max-characterization for the angles of U 's eigenvalues in analogy tothe Courant-Fischer theorem for Hermitian matrices. We also show that tangents ofthese angles can be characterized by usual Rayleigh quotients corresponding to thegeneralized eigenvalue problemp�1(I + UH)(I � U)x = �(I + UH)(I + U)x:Furthermore we prove a Kahan-like inclusion theorem showing that the eigenvalues ofa certain modi�ed leading principal submatrix of U determine arcs on the unit circlesuch that each arc contains an eigenvalue of U . In applications unitary matrices areoften of Hessenberg form. In Section 3 we recall that a unitary unreduced Hessenbergmatrix H has a unique parameterization H = H(
1; : : : ; 
n), where the re
ectionparameters 
1; : : : ; 
n 2 C, with j
ij < 1 for i = 1; : : : ; n� 1 and j
nj = 1, determineH completely. We show the implications of the results in Section 2 for the specialcase of unitary Hessenberg matrices. In particular it will be seen that the modi�edkth leading principal submatrix in this special case is just H(
1; : : : ; 
k�1; �) wherej�j = 1. We discuss the dependence of the eigenvalues on this last re
ection parameter�. Finally Section 4 will give numerical examples which elucidate the statementsproved in Section 3.



On the perturbation theory for the unitary eigenvalue problem 32. Perturbation Results for unitary Matrices. Unitary matrices have a richmathematical structure that is closely analogous to that of Hermitian matrices. Inthis section we �rst discuss the intimate relationship between unitary and Hermitianmatrices which indicates that one can hope to �nd unitary analogues for the good nu-merical methods and for the theoretical results that exist for the symmetric/Hermitianeigenvalue problem. We will adapt some eigenvalue bounds for Hermitian matrices tothe unitary case.Let � be a complex unimodular number. The Cayley transformation with respectto �maps the unitary matrices whose spectrum does not include �, onto the Hermitianmatrices. The Cayley transformation with respect to � for a unitary matrix U 2 Cn�nis de�ned as C(U) = {(�In � U)�1(�In + U)where � is not an eigenvalue of U and { = p�1. In denotes the n�n identity matrix.A simple calculation shows that C(U) is Hermitian. The mapping is one-to-one andthe inverse Cayley transformation with respect to � for a Hermitian matrix X is givenby C�1(X) = �(X + {In)�1(X � {In):The symmetric/Hermitian eigenproblem has been extensively studied, see, e.g. [28,17, 24, 26]. Due to this relation between Hermitian and unitary matrices, one canhope to get similar results for unitary matrices.With the aid of the Cayley transformation we can order the eigenvalues con-veniently. Let �1; : : : ; �n be the eigenvalues of U numbered starting at � movingcounterclockwise along the unit circle. Let �1 � �2 � : : : � �n be the eigenvalues ofX = C(U). Then for k = 1; : : : ; n �k = {�+ �k�� �k :(2.1)For simplicity assume that � = �1. Then�k = {1� �k1 + �k= Im(�k)1 +Re(�k)= tan(�k)where �k = arg(1+�k). For z 2 Cnf0g the argument of z, arg(z) 2 (��; �] is de�nedby arg(z) =8>>><>>>: arctan( Im(z)Re(z) ) + � Re(z) < 0arctan( Im(z)Re(z) ) Re(z) > 0�2 Re(z) = 0; Im(z) > 0��2 Re(z) = 0; Im(z) < 0 :The Cayley transformation of �k is the tangent of the angle �k = arg(1 + �k) whichis formed by the real axis and the straight line through �k and �1:
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θk

λkHence it is reasonable to de�ne�i � �j if {1� �i1 + �i � {1� �j1 + �j :This also gives a complete ordering of the points on the unit circle with respect tothe cutting point �1. Note that the complete ordering excludes the cutting point �1.For a di�erent cutting point the orders of the eigenvalues are only changed cyclically.If �1; �2 are complex unimodular numbers such that �1 < �2, then (�1; �2) willdenote the open arc from the point �1 to the point �2 on the unit circle (movingcounterclockwise).The Courant-Fischer theorem (see, e.g., [17, Theorem 8.1.2]) characterizes theeigenvalues of Hermitian matrices by Rayleigh quotients. A similar characterizationcan be given for the eigenvalues of unitary matrices. Let U 2 Cn�n be a unitarymatrix with eigenvalues �1; : : : ; �n. Assume that �1 is not an eigenvalue of U andnumber the eigenvalues starting at �1 moving counterclockwise along the unit circle.Let v1; : : : ; vn be an orthonormal basis in Cn�n of eigenvectors of U . Let z 2 Cn withjjzjj2 = 1. Then we can expand z asz = nXi=1 �ivi �i 2 C; i = 1; : : : ; n:From jjzjj2 = 1 we obtain nXi=1 j�ij2 = 1:Because of zHUz = nXi=1 j�ij2�iwe see that the Rayleigh quotient zHUz lies in the convex polygon which is spannedby the eigenvalues of U .
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Theorem 2.1. With the notation given above we obtain for �k = arg(1+�k); k =1; : : : ; n �k = maxV 2Vn�k+1 minz2V;jjzjj2=1 arg(1 + zHUz)= minV 2Vk maxz2V;jjzjj2=1 arg(1 + zHUz)where Vk denotes the set of all k-dimensional subspaces of Cn.In particular, �1 = minz2Cn;jjzjj2=1 arg(1 + zHUz)�n = maxz2Cn;jjzjj2=1 arg(1 + zHUz)Proof. Let v1; : : : ; vn be an orthonormal basis of eigenvectors of U . Let V 2Vn�k+1. Then V \ fv1; : : : ; vkg 6= ;. Let z be a vector in this intersection, jjzjj2 = 1:Then z = kXi=1 �ivi; kXi=1 j�ij2 = 1; �i 2 C; i = 1; : : : ; k:Hence, the Rayleigh quotient zHUz lies in the convex polygon spanned by the eigen-values �1; : : : ; �k . Thereforearg(1 + zHUz) � arg(1 + �k)and maxV 2Vn�k+1 minz2V;jjzjj2=1 arg(1 + zHUz) � �k:Now consider the subspace of dimension n� k +1 which is spanned by vk; : : : ; vn. Avector z; jjzjj2 = 1 in this subspace can be written asz = nXi=k 
ivi; nXi=k j
ij2 = 1; 
i 2 C; i = k; : : : ; n:



6 On the perturbation theory for the unitary eigenvalue problemHence, the Rayleigh quotient zHUz lies in the convex polygon spanned by the eigen-values �k; : : : ; �n. Thereforearg(1 + zHUz) � arg(1 + �k)and maxV 2Vn�k+1 minz2V;jjzjj2=1 arg(1 + zHUz) = �k:The second equation can be shown analogously.Corollary 2.2. With the notation given above we de�ne for z 2 Cn withjjzjj2 = 1 : R(z) = zH [{(In + UH)(In � U)]zzH [(In + UH)(In + U)]zThen tan(arg(1 + zHUz)) = R(z)(2.2)and for k = 1; : : : ; n tan(�k) = maxV 2Vn�k+1 minz2V;jjzjj2=1R(z)= minV 2Vk maxz2V;jjzjj2=1R(z):Proof. A simple calculation yields (2.2). The rest of the corollary follows fromTheorem 2.1 and the monotonicity of the function tan in (��2 ; �2 ).The corollary shows that the angles �k can be characterized by usual Rayleighquotients. R(z) can be interpreted as the Rayleigh quotient corresponding to thegeneralized eigenvalue problemf{(In + UH)(In � U)� �(In + UH)(In + U)gx = 0:(2.3)Since U is unitary, {(In+UH)(In�U) is Hermitian and (In+UH)(In+U) is Hermitianand positive de�nite. (2.3) is equivalent to the eigenvalue problem{(In + U)�1(In � U)x = �xfor the Cayley transformation of U .Remark 2.3. For ease of notation the above theorem and corollary are formulatedfor the case that � = �1 is not an eigenvalue of U . This restriction is not necessary,one can proof the corresponding statements for any cutting point � 2 C; j�j = 1; � notan eigenvalue of U .In [15], the Cauchy interlacing theorem for Hermitian matrices is generalized tothe unitary case. The Cauchy interlace theorem shows that the eigenvalues of the k�kleading principal submatrix of a Hermitian matrix X interlace the eigenvalues of X .Adapting this theorem to the unitary case, one has to deal with the problem thatleading principal submatrices of unitary matrices are in general not unitary and that



On the perturbation theory for the unitary eigenvalue problem 7their eigenvalues lie inside the unit circle. In [15] it is shown that certain modi�edleading principal submatrices of a unitary matrix U have the property that theireigenvalues interlace with those of U .Theorem 2.4. [15, Theorem 5.2 and 5.3] LetU = � U11 U12U21 U22 �(2.4)be an n� n unitary matrix, U11 the k � k leading principal submatrix of U , andUk = U11 � U12(U22 � �In�k)�1U21(2.5)where � 2 C; j�j = 1 and � is not an eigenvalue of U . Then Uk is unitary. Let�1 � : : : � �nbe the eigenvalues of U and �1 � : : : � �kbe those of Uk ordered with respect to �. Then�i � �i � �i+n�k :Uk is called the modi�ed kth leading principal submatrix of U . Furthermore,analogues of the Ho�man-Wielandt theorem and a Weyl-type theorem are derived in[15].With the help of Theorem 2.4 one can specify for each eigenvalue of a modi�edleading principal submatrix Uk an arc on the unit circle which contains that eigenvalue.These bounds are fairly rough, especially if k is much smaller than n. This result is oftheoretical nature, because in practice we are more interested in the question, whetherthe arc (�1; �2) contains an eigenvalue of U or not.The same problem arises in the Hermitian case. Lehmann and Kahan derivedinclusion theorems which consider this problem (see, e.g., [28] and the referencestherein). A special case of their results isTheorem 2.5. [28, Theorem on page 196] Let X 2 Cn�n be a Hermitian matrix.Partition X as X = � Xk CHC V � where Xk 2 Ck�k :Let �i be the eigenvalues of Xk; i = 1; : : : ; k, �1 � : : : � �k. If rank(C) = 1;then each interval [�i; �i+1]; i = 0; 1; : : : ; k contains an eigenvalue of X, where �0 =�1; �k+1 =1.The following theorem states the analogous result for unitary matrices.Theorem 2.6. Let U 2 Cn�n be a unitary matrix and let U be partitioned asin (2.4). Let � 2 C; j�j = 1; be not an eigenvalue of U . De�ne a unitary matrixUk as in (2.5) with eigenvalues �1; : : : ; �k. The eigenvalues are numbered startingat � moving counterclockwise along the unit circle. If rank(U21) = 1, then each arc



8 On the perturbation theory for the unitary eigenvalue problem(�i; �i+1) on the unit circle, i = 1; : : : ; k contains at least one eigenvalue of U , where�0 = �k+1 = �.Proof. Since � is not an eigenvalue of U , it is not an eigenvalue of U22: Assume� is an eigenvalue of U22. Then there is a normalized eigenvector x 2 Cn�k such thatU22x = �x. Therefore U � 0x � = � U12xU22x � = � U12x�x � :As j�j = 1; kxk = 1 and U is unitary, U12x has to be zero. But this would imply that� is an eigenvalue of U in contradiction to our general assumption. Hence � is not aneigenvalue of U22.Uk is de�ned as Uk = U11 � U12(U22 � �In�k)�1U21:Uk � �Ik can be interpreted as the Schur complement of U22 � �In�k in U � �In.We can make use of this fact to construct (U � �In)�1 using the following result ofDuncan [13] (see Corollary 2.4 in [27])Let A 2 Cn�n be partioned asA = � E FG H � where H 2 Cn�k�n�k:Let A and H be nonsingular, then T = E � FH�1G 2 Ck�k is theSchur complement of H in A, T is nonsingular andA�1 = � T�1 �T�1FH�1�H�1GT�1 H�1 +H�1GT�1FH�1 � :We obtain(U � �In)�1 =h (Uk � �Ik)�1 �(Uk � �Ik)�1U12(U22 � �In�k)�1�(U22 � �In�k)�1U21(Uk � �Ik)�1 (U22 � �In�k)�1[I + U21(Uk � �Ik)�1U12(U22 � �In�k)�1] i:In particular, (Uk � �Ik)�1 is the k � k leading principal submatrix of (U � �In)�1.Now we consider the Cayley transformation with respect to � of UX = C(U) = {(�In � U)�1(�In + U)= �{In � 2{�(U � �In)�1:This yields X + {In = �2{�(U � �In)�1:(2.6)We partition X as we did U : X = � Xk X12X21 X22 �where Xk is the k � k leading principal submatrix of X . From (2.6) it follows thatXk + {Ik = �2{�(Uk � �Ik)�1:



On the perturbation theory for the unitary eigenvalue problem 9Therefore, Xk is the Cayley transformation of Uk. Further we obtain from (2.6):X21 = 2{�(U22 � �In�k)�1U21(Uk � �Ik)�1:If rank(U21) = 1, then rank(X21) = 1 as the other two matrices in the product havefull rank.Now we can use Theorem 2.5 to obtain that each interval formed by two eigen-values of Xk contains at least one eigenvalue of X . We have seen in (2.1) that theeigenvalues of X and Xk can be obtained from those of U and Uk via the Cayley trans-formation. As the Cayley transformation is monotone, this yields: each arc (�i; �i+1)on the unit circle, i = 1; : : : ; k � 1 contains at least one eigenvalue of U . For the twoouter arcs (�; �1); (�k; �) the statement follows directly from Theorem 2.4.The last result we mention in this section clari�es the question of how the eigen-values of a unitary matrix change if the matrix is modi�ed by a unitary di�ering fromI only by rank one. For the Hermitian case, the answer is given, e.g., in [17, chapter12.5.3]. For the unitary case we obtainTheorem 2.7. Let U; S 2 Cn�n be unitary matrices and S such thatrank(In � S) = 1:Then the eigenvalues of U and US interlace on the unit circle.Proof. See [4, section 6].3. Unitary upper Hessenberg Matrices. It is well known that any (unitary)n � n matrix can be transformed to an upper Hessenberg matrix H by a unitarysimilarity transformation Q. If the �rst column of Q is �xed and H is an unreducedupper Hessenberg matrix with positive subdiagonal elements (that is hi+1;i > 0),then the transformation is unique. Any n � n unitary upper Hessenberg matrixwith nonnegative subdiagonal elements can be uniquely parameterized by 2n� 1 realparameters. This compact form is used in [1, 3, 9, 11, 14, 19, 20, 21, 22, 23, 32] todevelop fast algorithms for solving the unitary eigenvalue problem.Let Gk = Gk(
k) = diag(Ik�1; � �
k �k�k 
k � ; In�k�1)with 
k 2 C, �k 2 IR+ and j
kj2 + �2k = 1, andeGn(
n) = diag(In�1;�
n)with 
n 2 C, j
nj = 1.The product H = H(
1; 
2; : : : ; 
n) := G1(
1) � � �Gn�1(
n�1) eGn(
n) == 0BBBBB@ �
1 ��1
2 ��1�2
3 � � � ��1 : : : �n�1
n�1 �
1
2 �
 � 1�2
3 � � � �
1�2 : : : �n�1
n�2 �
2
3 � � � �
2�3 : : : �n�1
n. . . . . . ...�n�1 �
n�1
n
1CCCCCA



10 On the perturbation theory for the unitary eigenvalue problemis a unitary upper Hessenberg matrix with positive subdiagonal elements. Conversely,if H 2 Cn�n is a unitary upper Hessenberg matrix with positive subdiagonal elements,then it follows from elementary numerical linear algebra that one can determine ma-trices G1; G2; : : : ; Gn�1; eGn such that eGHn GHn�1 � � �GH2 GH1 H = I . SinceH as a unitarymatrix has a unique inverse, this has to be eGHn GHn�1; :::GH2 GH1 . Thus H has a uniquefactorization of the formH = H(
1; 
2; :::; 
n) = G1(
1)G2(
2) � � �Gn�1(
n�1) eGn(
n):(3.1)The Schur parameters f
kgnk=1 and the complementary Schur parameters f�kgnk=1 canbe computed from the elements of H by a stable O(n2) algorithm [19]. In statisticsthe Schur parameters are referred to as partial correlation coe�cients and in signalprocessing as re
ection coe�cients [2, 11, 12, 25, 29, 30, 33].If �k = 0, then j
kj = 1, and we have the direct sum decompositionH = H(
1; :::; 
k)�H(
k
k+1; :::; 
k
n):Hence, in general �1�2:::�n�1 > 0 is assumed if the factorization (3.1) is used tosolve a unitary eigenvalue problem. Such a unitary upper Hessenberg matrix is calledunreduced. If � is an eigenvalue of an unreduced Hessenberg matrix, then its geometricmultiplicity is one [17, Theorem 7.4.4]. Since unitary matrices are diagonalizable, noeigenvalue of an unreduced unitary upper Hessenberg matrix is defective, that is, theeigenvalues of an unreduced unitary upper Hessenberg matrix are distinct.We will adapt the general theorems given in the last section to the more speci�ccase of unitary upper Hessenberg matrices. Let H 2 Cn�n be a unitary upper Hes-senberg matrix with positive subdiagonal elements, H = H(
1; : : : ; 
n). Partition Has H = � H11 H12H21 H22 �(3.2)where H11 is the k�k leading principal submatrix. From Theorem 2.4 we obtain thatthe modi�ed kth leading principal submatrix of H , Hk = H11�H12(H22��I)�1H21,is unitary (if � 2 C; j�j = 1; � not an eigenvalue of H). As Hk is a unitary upperHessenberg matrix, we can factor Hk = G1(b
1)G2(b
2) � � �Gk�1(b
k�1) eGk(b
k). Takinga closer look at Hk reveals that Hk di�ers fromH11 only in the last column. Hence themodi�cation of H11 to Hk is equivalent to a modi�cation of the re
ection coe�cient
k, i.e. Hk = Hk(
1; : : : ; 
k�1; �k); j�kj = 1:The following theorem by Bunse-Gerstner and He characterizes the correct choice ofthe parameter �k:Theorem 3.1. Let H = H(
1; : : : ; 
n) 2 Cn�n be a unitary upper Hessenbergmatrix with positive subdiagonal elements. For k 2 f1; : : : ; n� 1g let H be partionedas in (3.2). Let � 2 C; j�j = 1 not be an eigenvalue of H. De�ne parameters �l(�); l =1; : : : ; n by �n(�) = 
n�l(�) = �
l + �l+1(�)�+ 
l�l+1(�) l = n� 1; : : : ; 1:(3.3)



On the perturbation theory for the unitary eigenvalue problem 11Then Hk(
1; : : : ; 
k�1; �k(�)) = H11 �H12(H22 � �In�k)�1H21:Let �1; : : : ; �k and �1; : : : ; �n be the eigenvalues of Hk(
1; : : : ; 
k�1; �k(�)) and Hrespectively, where the eigenvalues are numbered starting at � moving counterclockwisealong the unit circle. Then for each i = 1; : : : ; k the eigenvalue �i lies on the arc(�i; �i+n�k):Proof. The interlace property follows directly from Theorem 2.4. For the rest ofthe proof see [10].Using Theorem 2.6 and 3.1 we obtainTheorem 3.2. Let H = H(
1; : : : ; 
n) 2 Cn�n be a unitary upper Hessenbergmatrix with positive subdiagonal elements. Let � 2 C; j�j = 1 not be an eigenvalueof H. For k 2 f1; : : : ; ng let Hk = Hk(
1; : : : ; 
k�1; �k(�)) where �k(�) is de�ned asin (3.3). Let �1; : : : ; �k be the eigenvalues of Hk. Then for i = 0; : : : ; k each arc(�i; �i+1) on the unit circle contains at least one eigenvalue of H, where �0 = �k+1 =�. Moreover,we obtainTheorem 3.3. Let H = H(
1; : : : ; 
n) 2 Cn�n be a unitary upper Hessenbergmatrix with positive subdiagonal elements. Then for any � 2 C; j�j = 1 there exists acutting point � 2 C; j�j = 1 such that the eigenvalues of Hk = Hk(
1; : : : ; 
k�1; �) andH have the interlace properties with respect to � on the unit circle given by Theorem3.1 and 3.2.Proof. We will show that � 7! �k(�) is an automorphism on the unit circle, thisproves the theorem. Note that for unitary upper Hessenberg matrices with positivesubdiagonal elements we have j
j j < 1; j = 1; : : : ; n� 1.Obviously � 7! �n�1(�) = �
n�1 + 
n�+ 
n�1
nis bijective on the unit circle. The same is true for the mapping�j(�) 7! �j�1(�) = �
j�1 + �j(�)�+ 
j�1�j(�) j = n� 1; : : : ; 2:Hence � 7! �k(�) is a one-to-one mapping of the unit circle onto itself.The statement of the above theorem can be summarized as follows: Any lead-ing principal submatrix of a unitary upper Hessenberg matrix with positive lowersubdiagonal elements can be modi�ed to be unitary by replacing the last re
ectioncoe�cient with a parameter on the unit circle. No matter how this parameter ischosen, there is always a cutting point � on the unit circle such that the eigenvaluesof the modi�ed leading principal submatrix and those of the entire matrix satisfy theinterlace properties given by Theorem 3.1 and 3.2.Disregarding the cutting point � and the two arcs formed with it, Theorem 3.3 impliesthe following corollary.Corollary 3.4. Let H = H(
1; : : : ; 
n) 2 Cn�n be a unitary upper Hes-senberg matrix with positive subdiagonal elements. For � 2 C; j�j = 1 let Hk =



12 On the perturbation theory for the unitary eigenvalue problemHk(
1; : : : ; 
k�1; �) 2 Ck�k ; k 2 f1; : : : ; ng. Then every arc on the unit circle formedby two eigenvalues of Hk contains an eigenvalue of H.In particular the above theorems show that the eigenvalues of two consecutivemodi�ed leading principal submatrices Hk and Hk+1 of a unitary upper Hessenbergmatrix with positive subdiagonal elements interlace on the unit circle. More speci�-cally, consider the modi�ed leading principal submatrices Hk = Hk(
1; : : : ; 
k�1; �k)and Hk+1 = Hk+1(
1; : : : ; 
k; �k+1) where j�kj = j�k+1j = 1 and k < n. The eigenval-ues of Hk and Hk+1 interlace with respect to the cutting point � on the unit circlewhere � is given by � = �k+1(1� 
k�k)�k � 
k :The remaining question is: how strongly do the eigenvalues of Hk(
1; : : : ; 
k�1; �)depend of the choice of �? We present some results on this dependence on the lastre
ection parameter.Theorem 3.5. Let Ha = H(
1; : : : ; 
n�1; �a); Hb = H(
1; : : : ; 
n�1; �b) be uni-tary upper Hessenberg matrices with positive subdiagonal elements, j�aj = j�bj = 1.1. The eigenvalues of Ha and Hb interlace on the unit circle.2. �(Ha; Hb) � j�a � �bj where the eigenvalue variation �(U;B) is de�ned by�(U;B) = minf maxi2f1;:::;ng j�i � ��(i)j;� permutation of f1; : : : ; ngg;the �i's being the eigenvalues of U and the �i's those of B.3. Let �a1 ; : : : ; �an and �b1; : : : ; �bn be the eigenvalues of Ha and Hb. LetSHk HaSk = diag(�a1 ; : : : ; �an)be the Schur decomposition of Ha, Sk = [s1; : : : ; sk] = [sij ]ki;j=1. Then fori = 1; : : : ; k minj2f1;:::;kg j�ai � �bj j � jjHbsi � �ai sijj2� j�a � �bj jskij:Proof.1. We have Hb = HaS where S = diag(In�1; �a�b)S is unitary and rank(In�S) = 1. According to Theorem 2.7, the eigenvaluesof Ha and Hb interlace on the unit circle.2. As the matrices Ha and Hb di�er only in the last column we havejjHa �Hbjj2 = jjG1(
1) � � �Gn�1(
n�1)[ eGn(�a)� eGn(�b)]jj2 = j�a � �bj:Since Ha and Hb are unitary, the statement 2: follows from the followingtheorem of Bhatia/Davis [5]:For all constant multiplies U = �Q and B = �V of two unitarymatrices Q and V we have�(U;B) � jjU �Bjj2:



On the perturbation theory for the unitary eigenvalue problem 13(For a completely di�erent proof and extension of the result to multiples ofunitaries see [6]. When U and B are Hermitian, the above inequality is aclassical result of Weyl).3. Hb is unitary and therefore unitarily diagonalizable. The �rst inequalityfollows directly from the following easy to prove result [8, Satz 1.8.14]:Let A 2 Cn�n be diagonalizable, A = TDT�1 where D = diag(�1; : : : ; �n)and T 2 Cn�n. Let � 2 C; x 2 Cn; jjxjj2 = 1 and r = Ax � �x.Then mini2f1;:::;ng j�i � �j � jjT jj2 jjT�1jj2 jjrjj2:Furthermore we obtainjjHbsi � �ai sijj2 = jj(Hb �Ha)sijj2= jjG1(
1) � � �Gn�1(
n�1)[ eGn(�a)� eGn(�b)]sijj2= jj(�a � �b)eTk sijj2= j�a � �bj jskij:Hence, eigenvalues of a unitary upper Hessenberg matrix, whose eigenvectors havea small last component, are not sensitive to changes in the last re
ection parameter.4. Numerical Examples. Numerical experiments are presented to elucidatethe statements of Section 3. The eigenvalues of a unitary upper Hessenberg matrixH are compared with the eigenvalues of modi�ed kth leading principal submatricesHk for di�erent dimensions k. The essential statements of Section 3 can be observedclearly:� Between two eigenvalues of Hk on the unit circle there lies an eigenvalue ofH (Corollary 3.4).� The eigenvalues of unitary upper Hessenberg matrices, whose correspondingeigenvectors have a small last component, are not sensitive against changesof the last re
ection coe�cient. (Theorem 3.5).All computations were done using MATLAB1 on a SUN SparcStation 10.A unitary upper Hessenberg matrixH = H(
1; : : : ; 
20) 2 C20�20 was constructedfrom 20 randomly chosen re
ection coe�cients 
1; : : : ; 
20 2 C. The eigenvalues�j of H lie randomly on the unit circle. The eigenvalue �j of the modi�ed kthleading principal submatrices Hk = Hk(
1; : : : ; 
k�1; �k) were computed for di�erentdimensions k < 20.For the �rst example �k = 
kj
kj was chosen. The eigenvalues of H and Hk areplotted for k = 10 and k = 15 in the following typical �gure. The eigenvalues of Hare marked by 'o', the eigenvalues of Hk by '*'.1MATLAB is a trademark of The MathWorks, Inc.
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 k = 10  k = 15

For the second example a random complex number �k; j�kj = 1 was chosen. Thefollowing �gure displays the same information as before.
 k = 10  k = 15

Corollary 3.4 states that every arc on the unit circle formed by two eigenvalues ofHk contains an eigenvalue of H . This can be seen in the above �gures. Comparing theresults of the two examples presented, one observes that independent of the choiceof �k the same eigenvalues of H are approximated. In Theorem 3.5 it was proventhat if the last component of an eigenvector of a unitary upper Hessenberg matrix issmall, then the corresponding eigenvalue is not sensitive against changes in the lastre
ection coe�cient. Individual bounds for the minimal distance of each eigenvalue�aj of Ha = Hk(
1; : : : ; 
k�1; �a) to the eigenvalues �bj of Hb = Hk(
1; : : : ; 
k�1; �b)are given minj2f1;:::;ng j�ai � �bj j � j�a � �bj jskijwhere s`i; ` 2 f1; : : : ; kg is the `th component of the eigenvector for the ith eigenvalueof Ha. This means that if there is an eigenvalue �ai of Ha such that the last componentof the corresponding eigenvector is small, then any unitary upper Hessenberg matrixof the form Hb will have an eigenvalue �bj that is close to �ai .The following table reports the minimal distance between each eigenvalue �
ki ofHk = Hk(
1; : : : ; 
k�1; 
k=j
kj) and the eigenvalues �randj of Hk = Hk(
1; : : : ; 
k�1; �)



On the perturbation theory for the unitary eigenvalue problem 15(where � 2 C; j�j = 1 is randomly chosen as above) as well as the error bounds fork = 10. The absolute di�erence between �a and �b was j�a � �bj = 1:9052e+ 00.minj2f1;:::;ng j�
10i � �randj j j�a � �bj jskij�
101 1.8894e-06 1.2717e-03�
102 8.6787e-05 7.2976e-03�
103 4.7180e-02 1.4922e-01�
104 3.8116e-04 1.9408e-02�
105 1.5810e-02 1.7357e-01�
106 2.4628e-03 7.1265e-02�
107 5.3716e-03 1.2358e-01�
108 9.5131e-05 5.8360e-02�
109 8.4488e-03 6.0709e-01�
1010 3.9452e-01 1.7845e+00Comparing the actual minimal distance with the error bound one observes that theapproximations are much better than the error bound predicts.The same results can be observed for larger unitary upper Hessenberg matricesH . Moreover, one can observe that the eigenvalues of the modi�ed leading principalsubmatrices H 0k�1 and H 0k interlace on the unit circle with respect to a cutting point�. 5. Concluding Remarks. In this paper, we have proved that the angles �kassociated with the eigenvalues �j of a unitary matrix U can be characterized byRayleigh quotients. An inclusion theorem for the eigenvalues of symmetric matricesgiven by Kahan was adapted to the unitary case. We discussed the special case ofunitary Hessenberg matrices, which is important for certain applications. We provedthat every arc on the unit circle formed by two eigenvalues of a modi�ed kth leadingprincipal submatrix of a unitary upper Hessenberg matrix contains an eigenvalue ofthe complete matrix. Results on the dependence of the eigenvalues of unitary upperHessenberg matrices on the last re
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