
On Numerical Methods For Discrete Least-SquaresApproximation By Trigonometric PolynomialsHeike Fa�bender�AbstractFast, e�cient and reliable algorithms for discrete least-squares approximation ofa real-valued function given at arbitrary distinct nodes in [0; 2�) by trigonometricpolynomials are presented. The algorithms are based on schemes for the solutionof inverse unitary eigenproblems and require only O(mn) arithmetic operations ascompared to O(mn2) operations needed for algorithms that ignore the structure ofthe problem. An algorithm which solves this problem with real-valued data and real-valued solution using only real arithmetic is given. Numerical examples are presentedthat show that the proposed algorithms produce consistently accurate results that areoften better than those obtained by general QR decomposition methods for the least-squares problem.Key words. trigonometric approximation, unitary Hessenberg matrix, Schur parameterAMS(MOS) subject classi�cations. 65D10, 42A10, 65F991 IntroductionA problem in signal processing is the approximation of a function known only at somemeasured points by a trigonometric function. A number of di�erent models for representingthe measured points as a �nite superposition of sine- and cosine-oscillations are possible.One choice could be to compute the trigonometric interpolating function. Then severalnumerical algorithms are available ([4, 5, 15]). But in general a large number of measuredpoints are given, such that this approach leads to a trigonometric polynomial with a lotof superposed oscillations (and a large linear system to solve). In practical applicationsit is often su�cient to compute a trigonometric polynomial with only a small number ofsuperposed oscillations. A di�erent, often chosen approach is the (fast) Fourier transform([15]). In this case the frequencies of the sine- and cosine-oscillations have to be chosenequidistant. More freedom in the choice of the frequencies and the number of superposedoscillations gives the following approach. Given a set of m arbitrary distinct nodes f�kgmk=1in the interval [0; 2�), a set of m positive weights f!2kgmk=1, and a real-valued function f(�)whose values at the nodes �k are explicitly known. Then the trigonometric functiont(�) = a0 + X̀j=1(aj cos j� + bj sin j�); aj; bj 2 IR(1)�Universit�at Bremen, Fachbereich 3 Mathematik und Informatik, 28334 Bremen, Germany, e-mail :heike@mathematik.uni-bremen.de 1



2 Fa�benderof order at most ` < m=2 is sought that minimizes the discrete least-squares errorjjf � tjjIR :=vuut mXk=1 jf(�k)� t(�k)j2!2k:(2)In general, m (the number of measured functional values) is much larger than n = 2` + 1(the number of coe�cients to be determined).Standard algorithms for solving the approximation problem (2) require O(mn2)arithmetic operations. In this paper faster algorithms are presented which make use ofthe special structure of the problem (2). In [17] Reichel, Ammar, and Gragg reformulatethe problem (2) as the following standard least-squares problem: MinimizejjDAc�Dgjj2 = min;(3)where D = diag(!1; :::; !m) 2 Cm�m is a diagonal matrix with the given weights on thediagonal and A is a transposed Vandermonde matrixA = 0BBBB@ 1 z1 � � � zn�111 z2 � � � zn�12... ... ...1 zm � � � zn�1m 1CCCCA 2 Cm�nwith zk = exp(i�k). g = [g(z1); :::; g(zm)]T 2 Cm is a vector of the values of a complexfunction g(z) and c = [c0; :::; cn�1]T 2 Cn is the solution vector. With the proper choiceof n and g, it is easy to see that the coe�cients of the trigonometric polynomials (1) thatminimizes the error (2) can be read o� of the least-squares solution bc of (3) (see [17]).The solution bc can be computed by using the QR decomposition of DA. Since DA hasfull column rank, there is an m �m unitary matrix Q with orthonormal columns and anm� n upper triangular matrix R with positive diagonal elements such thatDA = QR = (Q1jQ2) R10 ! = Q1R1;where Q1 2 Cm�n has orthonormal columns and R1 2 Cn�n has positive diagonalelements. The solution of (3) is given by bc = R�11 QH1 Dg. Algorithms that compute theQR decomposition of DA without using the special structure require O(mn2) arithmeticoperations ([14]). Demeure [9] presents a O(mn + n2 +m) algorithm to compute the QRdecomposition of a transposed Vandermonde matrix. This scheme explicitly uses AHA.In [17] Reichel, Ammar, and Gragg present an approach to compute the QR decomposi-tion ofDA that is based on computational aspects associated with the family of polynomialsorthogonal with respect to an inner product on the unit circle. Such polynomials are knownas Szeg�o polynomials. The following interpretation of the elements of Q1 and R1 in terms ofSzeg�o polynomials can be given : Q1 is determined by the values of the Szeg�o polynomials atthe nodes zk. R1 expresses the power basis in terms of the orthonormal Szeg�o polynomials.Therefore, the columns of R�11 are the coe�cients of the Szeg�o polynomials in the powerbasis. There exist algorithms for determining the values of the Szeg�o polynomials at nodeszk ([17, 12]) which require O(mn) arithmetic operations. The computation of the columnsof R�11 relies on the Szeg�o recursion and is closely related to the Levinson algorithm as(DA)TDA = RT1R1 is a Toeplitz matrix.



On Numerical Methods For Discrete 3Observe that DA = 0B@ !1 !1z1 !1z21 � � � !1zn�11... ... ... ...!m !mzm !mz2m � � � !mzn�1m 1CA= (q;�q;�2q; :::;�n�1q)= �0(q0;�q0;�2q0; :::;�n�1q0)with q := (!1; :::; !m)T ; �0 = jjqjj2; q0 := ��10 q and � = diag(z1; :::; zm). Thus, the matrixDA is given by the �rst n columns of the Krylov matrix K(�; q;m) = (q;�q; :::;�m�1q).We may therefore use the following consequence of the Implicit Q Theorem to computethe desired QR decomposition. If there exists a unitary matrix U such that UH�U = His a unitary upper Hessenberg matrix with positive subdiagonal elements, then the QRdecomposition of K(�; q0; m) is given by UR with R = K(H; e1; m). The construction ofsuch a unitary Hessenberg matrix from spectral data, here contained in � and q0, is aninverse eigenproblem. Thus the best trigonometric approximation to f can be computedvia solving this inverse eigenproblem. Because of the uniqueness of the here given QRdecomposition of K(�; q0; m), it follows from the above given interpretation of the elementsof Q1 that the elements in U are the values of the Szeg�o polynomials at the nodes zk. Thussolving the inverse unitary Hessenberg eigenvalue problem UH�U = H is equivalent tocomputing Szeg�o polynomials.Unitary Hessenberg matrices have special properties which allow the development ofe�cient algorithms for this class of matrices. Any n � n unitary Hessenberg matrix withpositive subdiagonal elements can be uniquely parametrized by n complex parameters, thatis H = G1(
1)G2(
2) � � �Gn(
n)for certain complex-valued parameters j
kj < 1; 1 � k < n, and j
nj = 1. Here Gk(
k)denotes the n � n Givens re
ector in the (k; k+ 1) planeGk = Gk(
k) = diag(Ik�1; " �
k �k�k 
k # ; In�k�1)with 
k 2 C, �k 2 IR+, j
kj2 + �2k = 1, andGn(
n) = diag(In�1;�
n)with 
n 2 C, j
nj = 1. The nontrivial entries 
k are called Schur parameters and the �kare called complementary Schur parameters. Ammar, Gragg, and Reichel make use of thisparametrization in [2] by developing an e�cient and reliable algorithm (IUQR-algorithm)for solving the inverse unitary Hessenberg eigenvalue problem. The algorithm manipulatesthe n complex parameters instead of the n2 matrix elements. An adaption of the IUQRscheme to the computation of the vector c0 = QH1 Dg can be given, which requires O(mn)arithmetic operations. After computing the vector c0, the least-squares solution bc = R�11 c0of (3) can be obtained using an algorithm closely related to the Levinson algorithm. Reichel,Ammar, and Gragg present in [17] an O(n2) algorithm to compute R�11 b for an arbitraryvector b 2 Cn.The algorithms proposed by Reichel, Ammar, and Gragg in [17] construct the least-squares solution bc of (3) in O(mn + n2) arithmetic operations. The coe�cients of the



4 Fa�benderoptimal trigonometric polynomial t of (2) can be recovered from bc. This representationof t is convenient if we desire to integrate or di�erentiate the polynomial or if we wish toevaluate it at many equidistant points on a circle with a center at the origin. If we, on theother hand, only desire to evaluate t at a few points, then we can use the representation oft in terms of Szeg�o polynomials. For details see [17].In [3] Van Barel and Bultheel generalize the method by Ammar, Gragg, and Reichel tosolve a discrete linearized rational least-squares approximation on the unit circle. Furthergeneralizations are given by Bultheel and Van Barel in [6].In [16] Newbery presents an algorithm for least-squares approximation by trigonometricpolynomials which is closely related to the computation of Szeg�o polynomials. This O(n2)algorithm and its connection to the algorithms presented here is discussed in [11, 13].The method proposed by Reichel, Ammar, and Gragg to solve the real-valuedapproximation problem (2) computes the real-valued solution using complex arithmeticby solving an inverse unitary Hessenberg eigenvalue problem UH�U = H , where a unitaryHessenberg matrix is constructed from spectral data. Now H = G1(
1)G2(
2) � � �Gn(
n)can be transformed to GoGHe by a unitary similarity transformation (see [1]), whereGo = G1(
1)G3(
3) � � �G2[(n+1)=2]�1(
2[(n+1)=2]�1) = 0BBBBBB@ �
1 �1�1 
1 �
3 �3�3 
3 . . . 1CCCCCCAis the product of the odd numbered elementary re
ectors andGHe = G2(
2)G4(
4) � � �G2[n=2](
2[n=2]) = 0BBBB@ 1 �
2 �2�2 
2 . . . 1CCCCAis the product of the even numbered elementary re
ectors. Here [x] = maxfi 2 INji � xg.Go; Ge are block diagonal matrices with block size at most two. Thus the inverse unitaryHessenberg eigenvalue problem UH�U = H is equivalent to an inverse eigenvalue problemQH(���I)QGe = Go��Ge, where a Schur parameter pencil is constructed from spectraldata.In this paper numerical methods for the trigonometric approximation are discussedwhich rely on this inverse eigenvalue problem for Schur parameter pencils. Especially,an algorithm is developed which requires O(mn) arithmetic operations to solve the real-valued approximation problem (2) using only real arithmetic. The following approach forsolving the approximation problem (2) is considered : (2) is reformulated to a real-valuedleast-squares problem jjD bf �D eAetjj2 where D 2 IRm�m; eA 2 IRm�n; bf 2 IRm; et 2 IRn. Thisleast-squares problem will be solved via an QR decomposition ofD eA. As D eA is a realm�nmatrix with full column rank, there exists a unique "skinny" real QR decomposition eQ1 eR1of D eA where eQ1 2 IRm�n has orthonormal columns and eR1 2 IRn�n is upper triangularwith positive diagonal entries [14, Theorem 5.2.2]. First it is shown that the Q-factor of theQR decomposition of D eA is the unitary matrix Q which transforms � = diag(z1; :::; zm)to Schur parameter pencil form Go � �Ge. The R-factor of the desired QR decompositionis a modi�ed Krylov matrix based on GoGHe . The computation of R implicitly yields the



On Numerical Methods For Discrete 5Cholesky factorization of a bordered block-Toeplitz-plus-block-Hankel matrix with 2 � 2blocks. An algorithm for inverting the upper square subblock of R is given.In Sections 3 and 4 algorithms for computing eQ1 and eR1 are developed, which use onlyreal arithmetic and require merely O(mn) arithmetic operations. For that purpose the e�ectof the transformation matrix eQ1 on the real and imaginary part of � = diag(z1; :::; zm) =diag(cos�1; :::; cos�m) + i diag(sin �1; :::; sin�m) is considered.Numerical results are given in Section 5. We will see that the proposed algorithmsproduce consistently accurate results that are often better than those obtained by generalQR decomposition methods for the least-squares problem.2 A real-valued approachNew, fast algorithms to solve the discrete least-squares approximation are developed,particularly algorithms which solve this problem with real-valued data und real-valuedsolution in O(mn) arithmetic operations using only real arithmetic. Instead of the approachused by Reichel, Ammar, and Gragg the following real-valued linear least-squares problemis considered. Since0B@ 1 sin �1 cos �1 � � � sin `�1 cos `�1... ... ... ... ...1 sin �m cos �m � � � sin `�m cos `�m 1CA0BBBBBBBB@ a0b1a1...b`a` 1CCCCCCCCA = 0B@ t(�1)...t(�m) 1CAeA et = bt;it follows with D = diag(!1; :::; !m) and bf = (f(�1); :::; f(�m))T thatjjf � tjjIR = jjD( bf � bt)jj2 = jjD bf �D eAetjj2:(4) As proven in [11] the matrix (D eA)T(D eA) belonging to the normal equations corre-sponding to (4), (D eA)T (D eA)et = (D eA)TD bf;is a bordered block-Toeplitz-plus-block-Hankel-matrix with 2� 2 blocks. In particular(D eA)TD eA = 0BBBB@ x11 xT1 � � � xT̀x1... T +Hx` 1CCCCAwith the symmetric block-Toeplitz-matrixT = 0BBBBBBBBBBBB@ A0 A1 A2 A3 � � � � � � A`�1AT1 A0 A1 A2 � � � � � � A`�2AT2 AT1 A0 A1 � � � � � � A`�3AT3 AT2 AT1 A0 . . . A`�4... ... ... . . . . . . . . . ...... ... ... . . . A0 A1AT̀�1 AT̀�2 AT̀�3 AT̀�4 � � � AT1 A0 1CCCCCCCCCCCCA 2 IR2`�2`



6 Fa�benderand the symmetric block-Hankel-matrixH = 0BBBBBBBB@ B0 B1 B2 � � � B`�2 B`�1B1 B2 B3 � � � B`�1 B`B2 B3 B4 � � � B` B`+1... ... ... ... ...B`�2 B`�1 B` � � � B2`�4 B2`�3B`�1 B` B`+1 � � � B2`�3 B2`�2 1CCCCCCCCA 2 IR2`�2`where2A0 = I;2Aj =  Pmp=1 !2p cos j�p �Pmp=1 !2p sin j�pPmp=1 !2p sin j�p Pmp=1 !2p cos j�p ! ; j = 1; 2; :::; `� 1;2Bj =  �Pmp=1 !2p cos(j + 2)�p Pmp=1 !2p sin(j + 2)�pPmp=1 !2p sin(j + 2)�p Pmp=1 !2p cos(j + 2)�p ! ; j = 0; 1; :::; 2`� 3;x11 = mXp=1!2p ; xTj = ( mXp=1 !2p sin j�p; mXp=1!2p cos j�p); j = 2; 3; :::; `:The minimum norm solution et of the linear least-squares problem (4) can be computedby using the QR decomposition of D eA. Since D eA has full column rank n = 2`+ 1, thereexists anm�m orthogonal matrix Q and anm�n upper triangular matrix R with positivediagonal elements such thatD eA = QR = (Q1jQ2) R10 ! = Q1R1;where R1 2 IRn�n has positive diagonal elements and Q1 2 IRm�n has orthonormal columns.The minimum norm solution et of (4) is therefore given byet = R�11 QH1 D bf:Moreover (D eA)TD eA = RT1R1:Thus R1 is the Cholesky faktor of (D eA)TD eA. Implicitly we have to compute the Choleskyfactorization of the special bordered block-Toeplitz-plus-block-Hankel-matrix (D eA)TD eA.Algorithms that compute the QR decomposition of D eA without using its structurerequire O(mn2) arithmetic operations. In this paper we present algorithms for the solutionof the least-squares problem (4) that implicitly compute the QR decomposition of D eA andrequire only O(mn) arithmetic operations.Let � = diag(ei�1; :::; ei�m), then because of cos � = 12(ei�+e�i�) and sin � = 12i(ei��e�i�)it follows with q = (!1; :::; !m)TD eA = 12[(�0 + (�H)0)q;�i(�� �H)q; (�+ �H)q; :::;�i(�`� (�H)`)q; (�`+ (�H)`)q]:Let �(�; q; `) be a modi�ed Krylov matrix�(�; q; `) = [q;�q;�Hq;�2q; (�H)2q; :::;�`q; (�H)`q] 2 Cm�(2`+1);



On Numerical Methods For Discrete 7whose columns are the vectors of the Krylov sequence fq;�Hq; (�H)2q; :::; (�H)`qg basedon �H interleaved with the vectors of the Krylov sequence f�q; �2q; :::; �`qg based on �.Then we haveD eA = 12�(�; q; `)0BBBBBBBBBBBBB@ 2 �i 1i 1 �i 1i 1 . .. �i 1i 1 1CCCCCCCCCCCCCA =: 12�(�; q; `)F:The idea is to compute the QR decomposition of D eA from a QR decomposition of�(�; q; `) by solving an inverse eigenproblem similar to the approach of Reichel, Ammar,and Gragg in [17]. For this we need the following lemma which is a consequence of Theorem2.12 and Theorem 3.2 in [7].Lemma 2.1. Given n distinct complex numbers f�kgnk=1 on the unit circle and associatedpositive weights f�2kgnk=1, there is a unique unreduced n�n Schur parameter pencil Go��Ge(with positive complementary Schur parameters) and unique unitary matrices Q and P suchthat QHe1 = ��10 [�1; :::; �n]TQ(�� �I)P = Go � �Ge� = diag(�1; :::; �n);where �0 = (Pnk=1 �2k) 12 .The lemma shows that the reduction of � to an unreduced Schur parameter pencilGo � �Ge = QH(�� �I)P is unique if the �rst column of Q is given. ChoosingQe1 = ��10 q; �0 = jjqjj2;and using �k = (QGoGHe QH)k = Q(GoGHe )kQH ;we get �kq = �0Q(GoGHe )ke1 and (�H)kq = �0Q(GeGHo )ke1.That is�(�; q; `) = �0Q[e1; GoGHe e1; GeGHo e1; (GoGHe )2e1; :::; (GoGHe )`e1; (GeGHo )`e1]= �0Q�(GoGHe ; e1; `) =: �0QR:As can be seen, R is anm�n upper triangular matrix whose diagonal elements are productsof the complementary Schur parameters. Therefore the upper n�n block of R is nonsingularwith positive diagonal elements Rii = �1 � � ��i�1. MoreoverR1;2i = R1;2i+1R2i;2i+1 = ��1 � � ��2i�1
2iR2i+1;2i+2 = ��1 � � ��2i
2i+1 9>=>; i = 1; :::; `:



8 Fa�benderThus we have D eA = �02 QRF with RF =0BBBBBBBBBBBBBBBBBBB@
2 2Im(R12) 2Re(R12) 2Im(R14) 2Re(R14) � � � 2Im(R1;2`) 2Re(R1;2`)0 i(R23 � R22) R23 +R22 i(R25 � R24) R25 +R24 � � � i(R2;2`+1 �R2;2`) R2;2`+1 + R2;2`0 iR33 R33 i(R35 � R34) R35 +R34 � � � i(R3;2`+1 �R3;2`) R3;2`+1 + R3;2`0 0 0 i(R45 � R44) R45 +R44 � � � i(R4;2`+1 �R4;2`) R4;2`+1 + R4;2`0 0 0 iR55 R55 � � � i(R5;2`+1 �R5;2`) R5;2`+1 + R5;2`... ... ... ... ... ... ...... ... ... ... ... i(R2`;2`+1 �R2`;2`) R2`;2`+1 + R2`;2`... ... ... ... ... iR2`+1;2`+1 R2`+1;2`+10 0 0 0 0 � � � 0 0... ... ... ... ... ... ...0 0 0 0 0 � � � 0 0

1CCCCCCCCCCCCCCCCCCCA :In order to get a unique "skinny", real-valued QR decomposition ofD eA from the above,2� 2 blocks of the form�1 � � ��2j�1 �i(1 + 
2j) (1� 
2j)i�2j �2j !have to be transformed to upper triangular form with positive diagonal elements. Choosingx2j = �22j + j1 + 
2jj2 2 IR; s2j = �2j=px2j 2 IR and c2j = (1 + 
2j)=px2j 2 C we get�1 � � ��2j�1 �i 1 ! �c2j s2js2j c2j ! �i(1 + 
2j) (1� 
2j)i�2j �2j ! =2(�22j + j1 + 
2jj2)�12�1 � � ��2j�1 (1 + Re(
2j)) Im(
2j)0 �2j !and with C2k = diag(I2k�1; " ic2k �is2ks2k c2k # ; Im�2k�1)Ce = C2C4 � � � C2` 2 Cm�mwe obtain CeRF = eR, such that eR is an m � n upper triangular matrix with positivediagonal elements. Let eQ = QCHe . Then a QR decomposition of D eA is given byD eA = �02 eQ eR = �02 eQ1 eR1where eQ1 are the �rst n columns of eQ and eR1 is the upper n � n block of eR. Since eR haspositive diagonal elements, this "skinny" QR decomposition has to be unique. ThereforeeQ1 and eR1 are real-valued matrices with eQ1 2 IRm�n and eR1 2 IRn�n.The minimum norm solution et of the least-squares problem (4) is obtained byet = 2��10 eR�11 eQH1 D bf:In order to solve the trigonometric approximation problem via the approach discussedhere, we have to solve the inverse eigenvalue problem QH(���I)Q = Go��Ge. In [11, 12]di�erent methods for solving this problem are discussed: the Stieltjes-like procedure fororthogonal Laurent polynomials, the generalized Arnoldi procedure for unitary diagonal



On Numerical Methods For Discrete 9matrix pencils, and the algorithm for solving the inverse eigenvalue problem for Schurparameter pencils. Each of these methods requires O(m2) arithmetic operations to computeQ, the Schur parameters 
1; :::; 
m, and the complementary Schur parameters �1; :::; �m�1.As only the �rst n columns of eQ (and Q) are required, these methods can be stopped after nsteps without solving the entire inverse eigenvalue problem. Simple modi�cations of thesealgorithms yield O(mn) algorithms to compute the �rst n � 1 Schur parameters and tocompute eQH1 D bf = CHe QH1 D bf . The solution of (4)jjD( bf � bt)jj2 = jjD bf �D eAetjj2 = jj eQHD bf � �02 eRbtjj2is now obtained by computing 2��10 eR�1( eQHD bf):As eR = CeRF and F and Ce are known and easily invertible, we have to invert the uppern � n block of R = �(GoGHe ; e1; `). In [11] two O(n2) algorithms are developed to invertR = �(GoGHe ; e1; `), that is to compute S = [s1; s2; :::; sn] 2 IRn�n with RS = I . Numericalexperiments show that the following of the two algorithms yields better results.Algorithm 1algorithm to invert �(GoGHe ; e1; k)input : N = 2k+1, f
jgNj=1; f�jgNj=1output : S = [s1s2:::sN ] with �(GoGHe ; e1; k)S = It1 = e1; s1 = t1for j = 1; 2; :::;N � 1tj+1 = ��1j (Jtj + 
jeIjtj)if j+1 eventhen sj+1 = bI�1j+1tj+1else sj+1 = bI�1j+1tj+1end ifend forwhere J = [e2; e3; :::; eN; 0];eIj = [ej; ej�1; :::; e2; e1; ej+1; :::; eN];bI�12j+1 = [e2j; e2j�2; e2j�4; :::; e4; e2; e1; e3; :::; e2j�1; e2j+1; e2j+2; :::; eN];bI�12j = [e2j�1; e2j�3; e2j�5; :::; e3; e1; e2; e4; :::; e2j�2; e2j; e2j+1; :::; eN]:This algorithm was obtained by the observation that s2k is a permutation of the 2kthcolumn of the inverse of the Krylov matrix K(H; e1; 2`) and s2k+1 is a permutation of the(2k + 1)st column of the inverse of the Krylov matrix K(H; e1; 2`) = K(H; e1; 2`) :[e1; He1; H2e1; :::; H2`e1]bI2ks2k = e2k;[e1; He1; H2e1; :::; H2`e1]bI2k+1s2k+1 = e2k+1:Since (K(H; e1; 2`))HK(H; e1; 2`) is a Toeplitz matrix, the inverse T = [t1; :::; tn] ofK(H; e1; 2`) can be computed by a simple modi�cation of the Levinson algorithm yieldingt1 = e1; tj+1 = ��1j (Jtj + 
j eIjtj).



10 Fa�bender3 Computation of eQ1In this section algorithms for computing eQ1 are developed which use only real arithmeticand require merely O(mn) arithmetic operations. Observing the e�ect of the transformationeQ1 to the real and imaginary part of � = C + iS; C = diag(cos�1; :::; cos�m); S =diag(sin �1; :::; sin�m) we obtaineQT1C eQ1 = X;eQT1 S eQ1 = Y;eQ1e1 = ��10 (!1; :::; !m)T ;where eQ1 2 IRm�n, X is a (2`+ 1)� (2`+ 1) symmetric pentadiagonal matrix of the form0BBBBBBBBBBBBBBB@ x x �x x x �� x x x �� x x x �� x x x �. . . . . . . . . . . . . . .� x x x �� x x x� x x
1CCCCCCCCCCCCCCCA ;and Y is a (2`+ 1)� (2`+ 1) symmetric bordered block tridiagonal matrix of the form0BBBBBBBBBBBBBBBBBBBBBB@

x �� x x x 	x x x xx x x x x 		 x x x x xx x x x x 		 x x x x x. . . . . . . . .x x x x x 		 x x x x xx x x x	 x x x
1CCCCCCCCCCCCCCCCCCCCCCA :(5)Here x denotes any real-valued, � any positive and 	 any negative matrix element. Theelements of the second subdiagonal of X are strictly positive, the elements of the thirdsubdiagonal of Y are less than or equal to zero.This observation motivates the following theorem.Theorem 3.1. Let n = 2` + 1 < m. Let C; S 2 IRm�m be symmetric matrices withC2 + S2 = I and CS = SC. Let u = (!1; :::; !m)T 2 IRm with uTu = 1. Then there existsa unique m� n matrix Q̂ with orthonormal columns such thatQ̂TCQ̂ = XQ̂TSQ̂ = YQ̂e1 = u



On Numerical Methods For Discrete 11where X is a symmetric pentadiagonal matrix with xj+2;j > 0, and Y is a symmetric matrixof the desired form (5) with y21 > 0; y2j+3;2j < 0 and y2j+2;2j�1 = 0.Proof : see proofs of Theorem 3 and Theorem 4 in [11].The existence proof in [11] constructs the matrices eQ1; X; and Y columnwise in aLanczos-like style from the equationsCeqj = eQ1xj ;Seqj = eQ1yj :The �rst column of eQ1 is given, the second column is found using the equation Seq1 = eQ1y1.The subsequent columns of eQ1 can be computed using only the equation Ceqj = eQ1xj . Thisconstruction leads to an O(mn) algorithm for the computation of eQ1; X; and Y . A problem(as for every Lanczos-like algorithm) is the loss of orthogonality between the columns ofeQ1. In the following a di�erent algorithm for computing eQ;X; and Y is developed, whichbuilds up the matricesX and Y successively by adding two new triplets (cos �2k; sin �2k; !2k)and (cos �2k+1; sin �2k+1; !2k+1) at a time (similar to the idea of the IUQR-algorithm byAmmar, Gragg, and Reichel in [2]). That is, an orthogonal matrix eQ is constructed suchthat eQTe1 = q = ��10 (!1; :::; !m)T and 1 eQ ! ( � qHq C !� � � 0H0 S !) 1 eQH ! =  � eH1e1 X !� � � 0H0 Y ! ;where X is a symmetric, pentadiagonal matrix with positive entries on the secondsubdiagonal and Y is a symmetric bordered block tridiagonal matrix of the form (5).For our constructions we will use the following notation (as given by Bunse-Gerstner andElsner in [7]). For 1 � j < k � n we denote by Q(j; k; z) the Householder transformationde�ned below, which eliminates the entries j + 1 through k in the vector z 2 Cn, i.e.,Q(j; k; z)z 2 spanfe1; :::; ej; ek+1; :::; eng:Here we have Q(j; k; z) = I � 1jjvjj222vvH;where vH = (0; :::; 0; zj + (sign zj)�; zj+1; ::::; zk; 0; ::::; 0) and � = (Pkl=j jzlj2) 12 . If z is real,then Q(j; k; z) is a real matrix. Note thatQ(j; k; z) = diag(Ij�1; bQ; In�k):For anyM 2 Cn�n the vectors consisting of the columns and rows of the matrix are denotedby the corresponding small letter as m�1; :::; m�n and m1�; :::; mn�, respectively. � denotesany matrix element not equal to zero, 
 denotes undesired matrix elements.In the following m = n is assumed for simplicity. For n = 3 the desired constructionis trivial. Let n > 3; n odd. We are given u = (!1; :::; !n)T ; C = diag(c1; :::; cn) andS = diag(s1; :::; sn) where c2j + s2j = 1. Assume that Q has been computed such thatQu = (!1; !2; x; 0; :::; 0) = u0; andC0 = QCQT = 0B@ c1 c2 X 0 1CA ; S 0 = QSQT = 0B@ s1 s2 Y 0 1CA ;



12 Fa�benderwhere X 0 and Y 0 are (n � 2) � (n � 2) matrices of the desired form. Let Q(1; n; u0) =Q(1; 3; u0) = Q1, then we get Q1u0 = (x; 0; :::; 0)T andX(1) = Q1C 0QT1 = 0BBBBBBBBBBBBB@ x x x 
 
x x x x 
x x x x x
 x x x x x
 
 x x x x xx x x x x. . . . . . . . . . . . . . .x x x x xx x x xx x x 1CCCCCCCCCCCCCA;Y(1) = Q1S 0QT1 = 0BBBBBBBBBBBBBBBBB@ x x 
 
x x x x
 x x x
 x x x x x xx x x xx x x x x xx x x x x x.. . . . . . . . . . . . . . . . .x x x x x xx x x x x xx x x xx x x x
1CCCCCCCCCCCCCCCCCA:Now a sequence of similarity transformation is performed to transform X(1) and Y(1) tomatrices of the desired form. The �rst two steps are straightforward. Due to the desiredform of the �rst columns/rows of X and Y , �rst we have to transform the �rst column/rowof Y(1) to the desired form, then the �rst column/row of the X-matrix. DetermineQ(2; n; (Y(1))�1) = Q(2; 4; (Y(1))�1) = Q2 and transform X(1) and Y(1):X(2) = Q2X(1)QT2 = 0BBBBBBBBBB@ x x x 
 
x x x x 
 
x x x x x 

 x x x x x
 
 x x x x x
 
 x x x x xx x x x x. . . . . . . .. . . . . . . 1CCCCCCCCCCA;Y(2) = Q2Y(1)QT2 = 0BBBBBBBBBBBBB@ x � 0 0� x x x x 
 
0 x x x x 
 
0 x x x x x xx x x x x x
 
 x x x x x x
 
 x x x x x xx x x x x xx x x x x x. . . . . . .. . . . . . . . . . . 1CCCCCCCCCCCCCA:Next choose Q(3; n; (X(2))�1) = Q(3; 5; (X(2))�1) = Q3 to bring the �rst column/row of X(2)



On Numerical Methods For Discrete 13to the desired formX(3) = Q3X(2)QT3 = 0BBBBBBBBBBB@ x x � 0 0x x x x 
 
� x x x x 
 
0 x x x x x 
0 
 x x x x x
 
 x x x x x
 
 x x x x xx x x x x. .. . . . . . . .. . . . . 1CCCCCCCCCCCA;Y(3) = Q3Y(2)QT3 = 0BBBBBBBBBBBBB@ x �� x x x x 
 
x x x x 
 
x x x x x xx x x x x x
 
 x x x x x x
 
 x x x x x xx x x x x xx x x x x x. . . . . . . . . . . . . . . . . . 1CCCCCCCCCCCCCA:Now di�erent ways to further reduce X(3) and Y(3) to the desired form are possible. Onepossibility is (analogous to the Lanczos-like algorithm to compute eQ) to reduce X(3)columnwise to the desired form. If Y(3) is transformed in the same way, then Theorem3.1 gives that Y(3) is transformed to the desired form as well. Numerical tests solving (4)showed that such a method for computing eQ did not produce good results for all testexamples. This method which works essentially on X produced very poor results if thevalues �k are chosen equidistant in the interval [0; �).A di�erent possibility to further reduce X(3) and Y(3) is described below. We transformthe second column of X(3) to the desired form by Q4 = Q(4; n; (X(3))�2) = Q(4; 6; (X(3))�2)X(4) = Q4X(3)QT4 = 0BBBBBBBBBBBBBBB@ x x �x x x � 0 0� x x x x 
 
� x x x x 
 
0 x x x x x 
0 
 x x x x x
 
 x x x x x
 
 x x x x xx x x x xx x x x x. . . . . . .. . . . . . . .
1CCCCCCCCCCCCCCCA;Y(4) = Q4Y(3)QT4 = 0BBBBBBBBBBBBBBBBB@ x �� x x x x 
 
x x x x 
 
x x x x x x 
 
x x x x x x 
 

 
 x x x x x x
 
 x x x x x x
 
 x x x x x x
 
 x x x x x xx x x x x xx x x x x x. .. . . . . . . .. . . . . . . .

1CCCCCCCCCCCCCCCCCA:



14 Fa�benderSubsequently the second column of Y(4) is transform to the desired form by Q5 =Q(5; n; (Y(4))�2) = Q(5; 7; (Y(4))�2)X(5) = Q5X(4)QT5 = 0BBBBBBBBBBBBBBBBB@ x x �x x x �� x x x x 
 
� x x x x 
 
x x x x x 
 

 x x x x x 

 
 x x x x x
 
 x x x x x
 
 x x x x xx x x x xx x x x x. . . . . . . . . . . . . . .
1CCCCCCCCCCCCCCCCCA;Y(5) = Q5Y(4)QT5 = 0BBBBBBBBBBBBBBBBB@ x �� x x x � 0 0x x x x 
 
x x x x x x 
 
� x x x x x 
 
0 
 x x x x x x0 
 x x x x x x
 
 x x x x x x
 
 x x x x x xx x x x x xx x x x x x. . . . . . . . . . . . . . . . . .
1CCCCCCCCCCCCCCCCCA:As C + iS is unitary, Q5Q4Q3Q2Q1Q(C + iS)QTQT1QT2QT3QT4QT5 = X(5) + iY(5) = Z(5) isunitary; that is Z(5)ZH(5) = I and especially Pnk=1(Z(5))1k(Z(5))6k = (Z(5))13(Z(5))63 = 0 aswell as Pnk=1(Z(5))1k(Z(5))7k = (Z(5))13(Z(5))73 = 0. From (Z(5))13 = (X(5))13 = (X(3))13 6=0, we get (Z(5))63 = (Z(5))73 = 0. Thus we obtainX(5) = 0BBBBBBBBBBBBBBB@ x x �x x x �� x x x x� x x x x 
 
x x x x x 
 
x x x x x 

 x x x x x
 
 x x x x x
 
 x x x x xx x x x x. . . . . . . . . . . . . . .

1CCCCCCCCCCCCCCCA;Y(5) = 0BBBBBBBBBBBBBBB@ x �� x x x �x x x xx x x x x x 
 
� x x x x x 
 
x x x x x xx x x x x x
 
 x x x x x x
 
 x x x x x xx x x x x x. . . . . . . . . . . . . . . . . .
1CCCCCCCCCCCCCCCA;



On Numerical Methods For Discrete 15the third columns/rows of X(5) and Y(5) are in the desired form. ChoosingQ6 = Q(6; 8; (X(5))�4); X(6) = Q6X(5)QT6 ; Y(6) = Q6Y(5)QT6 ;and Q7 = diag(I6;�1; In�7)Q(7; 9; (Y(6))�4); X(7) = Q7X(6)QT7 ; Y(7) = Q7Y(6)QT7 ;the fourth columns/rows of X(5) and Y(5) can be transformed to the desired form. Asabove we can argue that the �fth columns/rows of X(7) and Y(7) are in the desiredform. Now we have the same situation as after the construction of X(5); Y(5), solely theundesired elements are found 2 rows and columns further down. Therefore these undesiredelements can be chased down along the diagonal analogous to the last two steps. Thisgives rise to the following sequence of similarity transformations to add two new triplets(cos �2k; sin �2k; !2k); (cos �2k+1; sin �2k+1; !2k+1) to X 0 and Y 0.Algorithm 2IUQR-like algorithm to add two new triplets (cos �2k; sin �2k; !2k);(cos �2k+1; sin �2k+1; !2k+1) to X 0 and Y 0Q1 = Q(1; 3; u0); X = Q1C 0QT1 ; Y = Q1S0QT1Q2 = Q(2; 4; Y�1); X = Q2XQT2 ; Y = Q2Y QT2Q3 = Q(3; 5; X�1); X = Q3XQT3 ; Y = Q3Y QT3for j = 4, ..., n-2if j eventhen Qj = Q(j; j + 2;X�;j�2)else Qj = Q(j; j + 2; Y�;j�3)end ifX = QjXQTj ; Y = QjY QTjend forQn�1 = Q(n� 1; n;X�;n�3); X = Qn�1XQTn�1; Y = Qn�1Y QTn�1if y21 < 0then Qn+1 = diag(1;�1; In�2); X = Qn+1XQTn+1; Y = Qn+1Y QTn+1end iffor j = 3; :::;nif Xj;j�2 < 0then Qn+j = diag(Ij�1 ;�1; In�j); X = Qn+jXQTn+j ; Y = Qn+jY QTn+jend ifend forThe last statements of the algorithm ensure thaty21 > 0xk;k�2 > 0 for k 2 f3; 4; 6; 8; :::; ng:Theorem 3.1 gives yk;k�3 > 0 for k 2 f5; 7; 9; :::; ng:The given algorithm can easily be modi�ed to an O(mn) algorithm for computing eQ,X , and Y from f�kgmk=1 and f!kgmk=1. If m > n = 2`+ 1, it should be observed that onlythe relevant n� n block in X and Y is required. For even n only one new pair of data hasto be added in the last step; the transformation matrices Qj reduce to Givens rotations.For more details and the modi�ed algorithm see [11].



16 Fa�benderNumerical tests solving the trigonometric approximation problem showed that thismethod for computing eQ did not produce good results for all test examples. Choosingthe �k equidistant in [0; �) we obtain good results. But for �k equidistant in [0; 2�) thismethod does not work very well.A detailed analysis of the method shows that in each step matrices of the formXk = 0BBB@ xk+2;k xk+2;k+1xk+3;k xk+3;k+1xk+4;k xk+4;k+10 xk+5;k+1 1CCCA ; Yk = 0BBB@ yk+2;k yk+2;k+1yk+3;k yk+3;k+1yk+4;k yk+4;k+1yk+5;k yk+5;k+1 1CCCAare transformed to 0BBB@ x x0 x0 00 0 1CCCA ; 0BBB@ y yy y0 00 0 1CCCA :In our method, the �rst columns ofXk and Yk are transformed to the desired form. Theorem3.1 shows that the second columns of Xk and Yk also have the desired form. Implicitly thefact was used that the two second columns of Xk and Yk are linear dependent on the two�rst columns. Because of rounding errors the linear dependency is lost after only a fewsteps of the algorithm. The theoretically generated zeros in Xk and Yk are a�ected withincreasing rounding errors.Numerical tests suggest that the dissimilar treatment of the four column vectors arethe main reason for the increasing rounding errors. A method that uses all four vectorsfor the computation of the desired transformation could perhaps solve this problem (or atleast diminish it). As the four vectors0BBB@ xk+2;kxk+3;kxk+4;k0 1CCCA ; 0BBB@ xk+2;k+1xk+3;k+1xk+4;k+1xk+5;k+1 1CCCA ; 0BBB@ yk+2;kyk+3;kyk+4;kyk+5;k 1CCCA ; 0BBB@ yk+2;k+1yk+3;k+1yk+4;k+1yk+5;k+1 1CCCAspan a two dimensional subspace of IR4, the matrixMk = 0BBB@ xk+2;k xk+2;k+1 yk+2;k yk+2;k+1xk+3;k xk+3;k+1 yk+3;k yk+3;k+1xk+4;k xk+4;k+1 yk+4;k yk+4;k+10 xk+5;k+1 yk+5;k yk+5;k+1 1CCCAhas rank 2. Thus Mk has only 2 (nonzero) singular values �1 and �2. The computationof an SVD of Mk requires information of all 4 column vectors. Therefore the idea is tocompute the desired transformation by an SVD of Mk. From the SVD Mk = Uk�kVk withUk; Vk 2 IR4�4 unitary and �k = diag(�1; �2; 0; 0) 2 IR4�4 we obtainUTk Mk = �kVk = 0BBB@ x x x xx x x x0 0 0 00 0 0 0 1CCCA :



On Numerical Methods For Discrete 17A Givens rotation to eliminate the (2,1) element of UTk Mk transforms this to the desiredform 0BBB@ x x x x0 x x x0 0 0 00 0 0 0 1CCCA :Numerical tests (see Section 5) showed that this computational approach of the heredeveloped method for the trigonometric approximation problem produces consistentlyaccurate results similar to those of the method by Ammar, Gragg, und Reichel.A di�erent way of computing the desired transformation using all four column vectorsis the use of the rank-revealing QR decomposition of Mk [8]. With this approach the heredeveloped method produces slightly poorer results than with the SVD approach. As theoperation count for an SVD of a 4�4 matrix is not much higher than for the rank-revealingQR decomposition, all tests in Section 5 were done using the SVD approach.4 Computation of eR�11In this section an algorithm for inverting the upper n � n block of eR is developed whichuses only real arithmetic and requires merely O(n2) arithmetic operations. From Section 2we have eR = CeRF 2 IRm�n with n = 2`+ 1R = �(GoGHe ; e1; `) 2 Cm�nF = diag(2; K;K; :::;K)2 Cn�nK =  �i 1i 1 !Ce = C2C4 � � �C2l 2 Cm�mC2k = diag(I2k�1; " ic2k �is2ks2k c2k # ; Im�2k�1)From Ce(GoGHe )k = (CeGoCTe )kCe and Ce(GeGHo )k = (CeGoCTe )kCe for 1 � k � ` followsCeR = Ce[e1; GoGHe e1; GeGHo e1; (GoGHe )2e1; (GeGHo )2e1; :::; (GoGHe )`; (GeGHo )`e1]= [e1; CeGoCTe e1; (CeGoCTe )e1; :::; (CeGoCTe )`e1; (CeGoCTe )`e1]= �(CeGoCTe ; e1; `);where �(CeGoCTe ; e1; `) is an upper block triangular matrix of the form �0 ! = 0BBBBBBBBBBBBBBBBBBBB@
x x x x x x x � � � x xx x x x x x � � � x xx x x x x x � � � x xx x x x � � � x xx x x x � � � x xx x � � � x xx x � � � x x. .. ... ...x xx x0 0... ...0 0

1CCCCCCCCCCCCCCCCCCCCA



18 Fa�benderwith � = �(Ce;2`Go;2`+1CTe;2`; e1; `).Let S = [s1; s2; :::; s2l+1] 2 IRn�n be the inverse of the upper triangular matrix �F , thatis of the upper n � n block of eR. Then the vectors sk are the solutions of the equations�Fsk = ek for k = 1; :::; n. Noting that the last n� k columns of �F have no in
uence onthe solution of these equations since the last n� k entries in sk are zero, we have to solve[e1; (CeGoCTe )e1; (CeGoCTe )e1; :::; (CeGoCTe )ke1; (CeGoCTe )ke1; �]Fs2k = e2k;[e1; (CeGoCTe )e1; (CeGoCTe )e1; :::; (CeGoCTe )ke1; (CeGoCTe )ke1; �]Fs2k+1 = e2k+1:Tedious calculation yields (for a detailed derivation see [11]) for k = 1; 2; :::; `� 1s2k+2 = x�12k+2;2k[(12Pk � x2k;2kI)s2k � x2k�2;2ks2k�2 � x2k�1;2ks2k�1 � x2k+1;2ks2k+1];s2k+3 = x�12k+3;2k+1[(12Pk � x2k+1;2k+1I)s2k+1� x2k�1;2k+1s2k�1 � x2k;2k+1s2k�x2k+2;2k+1s2k+2]:where the relevant �rst 2k+ 1 columns of Pk are given by:Pke1 = 2e3;Pke2 = e4;Pkej = ej�2 + ej+2; j = 3; 4; :::; 2k+ 1:If s1; s2; s3 are known then s4; s5; :::; sn can be computed from the above formulae. Fors1; s2; s3 we have [e1; (CeGoCTe )e1; (CeGoCTe )e1; �]F [s1; s2; s3] = [e1; e2; e3]or [2e1; 2Y e1; 2Xe1; �][s1; s2; s3] = [e1; e2; e3]:This is equivalent to20B@ 1 y11 x110 y21 x210 0 x31 1CA0B@ s11 s21 s310 s22 s320 0 s33 1CA = 0B@ 1 0 00 1 00 0 1 1CA :Thus s1; s2; s3 can be computed directly from the above equation. We obtain the followingO(n2) algorithm for computing the inverse of the upper n� n block of eR.Algorithm 3algorithm for inverting the upper n � n block of eRinput : X;y11; y21output : S = [s1; s2; :::; s2l+1] with eR1S = Is1 = 12 e1s2 = (2y21)�1(�y11e1 + e2)s3 = (2x31)�1(�y�121 x21e2 + e3 � (y�121 y11x21 + x11)e1)s4 = x�142 [( 12P1 � x22I)s2 � x12s1 � x32s3]for k = 5; 6; :::;2l+ 1if k eventhen j := (k � 2)=2else j := (k � 3)=2end ifsk = x�1k;k�2[( 12Pj � xk�2;k�2I)sk�2 � xk�4;k�2sk�4 � xk�3;k�2sk�3 � xk�1;k�2sk�1]end for



On Numerical Methods For Discrete 195 Numerical ResultsWe present some numerical examples that compare the accuracy of the following methodsfor solving the trigonometric approximation problem (2):- AGR : the algorithm proposed in [17] as sketched in the introduction. The least-squares problem (3) jjDAc � Dgjj2 = min is solved via QR decomposition of DA, wherethe desired Q-factor of the QR decomposition is computed by an inverse unitary Hessenbergeigenvalue problem and the inverse of the upper square subblock of R is computed by analgorithm closely related to the Levinson algorithm (with complex arithmetic).- ver2.1 : the algorithm proposed in [11]. The least-squares problem (4) jjD bf�D eAetjj2 =min is solved via QR decomposition of D eA, where the desired Q-factor of the QRdecomposition is computed by an inverse eigenvalue problem for Schur parameter pencils[11, 12] and the inverse of the upper square subblock of R is computed by Algorithm 1(with complex arithmetic).- ver4.1 : the algorithm proposed in [11]. The least-squares problem (4) jjD bf�D eAetjj2 =min is solved via QR decomposition of D eA, where the desired Q-factor of the QRdecomposition is computed by simultaneous reduction of the real and imaginary part of� to a compact form (to X and Y ) as discussed in Section 3 (using the SVD approach)and the inverse of the upper square subblock of R is computed by Algorithm 3 (with realarithmetic).- linpack : The least-squares problem (4) jjD bf�D eAetjj2 = min is solved via the explicitformation of the matrix D ~A and the use of the LINPACK [10] routines sqrdc and sqrsl(with real arithmetic)For comparison of accuracy we compute the solution ~td of the system minjjD ~A~t�D ~f jj2in double precision using the NAG routine F04AMF. The �gures display the relative errorjj~t� ~td jj2=jj~tdjj2 where ~t is the coe�cient vector computed in single precision by the methodunder consideration. Each graph displays the errors for m = 50 and increasing values ofn. The arguments of the nodes are either equispaced in the interval [0; �), [0; 3=2�) or[0; 2�) or the arguments are randomly generated uniformly distributed numbers in [0; 2�).The weights are all equal to one, the elements of the real vector ~f are randomly generateduniformly distributed numbers in [�5; 5].A comparison of the methods AGR, linpack and ver2.1 is given in Figure 1, a comparisonof the methods AGR, linpack and ver4.1 is given in Figure 2. The graphs at the top of Figure1 and Figure 2 display the relative errors in the coe�cient vectors for equispaced nodes inintervalls smaller than 2�. As n increases, and the problem becomes more ill conditioned,the LINPACK routines are the �rst to produce inaccurate results. ver2.1 produces errorsthat are somewhat smaller than AGR, while ver4.1 produces errors that are about the sameas AGR. The graphs at the bottom of Figure 1 and Figure 2 display the relative error whenthe arguments are equispaced in [0; 2�) and when the arguments are randomly generateduniformly distributed numbers in [0; 2�). In the �rst case the LINPACK routines and ver2.1produce smaller errors than AGR, while ver4.1 produces slightly larger errors. Note that inthis case we are computing the Fourier transform and thus the FFT is a better method forsolving this problem. When the arguments are randomly generated uniformly distributedpoints in [0; 2�) the least-squares problem is relatively well conditioned and the algorithmsAGR, ver2.1 and ver4.1 yield roughly the same accuracy as n gets close to m.We obtained similar results to those in Figure 1 and Figure 2 with other choices for thenodes and the weights. For more numerical examples and a more detailed discussion see[11].



20 Fa�bender || AGR� � � ver2.1� � � � � � linpack
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m = 50, random arguments in [0, 2pi)
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m = 50, equispaced arguments in [0, 2pi)
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m = 50, equispaced arguments in [0, 3/2pi)
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Fig. 1.
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m = 50, equispaced arguments in [0, pi)
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m = 50, equispaced arguments in [0, 3/2pi)
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m = 50, equispaced arguments in [0, 2pi)

0 10 20 30 40 50
10

-14

10
-12

10
-10

10
-8

10
-6

10
-4

10
-2

10
0

n

re
l. 

er
ro

r

m = 50, random arguments in [0, 2pi)

Fig. 2.
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