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Abstract

Fast, efficient and reliable algorithms for discrete least-squares approximation of
a real-valued function given at arbitrary distinct nodes in [0,27) by trigonometric
polynomials are presented. The algorithms are based on schemes for the solution
of inverse unitary eigenproblems and require only O(mn) arithmetic operations as
compared to O(mn?) operations needed for algorithms that ignore the structure of
the problem. An algorithm which solves this problem with real-valued data and real-
valued solution using only real arithmetic is given. Numerical examples are presented
that show that the proposed algorithms produce consistently accurate results that are
often better than those obtained by general QR decomposition methods for the least-
squares problem.
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1 Introduction

A problem in signal processing is the approximation of a function known only at some
measured points by a trigonometric function. A number of different models for representing
the measured points as a finite superposition of sine- and cosine-oscillations are possible.
One choice could be to compute the trigonometric interpolating function. Then several
numerical algorithms are available ([4, 5, 15]). But in general a large number of measured
points are given, such that this approach leads to a trigonometric polynomial with a lot
of superposed oscillations (and a large linear system to solve). In practical applications
it is often sufficient to compute a trigonometric polynomial with only a small number of
superposed oscillations. A different, often chosen approach is the (fast) Fourier transform
([15]). In this case the frequencies of the sine- and cosine-oscillations have to be chosen
equidistant. More freedom in the choice of the frequencies and the number of superposed
oscillations gives the following approach. Given a set of m arbitrary distinct nodes {6, }7,
in the interval [0,27), a set of m positive weights {w?}7,, and a real-valued function f(6)
whose values at the nodes 6, are explicitly known. Then the trigonometric function

¢
(1) 1) = aO—I—Z(a]» cos 78 + b; sin 76), aj,b; € R
ji=1
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of order at most ¢ < m/2 is sought that minimizes the discrete least-squares error

(2) 1f =R = Jilf(%)—t(%)lzwi-

In general, m (the number of measured functional values) is much larger than n = 20 4 1
(the number of coefficients to be determined).

Standard algorithms for solving the approximation problem (2) require O(mn?)
arithmetic operations. In this paper faster algorithms are presented which make use of
the special structure of the problem (2). In [17] Reichel, Ammar, and Gragg reformulate
the problem (2) as the following standard least-squares problem: Minimize

(3) ||DAc — Dgl|, = min,

where D = diag(wy,...,w,) € C™*™ is a diagonal matrix with the given weights on the
diagonal and A4 is a transposed Vandermonde matrix

-1
1 Zl ... ZTI
1 Z2 Z;L_l mxn
A= . . : eC
n—1
1 z, z

with z;, = exp(if;). g = [9(z1), .-, 9(zm)]T € €™ is a vector of the values of a complex
function g(z) and ¢ = [cg, ..., ¢,_1]7 € C" is the solution vector. With the proper choice
of n and g, it is easy to see that the coefficients of the trigonometric polynomials (1) that
minimizes the error (2) can be read off of the least-squares solution ¢ of (3) (see [17]).

The solution ¢ can be computed by using the QR decomposition of DA. Since DA has
full column rank, there is an m X m unitary matrix ¢ with orthonormal columns and an
m X n upper triangular matrix R with positive diagonal elements such that

DA = QR = (Q1|Q2) ( ](%)1 ) = QlRlv

where ), € C™*" has orthonormal columns and R, € C"*" has positive diagonal
elements. The solution of (3) is given by ¢ = R7'Q¥ Dg. Algorithms that compute the
QR decomposition of DA without using the special structure require O(mn?) arithmetic
operations ([14]). Demeure [9] presents a O(mn 4+ n® + m) algorithm to compute the QR
decomposition of a transposed Vandermonde matrix. This scheme explicitly uses A7 A.

In [17] Reichel, Ammar, and Gragg present an approach to compute the QR decomposi-
tion of DA that is based on computational aspects associated with the family of polynomials
orthogonal with respect to an inner product on the unit circle. Such polynomials are known
as S5zegd polynomials. The following interpretation of the elements of ¢); and R; in terms of
Szegd polynomials can be given : ¢}, is determined by the values of the Szeg6 polynomials at
the nodes z;. R, expresses the power basis in terms of the orthonormal Szegd polynomials.
Therefore, the columns of R' are the coefficients of the Szegd polynomials in the power
basis. There exist algorithms for determining the values of the Szegd polynomials at nodes
2 ([17, 12]) which require O(mn) arithmetic operations. The computation of the columns

of RT' relies on the Szegd recursion and is closely related to the Levinson algorithm as
(DAY DA = RT R, is a Toeplitz matrix.
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Observe that

Wi wiz w2 e wpt
DA = :
Wm  WmZm  Wmaa, e Wyl

= (¢,Aq,\%q, ..., A" q)
= UO(QOqumAz(ZOv "'7An_1q0)

with ¢ := (w1, ..e,wm)?, 00 = ||qll2, g0 := 07 q and A = diag(z, ..., 2,,). Thus, the matrix
DA is given by the first n columns of the Krylov matrix K(A,q,m) = (q,Aq,...,A™ q).
We may therefore use the following consequence of the Implicit Q Theorem to compute
the desired QR decomposition. If there exists a unitary matrix U such that UYAU = H
is a unitary upper Hessenberg matrix with positive subdiagonal elements, then the QR
decomposition of K (A, g, m) is given by UR with R = K(H,e;, m). The construction of
such a unitary Hessenberg matrix from spectral data, here contained in A and ¢, is an
inverse eigenproblem. Thus the best trigonometric approximation to f can be computed
via solving this inverse eigenproblem. Because of the uniqueness of the here given QR
decomposition of K (A, g, m), it follows from the above given interpretation of the elements
of ()1 that the elements in U are the values of the Szeg6 polynomials at the nodes z,. Thus
solving the inverse unitary Hessenberg eigenvalue problem U#AU = H is equivalent to
computing Szegd polynomials.

Unitary Hessenberg matrices have special properties which allow the development of
efficient algorithms for this class of matrices. Any n X n unitary Hessenberg matrix with
positive subdiagonal elements can be uniquely parametrized by n complex parameters, that
is

H = Gi(11)Ga(72) -+ Galn)

for certain complex-valued parameters |y;] < 1,1 < k < n, and |y,| = 1. Here Gy(y1)
denotes the n x n Givens reflector in the (k, &+ 1) plane

. Yk Ok
G,=0G = diag({}_1, "
k k(’Vk) !]( k-1 [ o T

=

with v, € €, 04 € RT, |7]* 4+ 07 = 1, and

Gn(’yn) = diag(In—lv _’}/n)

with v, € C, |7,| = 1. The nontrivial entries v; are called Schur parameters and the oy,
are called complementary Schur parameters. Ammar, Gragg, and Reichel make use of this
parametrization in [2] by developing an efficient and reliable algorithm (IUQR-algorithm)
for solving the inverse unitary Hessenberg eigenvalue problem. The algorithm manipulates
the n complex parameters instead of the n? matrix elements. An adaption of the IUQR
scheme to the computation of the vector ¢/ = Q¥ Dg can be given, which requires O(mn)
arithmetic operations. After computing the vector ¢/, the least-squares solution ¢ = Ry '¢
of (3) can be obtained using an algorithm closely related to the Levinson algorithm. Reichel,
Ammar, and Gragg present in [17] an O(n?) algorithm to compute Ry 'b for an arbitrary
vector b € C".

The algorithms proposed by Reichel, Ammar, and Gragg in [17] construct the least-
squares solution ¢ of (3) in O(mn + n?) arithmetic operations. The coefficients of the



4 FASSBENDER

optimal trigonometric polynomial ¢ of (2) can be recovered from ¢. This representation
of ¢ is convenient if we desire to integrate or differentiate the polynomial or if we wish to
evaluate it at many equidistant points on a circle with a center at the origin. If we, on the
other hand, only desire to evaluate ¢t at a few points, then we can use the representation of
t in terms of Szegd polynomials. For details see [17].

n [3] Van Barel and Bultheel generalize the method by Ammar, Gragg, and Reichel to
solve a discrete linearized rational least-squares approximation on the unit circle. Further
generalizations are given by Bultheel and Van Barel in [6].

In [16] Newbery presents an algorithm for least-squares approximation by trigonometric
polynomials which is closely related to the computation of Szegd polynomials. This O(n?)
algorithm and its connection to the algorithms presented here is discussed in [11, 13].

The method proposed by Reichel, Ammar, and Gragg to solve the real-valued
approximation problem (2) computes the real-valued solution using complex arithmetic
by solving an inverse unitary Hessenberg eigenvalue problem U# AU = H, where a unitary
Hessenberg matrix is constructed from spectral data. Now H = G1(71)G2(72) -+ - Gn(7n)
can be transformed to G,G¥ by a unitary similarity transformation (see [1]), where

-7 01

o1 T
Go = Gi(n)G3(73)  Gonry2-1 (Yol 1y/21-1) = s O3
03 s

is the product of the odd numbered elementary reflectors and

1

—72 02

Gf = Gz(’yz)G4(’74) - ‘Gz[n/Z](’Vz[n/z]) = oy T,

is the product of the even numbered elementary reflectors. Here [z] = max{i € N|i < z}.
G,,G ., are block diagonal matrices with block size at most two. Thus the inverse unitary
Hessenberg eigenvalue problem U# AU = H is equivalent to an inverse eigenvalue problem
QT (A - ADNQG, = G, — AG., where a Schur parameter pencil is constructed from spectral
data.

In this paper numerical methods for the trigonometric approximation are discussed
which rely on this inverse eigenvalue problem for Schur parameter pencils. FEspecially,
an algorithm is developed which requires O(mn) arithmetic operations to solve the real-
valued approximation problem (2) using only real arithmetic. The following approach for
solving the approximation problem (2) is considered : (2) is reformulated to a real-valued
least-squares problem ||Df — DAf||, where D € R™™ A € ]Rmxn,f € R™,t € R". This
least-squares problem will be solved via an QR decomp051t10n of DA. As DA is areal mxn
matrix with full column rank, there exists a unique ”skinny” real QR decomposition Q R,
of DA where @, € R™" has orthonormal columns and R, € R™*" is upper triangular
with positive diagonal entries [14, Theorem 5.2.2]. First it is shown that the Q-factor of the
QR decomposition of DA is the unitary matrix ¢ which transforms A = diag(zy, ..., zm)
to Schur parameter pencil form G, — AG.. The R-factor of the desired QR decomposition
is a modified Krylov matrix based on G,G¥. The computation of R implicitly yields the
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Cholesky factorization of a bordered block-Toeplitz-plus-block-Hankel matrix with 2 x 2
blocks. An algorithm for inverting the upper square subblock of R is given.

In Sections 3 and 4 algorithms for computing @1 and R, are developed, which use only
real arithmetic and require merely O(mn) arithmetic operations. For that purpose the effect
of the transformation matrix @1 on the real and imaginary part of A = diag(z, ..., zn) =
diag(cosfy,...,cos8,,) + i diag(sin by, ...,sinb,, ) is considered.

Numerical results are given in Section 5. We will see that the proposed algorithms
produce consistently accurate results that are often better than those obtained by general
QR decomposition methods for the least-squares problem.

2 A real-valued approach

New, fast algorithms to solve the discrete least-squares approximation are developed,
particularly algorithms which solve this problem with real-valued data und real-valued
solution in O(mn) arithmetic operations using only real arithmetic. Instead of the approach
used by Reichel, Ammar, and Gragg the following real-valued linear least-squares problem
is considered. Since

Qg
1 sinf;, cos#, --- sindf, coslH, 21 1(6,)
1
1 sinf,, cosb,, --- sinfh,, cosll,, b t(0,)
¢
Qg
A i = t,

it follows with D = diag(wy, ...,w,,) and f= (f(61), .. f(0,,))T that
(4) I/ = tllg = I1D(] = D2 = ||D] = DAL],.

As proven in [11] the matrix (DA)T(DA) belonging to the normal equations corre-
sponding to (4), B B o
(DAY (DAYt = (DA)'DF,
is a bordered block-Toeplitz-plus-block-Hankel-matrix with 2 x 2 blocks. In particular

T11 x? “ .. x%
~ ~ T
(DAY'DA = Tan
Lo
with the symmetric block-Toeplitz-matrix
A, A, Ay Ay oo e Apy
AT Ay AL Ay e e A
AT AT Ay Ay e e Agg
T=| 4 AT AT A T A | e R
Ay A

AzT—1 AzT—z AZT—?) AZT—4 A? AO



6 FASSBENDER

and the symmetric block-Hankel-matrix

By By By -+ Bias By
B, By, Bs -+ B B
I B, By By -+ By By c R
Bes Bew By oo Bag Bas
Bew By Biyyr o+ Bas Bao
where
2140 - I,
m 9 : I
24, = [ ZpmrpeosIl g wsingby ) J=1,2, 00— 1,
dopoi W, sin g, 5T wlcos jo,
Cem o : m g e
2B, = p=rep S D0y LypoypsinGi 42 ) gy g g,
szl w, sin(j + 2)6, szl w, cos(j +2)8,
T, = Zwﬁ, $]T = (Zwﬁsinj@z,,z%fcosj@,), j=2,3,... 1L
p=1 p=1 p=1

The minimum norm solution ¢ of the linear least-squares problem (4) can be computed
by using the QR decomposition of DA. Since DA has full column rank n = 2( + 1, there
exists an m X m orthogonal matrix ¢) and an m X n upper triangular matrix R with positive
diagonal elements such that

DAV = QR = (Q1|Q2) ( ](%)1 ) = QlRlv

where R; € R"™" has positive diagonal elements and ; € R™*" has orthonormal columns.
The minimum norm solution ¢ of (4) is therefore given by

t=R7'QIDS.

Moreover
(DAY'DA = RTR,.

Thus R; is the Cholesky faktor of (D%I)TD%I. Implicitly we have to compute the Cholesky
factorization of the special bordered block-Toeplitz-plus-block-Hankel-matrix (D%I)TD%I.

Algorithms that compute the QR decomposition of DA without using its structure
require O(mn?) arithmetic operations. In this paper we present algorithms for the solution
of the least-squares problem (4) that implicitly compute the QR decomposition of DA and
require only O(mn) arithmetic operations.

Let A = diag(e®, ..., e*), then because of cos § = £(e’ +e7"") and sin 0 = (e’ —e™*)
it follows with ¢ = (wy, ..., wpm)?”

D%I = [(AO + (AH)O)% _Z(A - AH)qv (A + AH)qv ey _Z.(AZ - (AH)Z)% (AZ + (AH)Z)(]]

1
2
Let k(A, ¢, () be a modified Krylov matriz

KA, g, 0) = [g, Mg, g, APq, (A™)?q, oo Mg, (A7) q) € €7D,
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whose columns are the vectors of the Krylov sequence {q, Afq, (A)?q, ..., (A" )¢} based
on A interleaved with the vectors of the Krylov sequence {Aq, A%q, ..., A'q} based on A.
Then we have

~ 1 ' 1
DA = §H(A,q,ﬁ) o =: §H(A,q,ﬁ)F.

The idea is to compute the QR decomposition of DA from a QR decomposition of
k(A, q,0) by solving an inverse eigenproblem similar to the approach of Reichel, Ammar,
and Gragg in [17]. For this we need the following lemma which is a consequence of Theorem
2.12 and Theorem 3.2 in [7].

LemMMA 2.1. Given n distinct complex numbers {\;}7_, on the unit circle and associated
positive weights {v:}_,, there is a unique unreduced n x n Schur parameter pencil G, — \G,
(with positive complementary Schur parameters) and unique unitary matrices Q and P such
that

Qe = 7 ey U)F
QA= X)P =G, - MG,
A =diag(Ay, ..., M),

where oy = (Yh_, v2)3.

The lemma shows that the reduction of A to an unreduced Schur parameter pencil
G, — MG, = QH(A — M )P is unique if the first column of @ is given. Choosing

Qer = 05'q, oo = |lqll2,
and using
A =(QG,GTQ™ = Q(G,GTrQ",
we get
Arg = 00Q(G,GH ey and (AMYrg = 00Q(G.GH ey .
That is

k(A q,0) = 00Qler,G,GPer,G.GHey, (G,GH ey, ..., (GG ) e, (G.GH)e]
= 00Qr(G,GT e, 0) = 0,QR.

As can be seen, R is an m X n upper triangular matrix whose diagonal elements are products
of the complementary Schur parameters. Therefore the upper nxn block of R is nonsingular

with positive diagonal elements R;; = o1 ---0;_1. Moreover
R1,2z’ = R1,2i+1
Rojoip1 = =01 02179 i=1,..10

R2i+1,2i+2 = —01°" 027241
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Thus we have DA = ZQRE with RF =

2 2]m(R12) 2R6(R12) 2]177,(R14) 2R6(R14) e 2]177,(R172[) 2R6(R172[)

0 i(Rza — R22) Ras+ Roo 1(Ros — Raa) Ros+ Ras -+ 1(Rooe41 — Rope) R 2041 + Rape
0 tRa3 Ras i(Ras — R3a) Ras +Ras -+ i(Razeq1 — Raoe) R3o041 + Rapoe
0 0 0 i(Ras — Raa) Ras + Raa -+ (Rapeq1 — Ra2e) Ryoop1 + Rape
0 ( )

0 0 tRss Rss s (Rs2041 — Rs 20 Rs 2041 + Rs 20

i(Roe 2041 — Ror2e)  Rorer1 + Roeos

: : : : : 1R2041,26041 Roey12041
0 0 0 0 0 cee 0 0
0 0 0 0 0 cee 0 0

In order to get a unique ”skinny”, real-valued QR decomposition of DA from the above,
2 x 2 blocks of the form

Oy Oy ( —i(1+75) (1 —=7) )

1095 02;

have to be transformed to upper triangular form with positive diagonal elements. Choosing

Toj = Ugj + |1+ 799;|* € R, 895 = 09/ /T2; € R and ¢a; = (1 + 735)//T2; € C we get

1 25—1 1 82]' Ezj iUzj Uzj

(1+ Re(y2)) Im(7s) )

2 E D
2005 + |14 7517) 20y Uzy—l( 0 s

and with

iCzk —iSzk

Sak Cog

Cop = diag(fzk—hl ]7Im—2k—1)

Ce = CQC4"'CQZ E mem

we obtain C.RF = E, such that Risan m x n upper triangular matrix with positive
diagonal elements. Let @ = QCH. Then a QR decomposition of DA is given by

~ Tn ~ ~ O ~ ~
DA = 70@1% = 70@11%1

where @1 are the first n columns of @ and R, is the upper n X n block of R. Since R has
positive diagonal elements, this ”skinny” QR decomposition has to be unique. Therefore
@1 and R, are real-valued matrices with @1 € R™" and R, € R" ",

The minimum norm solution ¢ of the least-squares problem (4) is obtained by

T=207"R;'QUDY.

In order to solve the trigonometric approximation problem via the approach discussed
here, we have to solve the inverse eigenvalue problem Q(A—-A)Q = G, —AG.. In [11, 12]
different methods for solving this problem are discussed: the Stieltjes-like procedure for
orthogonal Laurent polynomials, the generalized Arnoldi procedure for unitary diagonal
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matrix pencils, and the algorithm for solving the inverse eigenvalue problem for Schur
parameter pencils. Each of these methods requires O(m?) arithmetic operations to compute
(), the Schur parameters vy, ..., v,,, and the complementary Schur parameters o4, ..., 0,,_;.
As only the first n columns of @ (and @) are required, these methods can be stopped after n
steps without solving the entire inverse eigenvalue problem. Simple modifications of these
algorithms yield O(mn) algorithms to compute the first n — 1 Schur parameters and to
compute QHDf CHQHDf The solution of (4)

~ o~ ~ o~ o~ o~ T ~~
ID(f = DIl = ||Df = DAL, = [|Q" D f — > Ril|

is now obtained by computing

205 R7(Q"DY).
As R = C.RF and F and C. are known and easily invertible, we have to invert the upper
n x n block of R = k(G,GH ey, (). In [11] two O(n?) algorithms are developed to invert
R = k(G,G¥ e,,(), that is to compute S = [sy, Sy, ..., 5,] € R"*" with RS = I. Numerical
experiments show that the following of the two algorithms yields better results.

Algorithm 1
algorithm to invert x(G,G¥ e, k)
input : N = 2k+1, {, }5\7:1’ {0]}5\;1
output : S = [s152...sy5] with K(Gon,el,k)S =17
t1 = €1,81 = t1
for 5y = 1,2,...,N— 1
tiy1 =0, Nt +7JI i)
if j+1 even N
then Si41 = IJ+1tJ+1

else Si41 = I]+1tj+1

end if
end for
where
J = [es,e5,....en,0],
I = [ej,€j_1,.s€9,€1,€j41, ..., €N],
IZ_]-I—l = [62]762] 2,62] 4,...,64,62,61,63,...,62j_1,€2j+1,€2j+2,...,GN],
IZ_] = [62] 1,62] 3,62] 5,...,63,61,62,64,...,62j_2,€2j,€2j+1,...,GN].

This algorithm was obtained by the observation that s, is a permutation of the 2kth
column of the inverse of the Krylov matrix K(H,e;,2() and ss41 is a permutation of the
(2k + 1)st column of the inverse of the Krylov matrix K(H,ey,2() = K(H,ey,2() :

[617H617H2617"'7H2Z€1]f2k52k = €op,
E— —20 -
[617H€17H €1,y H 61]Izk+182k+1 = €2k41-
Since (K(H,e,20))PK(H,e,,2() is a Toeplitz matrix, the inverse T = [t;,...,1,] of

K(H,ey,2() can be computed by a simple modification of the Levinson algorithm yielding
tl = €1, t]'+1 = O'J_l(Jt] + ’}/lefy)
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3 Computation of Q;

In this section algorithms for computing @1 are developed which use only real arithmetic
and require merely O(mn) arithmetic operations. Observing the effect of the transformation
Q. to the real and imaginary part of A = C 4 ¢5,C = diag(cosby,...,cos6,),5 =
diag(sinfy, ...,sin6,,) we obtain

@fcél = X7
QfSQl = Y7
Qlel = O-o_l(wlv"'vwm)Tv

where @1 € R™", X is a (20 + 1) x (2( + 1) symmetric pentadiagonal matrix of the form

T T &P
T x T &P
b x x x P
b x x x
b x x* z &P ,
b x T x &P
b x* =z =
b z =x

and Y is a (204 1) X (20 4+ 1) symmetric bordered block tridiagonal matrix of the form

x | D
Gl |z B
T x|z =
T T |lx xT|lx B
5 x|l x|z <«
T z |z x| x 6
(5) S x|lax x|z =z
T x|z x|z 6
5 |l x|l «x
T xT|xT T
5 x|l =«

Here z denotes any real-valued, @ any positive and & any negative matrix element. The
elements of the second subdiagonal of X are strictly positive, the elements of the third
subdiagonal of Y are less than or equal to zero.

This observation motivates the following theorem.

THEOREM 3.1. Let n = 20+ 1 < m. Let C,5 € R™™ be symmetric matrices with
C?*4+ 52 =T and CS = SC. Let u = (wy,...,wy,)’ € R™ with u"vw = 1. Then there exists
a unique m X n matriz ) with orthonormal columns such that

QTC) = X
QTSSO = Y
@61 = u
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where X is a symmetric pentadiagonal matriz with x5 ; > 0, and Y is a symmetric matriz
of the desired form (5) with ys; > 0, Y2132 < 0 and yaj1242;-1 = 0.
Proof : see proofs of Theorem 3 and Theorem 4 in [11].

The existence proof in [11] constructs the matrices él,X, and Y columnwise in a
Lanczos-like style from the equations

Cg = Qyay,
S = Qv

The first column of @1 is given, the second column is found using the equation Sq; = élyl.
The subsequent columns of @1 can be computed using only the equation C'g; = élxj. This
construction leads to an O(mn) algorithm for the computation of @1,X, and Y. A problem
(as for every Lanczos-like algorithm) is the loss of orthogonality between the columns of

Q. )
In the following a different algorithm for computing @, X, and Y is developed, which

builds up the matrices X and Y successively by adding two new triplets (cos 0, sin 8o, way,)
and (cosfsypyi,sinbopyy, waryr) at a time (similar to the idea of the IUQR-algorithm by
Ammar, Gragg, and Reichel in [2]). That is, an orthogonal matrix @ is constructed such
that QTe; = ¢ = oy (Wi, ey W) T and

o) e) B a )0 T) (6 Y)

where X is a symmetric, pentadiagonal matrix with positive entries on the second
subdiagonal and Y is a symmetric bordered block tridiagonal matrix of the form (5).

For our constructions we will use the following notation (as given by Bunse-Gerstner and
Elsner in [7]). For 1 < j < k < n we denote by Q(j,k, z) the Householder transformation
defined below, which eliminates the entries 7 + 1 through k in the vector z € C", i.e.,

Q(]v k? Z)Z € Span{elv sy €55 Cp g1y ey en}‘

Here we have

2007,

Q(jvkvz) =1-
[[ol13
where v# = (0,...,0,% + (signZ; ), Zj 41, - Z, 0, ..oy 0) and @ = (Zf:j |z2|?)%. If 2 is real,
then Q(jJ,k, z) is a real matrix. Note that

Q(]v k? Z) = diag(lj—h@vln—k)-

For any M € C?*” the vectors consisting of the columns and rows of the matrix are denoted
by the corresponding small letter as m,q, ..., My, and mq,, ..., M, respectively. @ denotes
any matrix element not equal to zero, ® denotes undesired matrix elements.

In the following m = n is assumed for simplicity. For n = 3 the desired construction
is trivial. Let n > 3,n odd. We are given u = (wy,...,w,)",C = diag(cy,...,c,) and
S = diag(sy, ..., 5,) where 6]2» + 5]2» = 1. Assume that ¢) has been computed such that
Qu = (w,wq,2,0,...,0)= v, and

(&1 S1
C'=QCQ" = Cs ) 5 =Q9Q" = 89 )
X' Y’
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where X’ and Y’ are (n — 2) X (n — 2) matrices of the desired form. Let Q(1,n,u') =
Q(1,3,u') = Q,, then we get Qv = (z,0,...,0)" and

r r r @ ®
T r T T [039)
r T T = z
X T x T T T
® ® T T T x
Xy = Q. C'Q = r T T T =z ,
z z z z z
z z
z z z
r oz ® ®
r ¥ x X
R T =z T
R T =z T T T T
z z z z
z z z z z z
Y(l) = QlS/Qf: T T T T T T
z z z z z z
z z z z z
z z z z
z z z z

Now a sequence of similarity transformation is performed to transform Xy and Y(;) to
matrices of the desired form. The first two steps are straightforward. Due to the desired
form of the first columns/rows of X and V', first we have to transform the first column/row
of Y{;) to the desired form, then the first column/row of the X-matrix. Determine
Q(2,n,(Y))) = Q(2,4,(Y(1))1) = @2 and transform X ;) and Y(yy:

r r  ® ®
r r T T @ &
T T T T T [039)
® =z T T T T
X(z) = Q2X<1>Q§= @ ® z ¢ T @ z >
® ® T =z = T T
T T T T T
r @ 0 0
© z T T T @ @
0 =z z z z @ Q&
0 = x* = x =« x
r T T T T
Y(Z) = Q2Y(1)Q§: ® ® T T T =w x x
R ® z z T < T T
T T T T
T T T T T T

Next choose (3,1, (X(2)).1) = Q(3,5,(X(2)).1) = @5 to bring the first column/row of X,



ON NUMERICAL METHODS FOR DISCRETE 13

to the desired form

r = @ 0 0
T oz z T @ &
Q =z T T r & [039)
0 = = = % =« (o5}
_ T _ 0 ® « = =z =« x
X = Qs3X9Q3 = 5 ® 2 o 5 o s )
® ® T T = T x
x x x x x
r @
© =z T r r & [039)
T T r r & [039)
r *r T xr T x
r *r T xr T x
Y(3) = Q3Y(2)Q§: ® ® = ¢ ¢ © ¢
® ® T T T x
x x x x x x
x x x x x x

Now different ways to further reduce X3y and Y(3) to the desired form are possible. One
possibility is (analogous to the Lanczos-like algorithm to compute @) to reduce X
columnwise to the desired form. If Y(3) is transformed in the same way, then Theorem
3.1 gives that Y3 is transformed to the desired form as well. Numerical tests solving (4)
showed that such a method for computing @ did not produce good results for all test
examples. This method which works essentially on X produced very poor results if the
values 6 are chosen equidistant in the interval [0, 7).

A different possibility to further reduce X3y and Y3 is described below. We transform

the second column of X3, to the desired form by Q4 = Q(4,n,(X(3)).2) = Q(4,6,(X(3))s2)

T z Q
r x x © 0 0
© =z T T zr ® &
©Q T T T T Q@ @
0 r r T T T &
_ T _ 0 ® « = x ¢ =x
X(4) - Q4X(3)Q4— ® ® z 1 = % - ’
® ® T T T <
r T T T
T T T
r @
Q =z T T zr &
T T zz T ® &
r v z T T T & &
r v z T T T & &
R &K =z T T T T T
Y(4) = Q4Y(3)QZ: ® ® T T T T T T
® ® T T < T T
® ® T T < T T
T T T T T T
T T T T T T
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Subsequently the second column of Y is transform to the desired form by @5 =
Q(57 n, ()/(4))*2) = Q(57 77 (1/(4))*2)

T T Q
T T T Q
O * x* T T &
© z T T T Q@ @
r z z T T & ®
® T T T T T &
X = QsX(4)QT: ® ® =z v T T ° )
® ® * T T T T
X & T T T T X
r x* T xr
r T T T &
r O
o«  x @ 0 0
T T T T Q@ &
r v z T T T & &
©Q z z T T T @ &
0 ® = = = x* T ¥
Y(S) = Q5Y(4)Q§= 0 ® z = =z © =z =«
® ® = *  x T T
X ® T x* x* T x T
r ¥ T T T x
r ¥ T T T x

As €' 448 is unitary, Q5Q4QsQ-Q,Q(C + ’S)QTQngQg_QZ 5 =X+ Y5y = Z5) 1
unitary; that is Zs)Z{§, = I and especially 35;_ (Z5))1x(Z5))s;, = (Zi5))18(Z5))55 = 0 as
WeH as ZZ:I(Z(5))1k(Z(5))7k = (Z(5))13(Z(5))73 = 0. From (Z(5))13 = (X(5))13 = (X(3))13 #
0, we get (Z(s))ss = (Z(5))73 = 0. Thus we obtain

zr x Q
T x*x x Q
© T T T T
O x* x* T T R &
r r Tz T T © &
T * x* T T ©
X(S)_ ®XQ T T T T T ’
X ® T x* x* T x
® ® T T T T T
r * T T
r O
©Q T x* T Q
r ¥ T =
T r Tz T T T Q ®
Q T T T T T ®
r T T T T T .
Y(S)_ r T T T T T ’
® ® ¢ T T T
R ® x* T T x T
r * T T T T
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the third columns/rows of X(5) and Y(5) are in the desired form. Choosing
Qs = Q(6,8, (X(5))*4)7 X(6) = Q6X(5)ng Y(6) = Q6Y(5)an
and
Q7 = diag(ls, —1,1,_7)Q(7,9, Vo)) X(r = Q7 X6)@%, Yir) = Q:Y5Q7,

the fourth columns/rows of X(5) and Y(5) can be transformed to the desired form. As
above we can argue that the fifth columns/rows of X7y and Y7 are in the desired
form. Now we have the same situation as after the construction of X(s),¥(s), solely the
undesired elements are found 2 rows and columns further down. Therefore these undesired
elements can be chased down along the diagonal analogous to the last two steps. This
gives rise to the following sequence of similarity transformations to add two new triplets
(cos Bap, sin Oy, war ), (cOSOap iy, sin bop 1, wapr1) to X and Y.

Algorithm 2
IUQR-like algorithm to add two new triplets (cos ay, sin Oaz, way ),
(cosOapqy,sinbop iy, wapyr) to X and Y’

Q1 =Q(L3,u), X=1C'Qf, Y =Q:15'Q1
Q:=Q(2,4,Yn), X =Q:XQF, Y =Q:YQJ
Qs =Q(3,5,Xu), X =Q:XQF, Y =QYQ7
for j =4, ..., n-2
if j even
then Q; = Q(j,§ + 2, X4 j—2)
else @; = Q5,7 +2,Ys j-3)
end 1f
X = QJXQ]Ta Y= QJYQ]T
end for
Qn1=Qn—1,n,Xun3), X=0Qn1XQ, 1, Y =0Qu1YQn_,
if y21 <0
then Quir = diag(l, =1, 1n—3), X = Qni1 XQi 11, ¥V = Qni1 YQLL,
end if
for y=3,..,n
i X, <0
then Qni; = diag(lj—1,—1,In—;), X = Qni; XQry,, Y = Qny; YQL
end 1f

end for

The last statements of the algorithm ensure that

Yo > 0
Tpp—2 > 0 for ke {3,4,6,8,...,n}.

Theorem 3.1 gives
Yp k-3 > 0 for ke {5,7,9,...,n}.

The given algorithm can easily be modified to an O(mn) algorithm for computing Q,
X,and Y from {6;}7, and {w,}7,. If m > n = 2(+ 1, it should be observed that only
the relevant n X n block in X and Y is required. For even n only one new pair of data has
to be added in the last step; the transformation matrices ); reduce to Givens rotations.
For more details and the modified algorithm see [11].
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Numerical tests solving the trigonometric approximation problem showed that this
method for computing @ did not produce good results for all test examples. Choosing
the 6, equidistant in [0,7) we obtain good results. But for 6, equidistant in [0,27) this
method does not work very well.

A detailed analysis of the method shows that in each step matrices of the form

Tr+2k Thk+2k+1 Y2k Yr42k41
Tr4+3,k Thk+3k+1 Y43k Yr43k+1
Xk: 9 Yk:
Trtak Thk+da,k+1 Yerar  Yrtark+1
0 Tpts k41 Yes, ke Yk+5k41
are transformed to
Lz vy
0 =z vy
0 0 ’ 0 0
0 0 0 0

In our method, the first columns of X; and Y}, are transformed to the desired form. Theorem
3.1 shows that the second columns of X and Y} also have the desired form. Implicitly the
fact was used that the two second columns of X; and Y; are linear dependent on the two
first columns. Because of rounding errors the linear dependency is lost after only a few
steps of the algorithm. The theoretically generated zeros in X, and Y, are affected with
increasing rounding errors.

Numerical tests suggest that the dissimilar treatment of the four column vectors are
the main reason for the increasing rounding errors. A method that uses all four vectors
for the computation of the desired transformation could perhaps solve this problem (or at
least diminish it). As the four vectors

Lhy2k Th42 k+1 Yet2,k Yk42 k+1

Lk43,k Tk43,k+1 Ye+3,k Yk4+3 k+1
? ? ?

Lhkta,k Lhtd k+1 Yeta,k Yk4+4 k+1

0 Tpts k41 Ye+5,k Y45,k +1

span a two dimensional subspace of R*, the matrix

Tiet2k LTe+2k+1 Ye+2k  Ye+2 k41

M Tip+3,k LTe+3k+1 Ye+3k Ye43k+1
k

Titak LTr+ak+1 Ye+ak Ye+a k41

0 Tp+5k+1  Ye+5k  Yh+5k+1

has rank 2. Thus M} has only 2 (nonzero) singular values ¢; and o,. The computation
of an SVD of M, requires information of all 4 column vectors. Therefore the idea is to
compute the desired transformation by an SVD of M;. From the SVD M, = U,X,V; with
Uy, Vi € R unitary and 3; = diag(oy,0,,0,0) € R*** we obtain

o O R OR
o O 8 R
o O R OR
o O 8 R
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A Givens rotation to eliminate the (2,1) element of U] M; transforms this to the desired
form

xT ox x x
0 z = =
0 0 0 0
0 0 0 0

Numerical tests (see Section 5) showed that this computational approach of the here
developed method for the trigonometric approximation problem produces consistently
accurate results similar to those of the method by Ammar, Gragg, und Reichel.

A different way of computing the desired transformation using all four column vectors
is the use of the rank-revealing QR decomposition of M; [8]. With this approach the here
developed method produces slightly poorer results than with the SVD approach. As the
operation count for an SVD of a 4 x 4 matrix is not much higher than for the rank-revealing
QR decomposition, all tests in Section 5 were done using the SVD approach.

4 Computation of R

In this section an algorithm for inverting the upper n x n block of R is developed which
uses only real arithmetic and requires merely O(n?) arithmetic operations. From Section 2
we have

= C.RFeR™" with n=20+1
= H(Gon,el,ﬁ) € men
= diag(2,K,K,...,K)e C""

o =i
]‘_(i1)

Ce = CzC4"'Cz[ E mem

Cor, = diag(fzk—hl

LI~ vI~H

iCzk —iSzk
7Im—2k—1)

Sak Cog

From C.(G,GTYF = (C.G,CT)*C, and C.(G.GT) = (C.G,CT) C. for 1 < k < { follows
C.R = C.Jei,G,Ge,G.G ey, (G,GT) e, (G.GT) ey, ..., (GG, (G.GH)e ]
= [e1,C.G,Crer,(C.G,CT ey, ... (C.G,.C Y ey, (C.G,CT e, ]
= H(CeGOCeT,el,K),

where x(C.G,CT, e, () is an upper block triangular matrix of the form

828 8 8 8
828 8 8 8
828 8 8 8 8 8
828 8 8 8 8 8
828 8 8 8 8 8
828 8 8 8 8 8

T T
T T
0 0
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with T = £(Ce 20Go,2041CL o0, €1, £).

Let S = [s1, 89, ..., S5141] € R"*" be the inverse of the upper triangular matrix TF, that
is of the upper n x n block of R. Then the vectors s; are the solutions of the equations
YT Fs, = ¢, for k=1,...,n. Noting that the last n — k columns of T F have no influence on
the solution of these equations since the last n — k entries in s; are zero, we have to solve

[617 (CeGoCZ)elv (CeGoC?)elv ceey (CeGoCZ)kelv (CeGoC?)kelv *]FSZk = €,
[61,(CeGOCZ)€1,(C€GOC?)€1, ...,(CeGOCZ)k€1,(CeGOC?)k€1,*]F82k+1 = 62k+1-

Tedious calculation yields (for a detailed derivation see [11]) for k = 1,2,....,0— 1

1
_ -1
Sok42 = $2k+272k[(§Pk - $2k,2k1)82k — T2k—22kS2k—2 — T2k—1,2k52k—1 — $2k+1,2k82k+1]7
1
_ -1
Sok4+3 = $2k+372k+1[(§Pk - 902k+1,2k+1f)82k+1 — Tok—12k+152k—1 — L2k 2k+152k

—$2k+2,2k+182k+2]-

where the relevant first 2k + 1 columns of P, are given by:

Prey = 2es,
Pres = ey,
Peej = ej_a+ €4, j=3,4,...,2k+ 1.
If 5,584,835 are known then sy, ss, ..., s, can be computed from the above formulae. For

81, 89,83 we have

[617 (CeGoCZ)elv (CeGoC?)elv *]F[Slv 827 83] = [617 627 63]

or
[261, 2Y€1, 2X€1, *][81, Sa, 83] = [61, €9, 63].

This is equivalent to

1 oy o S11 Sa1 831 1 0 0
21 0 ya a9 0 599 839 = 0 1 0
0 0 T31 0 0 S33 0 0 1

Thus sy, 82, 53 can be computed directly from the above equation. We obtain the following
O(n?) algorithm for computing the inverse of the upper n x n block of R.

Algorithm 3 N
algorithm for inverting the upper n x n block of R

mput : X, y11, 921 ~
output : S = [s1, 82, ..., 82141 with R4S =1
ze1
(2921) " (—y11e1 + e2)
83 = (27531)_1(—?/2_11752162 +ea — (y;lly117521 + z11)e1)
sS4 = 754_21[(%131 — x221)82 — L1281 — T3283]
for k =5,6,...,20+ 1

if k even

then j := (k —2)/2

else j:= (k —3)/2

end if

1 1
Sk = xkyk_Q[(gpj — Tp—2k—21)Sk—2 — Tr—4 k—28k—4 — Th—3 k—28k—3 — Th—1,k—25k—1]

S1

S2

end for
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5 Numerical Results

We present some numerical examples that compare the accuracy of the following methods
for solving the trigonometric approximation problem (2):

- AGR : the algorithm proposed in [17] as sketched in the introduction. The least-
squares problem (3) |[[DAc — Dg||s = min is solved via QR decomposition of DA, where
the desired Q-factor of the QR decomposition is computed by an inverse unitary Hessenberg
eigenvalue problem and the inverse of the upper square subblock of R is computed by an
algorithm closely related to the Levinson algorithm (with complex arithmetic).

- ver2.1 : the algorithm proposed in [11]. The least-squares problem (4) |Df—DA|» =
man is solved via QR decomposition of D%I, where the desired Q-factor of the QR
decomposition is computed by an inverse eigenvalue problem for Schur parameter pencils
[11, 12] and the inverse of the upper square subblock of R is computed by Algorithm 1
(with complex arithmetic).

- verd.1 : the algorithm proposed in [11]. The least-squares problem (4) || D f— DA, =
man is solved via QR decomposition of D%I, where the desired Q-factor of the QR
decomposition is computed by simultaneous reduction of the real and imaginary part of
A to a compact form (to X and Y') as discussed in Section 3 (using the SVD approach)
and the inverse of the upper square subblock of R is computed by Algorithm 3 (with real
arithmetic).

- linpack : The least-squares problem (4) ||Df— D%I%VHQ = min is solved via the explicit
formation of the matrix DA and the use of the LINPACK [10] routines sqrde and sqrsl
(with real arithmetic)

For comparison of accuracy we compute the solution 7, of the system min||DAi— D f||,
in double precision using the NAG routine FO4AMF. The figures display the relative error
||t —tal|2/||4]|2 where £ is the coefficient vector computed in single precision by the method
under consideration. Each graph displays the errors for m = 50 and increasing values of
n. The arguments of the nodes are either equispaced in the interval [0,7), [0,3/27) or
[0,27) or the arguments are randomly generated uniformly distributed numbers in [0, 27).
The weights are all equal to one, the elements of the real vector f are randomly generated
uniformly distributed numbers in [—5,5].

A comparison of the methods AGR, linpack and ver2.1 is given in Figure 1, a comparison
of the methods AGR, linpack and ver4.1is given in Figure 2. The graphs at the top of Figure
1 and Figure 2 display the relative errors in the coefficient vectors for equispaced nodes in
intervalls smaller than 27. As n increases, and the problem becomes more ill conditioned,
the LINPACK routines are the first to produce inaccurate results. ver2.1 produces errors
that are somewhat smaller than AGR, while ver4.1 produces errors that are about the same
as AGR. The graphs at the bottom of Figure 1 and Figure 2 display the relative error when
the arguments are equispaced in [0,27) and when the arguments are randomly generated
uniformly distributed numbers in [0, 27). In the first case the LINPACK routines and ver2.1
produce smaller errors than AGR, while ver4.1 produces slightly larger errors. Note that in
this case we are computing the Fourier transform and thus the FFT is a better method for
solving this problem. When the arguments are randomly generated uniformly distributed
points in [0, 27) the least-squares problem is relatively well conditioned and the algorithms
AGR, ver2.1 and ver4.1 yield roughly the same accuracy as n gets close to m.

We obtained similar results to those in Figure 1 and Figure 2 with other choices for the

nodes and the weights. For more numerical examples and a more detailed discussion see
[11].
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— AGR
—-— | ver2.l
...... 1inpack
o M= 50, equispaced argumentsin [0, pi) o M= 50, equispaced argumentsin [0, 3/2pi)
10 — . . 10 : . — .
10° 10
10" 10
-6 o] "
10 5 10
T
10° 10
10" 10
10" 10
140 10 20 30 40 50 50
07" - n - 10 -

0

10 °

10

m = 50, equispaced argumentsin [0, 2pi)

-2

10

10

rel. error
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= 50, equispaced argumentsin [0, 3/2pi)

50

— AGR
—-— | verd.l
------ 1inpack
o M= 50, equispaced argumentsin [0, pi) oM
10 ———— . 10
10° 10
10" 10
-6 o] "
10 5 10
T
10° 10
10™"° 10
10" 10
140 10 20 30 40 50 .
107~ n - 10
o M= 50, equispaced argumentsin [0, 2pi) o
10 T T T T 10
10°
10"
-6 5
10 5
T
10°
10—10
10—12 ‘
140 10 20 30 40 50
10 - n -

Fic. 2.
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The numerical experiments have shown that generally the method ver2.1 produces more
accurate results than the method AGR. On the other hand, method ver2.1 requires about
3 times as much time to solve the problem than method AGR. For the discussed examples
the method linpack requires more time than the method AGR, and is the method that
produces inaccurate results first. The method ver4.1 uses only real arithmetic (as opposed
to the methods AGR and ver2.1 which use complex arithmetic). The relative errors in
the coefficient vector produced by verd.l are about the same as those produced by AGR.
AGR, ver2.1 and ver4.1l are algorithms to solve the trigonometric approximation problem
in O(mn) arithmetic operations, while the method linpack requires O(mn?) operations.

6 Final Remarks

This note is a partial summary of [11].
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