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Abstract
In aerodynamic applications many model reduction methods use Proper Orthogonal Decomposition (POD). In this work a POD-based method, called Missing Point Estimation
(MPE), is modified and applied to steady-state flows with variation of the angle of attack.
The main idea of MPE is to select a subset of the computational grid points (control volumes) and to limit the governing equations to these. Subsequently, the limited equations are
projected onto the POD subspace. This approach has the advantage that the nonlinear right
hand side of the governing equations has to be evaluated only for a small number of points
(control volumes) in contrast to POD, for which the full right-hand side has to be evaluated.
An error estimation for MPE in the continuous ODE setting is tackled. Numerical results are
presented for the Navier-Stokes equations for two different industrially relevant, two-element
high-lift airfoils, one which is normally adopted during landing and the other during take-off.
Keywords: Model Order Reduction, Missing Point Estimation, Proper Orthogonal Decomposition,
CFD, Steady Aerodynamics
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Introduction

In ﬂuid dynamics reduced order models are often obtained via Proper Orthogonal Decomposition.
Proper Orthogonal Decomposition, abbreviated by POD, is a technique to ﬁnd a low-dimensional
subspace which is capable of accurately representing solutions of the governing equations. Since
the dimension of the POD subspace is typically very small compared to the high-dimensional
solution space of the governing equations, low order surrogate models can be constructed. These
so-called reduced order models can be solved more eﬃciently then the original high-dimensional
model due to their low order.
∗ Present address: Technische Universität Braunschweig, Institut Computational Mathematics, AG Numerik,
Fallersleber-Tor-Wall 23, 38100 Braunschweig, Germany
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A frequently used technique for constructing reduced order models is projecting the governing
equations onto a low-dimensional subspace. Often the POD subspace itself is chosen as the space
onto which the equations are projected. In this case the projection is called Galerkin projection.
While in many publications in context of ﬂuid dynamics (e.g. [1]) the Galerkin projection is realized
on the continuous governing equations, in the subspace projection method [2, 3] the projection is
realized on the spatially discretized equations.
= f (w(t)),
Assume that the spatially discretized governing equations are of the form dw(t)
dt
where w ∈ RµN is the ﬂow solution and f ∈ RµN is the right hand side of the system. Then in
the subspace projection method the reduced order model is given by
da(t)
= ΦT f (Φa(t)),
dt

(1)

where Φ ∈ RµN ×m is the so-called POD basis matrix, which is orthogonal and consists of the
m basis vectors spanning the POD subspace, and a(t) ∈ Rm is the vector of suitable coeﬃcients
for these basis vectors. The reduced order solutions are thus given by w(t) = Φa(t). However,
since the reduced model contains the full order residual f , there is a dependence on the degrees
of freedom of the original model.
In order to alleviate this disadvantage of the subspace projection method, an alternative approach is presented in this work which aims at evaluating only some components of the right hand
side f , that is, taking into account only a subset of the governing equations at some computational
grid points. This idea is based on the Missing Point Estimation (MPE) method, which has been
introduced by Astrid [4] and has since been applied to heat transfer processes [5], electrical circuit
modeling [6], and oil reservoir simulation [7]. The authors are not aware of any other applications
of MPE to aerodynamics, other than their own publications [8, 9, 10].
We will consider steady, subsonic ﬂows around two industrially relevant diﬀerent, two-element
high-lift airfoils, one which is normally adopted during landing and the other during take-oﬀ. The
modeling and the CFD computations are based on previous work by the German Aerospace Center
(DLR) and are not focussed on in this work which concentrates solely on appropriate model order
reduction techniques. Since steady, subsonic ﬂows are (mainly) elliptic in nature [11, Chapter 1],
they are particularly suitable for applying Missing Point Estimation. This is due to the fact that
for elliptic partial diﬀerential equations any point of the computational domain inﬂuences every
other point.
Besides MPE, other techniques in the ﬁeld of nonlinear model order reduction are the empirical interpolation [12, 13, 14, 15] and least-squares approximation [16] of nonlinear functions.
Furthermore, in [17] the hyperreduction method is proposed, which is mathematically equivalent
to MPE. Note that the Discrete Empirical Interpolation Method (DEIM) [14], which is one of the
alternatives to MPE, cannot be applied as easily as MPE for the industrial problem considered
here. This has to do with its idea to generate a second POD basis for the right hand side f . For
the steady-state solution the right hand side is equal to 0. In [14] the right hand side is split into
a linear and a nonlinear terms. The second POD basis is then computed only for the nonlinear
term. This procedure is not appropriate here, as it implies an intrusion into the (industrial) CFD
code used. In the industrial problems considered here this was not possible.
The paper is organized as follows. First of all, the governing equations and POD are reviewed in
Sections 2 and 3. Special focus on POD will be given to its numerical implementation of discretized
ﬂows. Section 4 then outlines MPE in context of aerodynamics and includes a subsection discussing
a proposal on how to select a good subset of components of the right hand side f to be evaluated
for the CFD application considered. Moreover, following the ideas in [18], error estimation for
MPE in continuous ODE setting is considered. Finally, in the last section MPE is applied to two
high-lift conﬁgurations: one under take-oﬀ and the other one under landing conditions.
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The Governing Equations

We will consider the Navier-Stokes equations - or more precisely the Reynolds-Averaged NavierStokes (RANS) equations. Let ρ, vx , vz , and E represent the ﬂow ﬁeld variables density, velocity
components (for the horizontal and vertical Cartesian coordinates x and z), and total energy,
respectively. The governing equations in conservative form are given by
∮
∫
∂W
F · n dS = 0,
(2)
dΩ +
S
Ω ∂t
where
WT =

(

ρ, ρ vx , ρ vz , ρ E

)

(3)

is the vector of the conservative variable. Ω stands for an arbitrary control volume with the
boundary S = ∂Ω. Finally, the ﬂux vector F represents the ﬂuxes through the boundaries of the
control volume. For more details on the deﬁnition of the ﬂux vector, the reader is referred to [19,
Chapter 2].
Additional equations are needed to model the turbulence. Here the Spalart-Allmaras oneequation turbulence model [19, Subsection 7.2.1] is considered. It uses a transport equation for
an eddy-viscosity variable ν̃ and can be written in integral form as
∫
∮
∫
∂ ν̃
dΩ +
FT · n dS =
QT dΩ,
(4)
Ω ∂t
S
Ω
where FT denotes the ﬂux and Q the source term; see [19, p. 240] for details.
The equations (2) and (4) are complemented by initial conditions describing the initial state of
the ﬂow, farﬁeld boundary conditions and boundary conditions at the surface of the body under
consideration.
Employing the method of lines, equations (2) and (4) are spatially discretized. A cell-vertex
ﬁnite volume method is used with dual control volumes. In particular, the domain Ω is partitioned
into N discrete control volumes Ωi . The spatial discretization results in a set of ordinary diﬀerential
equations of the form
dw(t; α)
= −Ṽ −1 R(w(t; α)).
dt

(5)

The angle of attack α enters the equations in the (farﬁeld) boundary conditions.
The vector w describes the discretized conservative variables as well as the eddy-viscosity
variable ν̃. It is collected such that each variable appears blockwise, that is
(
)
wT = ρT , ρvx T , ρvz T , ρE T , ν̃ T ∈ R5N .
(6)
where each of the entries ρ, ρvx , ρvz , and ρE is a discretization of the corresponding function
stored in a vector of size N . The residual vector R ∈ R5N is ordered accordingly. It represents
the discretization of the ﬂux integral in (2). Finally, Ṽ is a diagonal scaling matrix
Ṽ = diag(V, . . . , V ) ∈ R5N ×5N

(7)

with V = diag(V1 , . . . , VN ) ∈ RN ×N where Vi is the volume of the control volume Ωi .
In this work steady-state solutions are considered which are unchanging in time. That is, the
steady-state w(t = ∞; α) satisﬁes
0 = −Ṽ −1 R(w(t = ∞; α)).

(8)

The angle of attack α is the most relevant parameter to this system; the steady-state described
by (8) depends on the choice of α (not t).
3
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Proper Orthogonal Decomposition for discretized flow solutions

Proper Orthogonal Decomposition (POD) is a method for obtaining the orthogonal basis Φ used
in (1) in order to reduce a full order model to a reduced order one which can be solved in less
computational time. The focus is on the application to discretized ﬂow solutions. Refer to [20] for
more information on the derivation of POD or [21] on the method of snapshots.
POD constructs Φ as follows. Assume that steady ﬂow solutions wi = w(t = ∞; αi ) solving
(8) for diﬀerent angles of attack αi with i = 1, . . . , M are given. These solutions wi are referred
to as snapshots. The corresponding centered snapshot matrix is deﬁned as
W = ((w1 − w̄) . . . (wM − w̄)) ∈ R5N ×M ,
∑M
1
where w̄ is the average of the snapshots, i.e. w̄ = M
i=1 w i . Deﬁning the snapshot matrix
centered around the average has the advantage that not the dynamics itself, but only the deviation
from the average has to be modeled.
The orthogonal POD basis vectors are obtained by the singular value decomposition (SVD)
1
of the scaled centered snapshot matrix Ṽ 2 W . In fact, the left singular vectors are the desired
vectors. Our approach follows the method of snapshots [21]: First the eigenvalue decomposition
of W T Ṽ W ∈ RM ×M is computed
W T Ṽ W = ΨΛΨ,

(9)

where Λ = diag(λ1 . . . λM ) ∈ RM ×M is a diagonal matrix, whose diagonal entries are the
eigenvalues λi of W T Ṽ W . Note that Ψ ∈ RM ×M is the matrix of eigenvectors. It is orthogonal,
since W T Ṽ W is symmetric.
The left singular vectors are then obtained via
1
φi = √ W ψ i .
λi
They are orthogonal with respect to the L2 scalar product
(w1 , w2 )Ṽ = wT1 Ṽ w2

(10)

with Ṽ as in (7), where w1 , w2 of the form (6). These vectors constitute the so-called POD basis
and are also referred to as modes.
After a possible truncation to m ≤ M modes, the basis can be written as a matrix
Φ = (φ1 . . . φm ).

(11)

Note that the POD basis does not describe the dynamics itself, but the deviation from the mean
w̄, since it has been subtracted from the snapshots. For this reason, a vector of the form Φa with
suitable coeﬃcients aT = (a1 . . . am ) ∈ Rm has to be shifted back by the average w̄ in order to
approximate a ﬂow, that is
w = Φa + w̄.

(12)

Note that since in each column of the snapshot matrix the mean w̄ is subtracted from a
snapshot, the columns become linearly dependent. This can easily be veriﬁed by the fact that the
sum of the columns is zero. Therefore the rank of the centered snapshot matrix is less than the
number of columns, that is, rank(W ) ≤ M − 1. As a consequence the smallest eigenvalue in (9) is
exactly zero and for this reason the corresponding M th mode should always be disregarded, since
it carries no information whatsoever about the snapshots.
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Missing Point Estimation

Missing Point Estimation (MPE) is a model order reduction technique which aims at reducing the
computational costs for solving nonlinear reduced order systems. This is achieved by setting up
the reduced order system such that it uses a suitable projection which avoids the costly evaluation
of the right hand side of the original model for all components, see, e.g., (1) for the case of POD.
Instead only a few components are selected, at which the right hand side is evaluated.
In the following a brief overview of MPE with emphasis on aerodynamic applications is given.
For a more detailed and a more general account of MPE the reader is referred to [5].
Consider the spatially discretized governing equations (5). Replace w(t; α) by the POD representation (12)
dΦa(t; α)
= −Ṽ −1 R(Φa(t; α) + w̄) + ϵ0 .
dt

(13)

This introduces the error ϵ0 . Note that ddtw̄ = 0, since the average is time-independent. Moreover,
in (13) the entire 5N dimensional function R has to be evaluated, even though the left hand side
of the system is of dimension m.
The idea of MPE is to set up the reduced order model in such a way that the residual R is to
be evaluated only at a small subset of all the grid points. Let the indices of the points of this set
be X = {j1 , . . . , jn } ⊂ {1, . . . , N }, where N is the total number of grid points, n is the number
of the selected points and j1 , . . . , jn their indices. By deﬁning the ﬁltering matrix for one ﬂow
variable as
(
)
P = ej1 · · · ejn ∈ RN ×n ,
(14)
with the jth unit vector ej ∈ RN and the ﬁltering matrix for all ﬂow variables as P̃ = diag(P, . . . , P )
∈ R5N ×5n , a projection onto the chosen points X = {j1 , . . . , jn } is given by ΠP̃ = P̃ P̃ T . Applying
this projection to equation (13) yields
P̃ P̃ T Φ

da(t; α)
= −P̃ P̃ T Ṽ −1 R(Φa(t; α) + w̄) + P̃ P̃ T ϵ0 .
dt

As a next step orthogonality conditions are imposed upon the system, which state that
P̃ P̃ T Φ da(t;α)
+ P̃ P̃ T Ṽ −1 R(Φa(t; α) + w̄) is orthogonal to the POD basis with respect to the
dt
L2 scalar product (10),
(
[
])
da(t; α)
φj , P̃ P̃ T Φ
+ Ṽ −1 R(Φa(t; α) + w̄)
=0
(15)
dt
Ṽ
for j = 1, . . . , m. That is,
[
]
da(t; α)
ΦT Ṽ P̃ P̃ T Φ
+ Ṽ −1 R(Φa(t; α) + w̄) = 0.
dt

(16)

This is equivalent to ΦT Ṽ P̃ P̃ T ϵ0 = 0, but this does not mean that the error ϵ0 is not in the span
of the POD basis. Rather, only the scaled projection of the error Ṽ P̃ P̃ T ϵ0 ∈
/ spancol(Φ). For this
reason the points of X = {j1 , . . . , jn } have to be chosen with care. Moreover, the points have to
be chosen such that the inverse (ΦT Ṽ P̃ P̃ T Φ)−1 exists. See Section 4.2 for more details.
Premultiplying equation (16) formally with the inverse (ΦT Ṽ P̃ P̃ T Φ)−1 yields the reduced
MPE system
∂a
= −(ΦT Ṽ P̃ P̃ T Φ)−1 ΦT P̃ P̃ T R(Φa(t; α) + w̄).
∂t

(17)

Here Ṽ P̃ P̃ T Ṽ −1 = P̃ P̃ T is used. Since the matrices P̃ P̃ T and Ṽ are diagonal, their multiplication
is commutative.

5

For steady-state problems as considered in this work, the goal is to ﬁnd solutions, for which
0 = −(ΦT Ṽ P̃ P̃ T Φ)−1 ΦT P̃ P̃ T R(Φa(t; α) + w̄)

(18)

holds which is equivalent to
0 = ΦT P̃ P̃ T R(Φa(t; α) + w̄).
The POD coeﬃcients a(t; α) obtained from solving the above system (18) are inserted into the
aﬃne POD representation (12) to obtain the reduced order solution.
Note that the reduced order system (17) is of the order m ≪ 5N and is thus of small complexity.
Furthermore, due to the ﬁltering of the residual, P̃ T R(Φa(t; α) + w̄), only a few selected entries
of the right hand side have to be evaluated which will accelerate the computation signiﬁcantly.
Note that in the reduced system (17) the MPE projection is implicitly deﬁned by
Π = Φ(ΦT Ṽ P̃ P̃ T Φ)−1 ΦT Ṽ P̃ P̃ T .

(19)

The projection of MPE catenates two diﬀerent projections: one, which projects onto the selected
points, and another one, which projects onto the POD subspace.
For this reason the MPE reduced order model is a projection method as described in [22,
Chapter 5]: A solution to equation (13) is sought, which lies in a search subspace [22, Chapter 5].
In our case this search subspace is the aﬃne POD subspace spancol(Φ). By imposing orthogonality
conditions onto the equations as in (15) and (16) an approximation to (13) can be computed.
The orthogonality conditions deﬁne a subspace of constraints [22, Chapter 5], which is given by
spancol(P̃ P̃ T Ṽ Φ). Note that the constraint subspace is dependent on the POD subspace, but is
restricted to the point selection. Since the two subspaces - the search and the constraint subspace
- are in general not identical, Π is a Petrov-Galerkin projection [23, p. 279] and Π is in general
not orthogonal, but oblique.

4.1

Solving the reduced order model

In order to solve the reduced order model (17), consider an implicit Euler scheme. This yields
∆a
= −r(a(t + ∆t; α)),
∆t
where ∆a = a(t + ∆t; α) − a(t; α), ∆t is the time step size and
r(a(t; α)) = (ΦT Ṽ P̃ P̃ T Φ)−1 ΦT P̃ P̃ T R(Φa(t; α) + w̄) ∈ Rm .
By inserting the Taylor expansion r(a(t + ∆t; α)) ≈ r(a(t; α)) +
(
)
∂r
1
+
∆a = r(a(t; α))
∆t ∂a

∂r
∂a ∆a

into the above equation,
(20)

is obtained. As we are searching for the steady state, ∆t → ∞ can be set. This yields the Newton
method, which ﬁnds the root in (18).
In our implementation we use a more reﬁned algorithm to ﬁnd the root of (18) which is called
Powell’s Dog Leg method [24]. It combines the Newton method with the steepest descent direction.
While the steepest descent method oﬀers good performance in the beginning, the Newton method
converges quickly in the ﬁnal stages [25]. We use an implementation of Powell’s Dog Leg method
realized in the function fsolve of the subpackage optimize of scipy [26], which is a wrapper around
Minpack hybrd and hybrj algorithms [27]. As an initial condition for the root ﬁnding algorithm,
the mean ﬂow is chosen, i.e. the corresponding POD coeﬃcients are a = 0.
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4.2

Point Selection

Obviously, the choice of P̃ plays a signiﬁcant role in the performance of the MPE. It has an
inﬂuence both on the accuracy of the solution and the time eﬃciency of the computation.
While in other publications [5, 6, 8, 9] the points are chosen based on minimizing the condition
number of the matrix1 M = ΦT P̃ P̃ T Φ or minimizing the alias error ||ΦT P̃ P̃ T Φ − I||, this is too
time-consuming even for the application to two-dimensional, steady aerodynamic problems with
grids of the order of tens of thousands. For this reason we choose the points based on the ﬂow
physics only.
In particular, since the angle of attack is the only varying parameter to the system in this
work, the farﬁeld points play an important role. This is due to the fact that the farﬁeld points
have to satisfy the freestream boundary conditions for the given angle of attack. For this reason
there is a strong dependence of the farﬁeld on the parameter.
While for CFD computations the information on the farﬁeld has to be transported to the airfoil
by advancing in (pseudo-)time, in the reduced order model there is a coupling between the farﬁeld
points and the points in the region close to the surface via the POD basis. Hence, when the ﬂow
variables on the farﬁeld points are close to those of the real solution, then it is expected that the
same holds true for the region around the surface of the airfoil for elliptic problems. In the elliptic
case any point in the ﬂow ﬁeld inﬂuences the entire ﬁeld. Consequently, a change in a boundary
point also eﬀects all other points in the computational domain. Steady, subsonic ﬂows - which are
considered in this work - are (mainly) elliptic in nature (see [11, Chapter 1] and [28, p.17]).
Besides the farﬁeld points, it might be desirable to include the points lying in and close to the
boundary layer. Speciﬁcs for the test cases will be given in Section 5.
Remark 1 Note that the number of points n has to be such that 5n ≥ m. This is due to the
fact that otherwise the matrix ΦT Ṽ P̃ P̃ T Φ in the projection matrix Π of the MPE is singular. In
any case, it has to be verified that ΦT Ṽ P̃ P̃ T Φ in the projection matrix Π is nonsingular for the
particular choice of P̃ .

4.3

Error estimation

In this subsection an error estimate for the reduced order MPE system shall be derived for equations of the form dw(t)
= f (w(t)). It is intentionally not formulated for the governing equations
dt
of CFD, since it is assumed that the right hand side f is Lipschitz continuous. This assumption
is not valid for the governing equations of CFD, if ﬂows with shocks are considered. The error
estimator will, however, give a theoretical insight into the error of MPE reduced order system.
Note that the error estimate is very similar to the one given in [18], since both methods, MPE
and the DEIM, are nonlinear model order reduction techniques, which use projections to obtain
an eﬃciently evaluable right hand side for the reduced model.
As in [18], the least upper bound logarithmic Lipschitz constants with respect to an inner
product (·, ·) is used. It is deﬁned for a map f : W ⊂ RN → RN as
M [f ] := sup
u̸=v

(u − v, f (u) − f (v))
.
||u − v||2

(21)

This deﬁnition can be found in [29].
Theorem 1 Let the error of the solution of the reduced order MPE system be given by ϵ(t) =
w(t) − ŵ(t), where w(t) is the full order and ŵ(t) the reduced order model solution for t ∈ [0, T ].
That is, w(t) solves the system dw(t)
= f (w(t)) with the initial condition w(0) = w0 and ŵ(t)
dt
T
solves dŵ(t)
=
Πf
(
ŵ(t))
with
ŵ(0)
=
ΦΦ
w0 . Here Π is defined as in (19) and Φ is the truncated
dt
POD basis (11). Furthermore, let the right hand side of the full order system f be Lipschitz
1 Note

that the scaling with the volume matrix Ṽ is not included in the matrix, since in [5, 6] the Euclidean
scalar product instead of the L2 scalar product is used.
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continuous with the Lipschitz constant Lf and let M [Πf ] be the logarithmic Lipschitz constant of
Πf as in (21). Then the error ϵ(t) can be estimated by
(∫
∫
T

T

||ϵ(t)||2 dt ≤

||w(t) − ΦΦT w(t)||2 dt

C

0

0

∫

)

T

||f (w(t)) − ΦΦ f (w(t))|| dt ,
T

+

2

0

with
C := max{1 + 2cM β 2 , 2cM γ 2 },

cM

β = Lf ||ΦT Π||, γ = ||ΦT ΠΦ̄||,
{
1
2M [Πf ]T
− 1), M [Πf ] ̸= 0,
M [Πf ] (e
=
2T,
M [Πf ] = 0,

where Φ̄ is the orthogonal complement of the truncated POD basis, i.e. Φ̄ ⊕ Φ = R5N .
The proof is given in [10].
Note that Theorem 1 states that the error of the MPE reduced system can be bounded from
above by a multiple of the sum of the projection error with respect to the POD subspace of
the solutions w(t) and the projection error in the POD subspace of the right hand side f (t) of
the system. If all points are considered in the MPE, that is Π = ΦΦT , it directly follows that
γ = ||ΦT ΠΦ̄|| = 0. Thus, the projection error of the right hand side f (t) can be neglected in the
error estimation in case of Galerkin projection.

5

Numerical Experiments

In this section MPE is applied to high-lift two-element airfoils, on the one hand in a setting as
during take-oﬀ, on the other hand during landing. The ﬂows considered in both test cases are in
the subsonic ﬂow regime. They will be modeled by the RANS equations (2) to accurately capture
the ﬂow physics. The underlying geometry is known as the DLR-F15 conﬁguration [30]. It is a
conﬁguration of industrial relevance.
For all computations (except the snapshot computations) an AMD AthlonTM 64 X2 Dual Core
Processor 4400+ with 2 GB RAM is used. The computer is operated under Debian GNU/LINUX.

5.1

High-lift take-off configuration

As a ﬁrst test case the viscous ﬂow past a section cut of the DLR-F15 slotted wing-ﬂap conﬁguration at a freestream Mach number of M∞ = 0.22, a Reynolds number of 10.549 million and a
reference temperature of 118 K is considered. Given a set of M snapshots, that is, steady-state
solutions for a certain ﬁxed Mach number and M diﬀerent angles of attack A = {α1 , α2 , . . . , αM },
our goal is to predict the ﬂow solution at α ̸∈ A at the same ﬁxed Mach number with the help
of MPE. In particular, for this test case M = 5 and A = {0◦ , 2◦ , 4◦ , 6◦ , 8◦ } has been chosen, as
this covers a range of angles of attack without ﬂow separation. The solution will be predicted at
α = 7◦ . With the ﬂow solution the lift and drag coeﬃcient of the airfoil can be determined.
The snapshots are computed with the ﬂow solver Tau [31, 32] by solving the Navier-Stokes
equation using the Spalart-Allmaras one-equation turbulence model [19, Subsection 7.2.1]. The
computation of the ﬁrst snapshot at the lowest angle of attack (α = 0◦ ) is initialized with
freestream conditions, while the others are computed using the snapshot with the nearest angle of attack (two degrees below the current α) as a start solution. This procedure is followed to
avoid aerodynamic hysteresis problems, where more than one solution may exist at the same angle
of attack.
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Convergence to steady-state is detected in the snapshot computations based on the absolute change in the aerodynamic coeﬃcients. More precisely, if the change in the aerodynamic
coeﬃcients is below a user-deﬁned tolerance over 100 successive iterations, then the solution is
considered to be converged. The tolerances for the change in the lift cl , drag cd and pitching
moment cm coeﬃcient are set to 10−3 , 10−5 , and 0.1, respectively.
All computations are carried out on a hybrid grid, which is structured near the surface of the
conﬁguration and unstructured otherwise. It consists of 50,809 grid points (control volumes) and
is depicted in Figure 1. Hence, the number of unknowns to be determined is 5 · 50, 809 = 254, 045.
Influence of the number of modes used (Choice of m) First the POD basis is computed.
The relative information content contained in each mode in the L2 sense is given by
λj
E(j) = ∑M
i=1

λi

,

(22)

where λi are the eigenvalues as in (9) [33]. It is given in Table 1. The relative information content
of the last mode has to be exactly zero as stated in Section 3. Furthermore, note that the ﬁrst
mode contains more than 99.9 % of the information. This is partially due to the L2 scalar product
as explained in [34].
Next we investigate the impact of using an increasing number of modes in the MPE model to
simulate the solution at an angle of attack of α = 7◦ , that is, (18) is solved for α = 7◦ varying the
number of modes used. The ﬁltering matrix P̃ is set up using all farﬁeld points.
j

1

2

3

4

5

E(j)

9.99571 · 10−1

4.27176 · 10−4

1.30249 · 10−6

1.08424 · 10−7

0

Table 1: Relative information content of the modes.
Table 2 shows the aerodynamic coeﬃcients as well as the associated relative errors with respect
to the CFD reference solution for the diﬀerent truncation levels. That is, e.g. the error for the lift
PE
D
D
coeﬃcient is given by (cM
− cCF
)/cCF
· 100.
l
l
l
# of modes

# of iters

cl

error

cd

error

m=1
m=2
m=3
m=4

4
4
5
6

2.698
2.699
2.699
2.696

0.48%
0.52%
0.52%
0.41%

5.035 · 10−2
4.891 · 10−2
4.891 · 10−2
4.865 · 10−2

3.90%
0.93%
0.93%
0.39%

CFD

1415

2.685

4.846 · 10−2

Table 2: Lift and drag coeﬃcients predicted at α = 7◦ for diﬀerent numbers of modes.
The error in the drag coeﬃcient cd decreases with the number of modes. However, there is
only a slight improvement when using more than two modes. The error of the lift coeﬃcient cl is
almost constant and is smallest, when all modes are considered.
In addition, Table 2 reveals the number of iterations (# of iters) to solve equation (20). For
MPE the number of iterations increases, the more modes are taken into account.
Since the prediction of the aerodynamic coeﬃcient is best when choosing all modes, we will
consider all of them from now on. Hence from here on, the reduced order MPE system is a system
of dimension 4 × 4 while the original CFD system is of dimension 254, 045 × 254, 045. Bearing
in mind that the ﬁltering matrix employed in MPE determines at how many grid points R is
evaluated, while for CFD the entire R ∈ R254,045 has to be evaluated, it is obvious that MPE is
much faster than a full CFD computation.
9

Figure 1: The hybrid grid of the wing-ﬂap conﬁguration under take-oﬀ conditions with N = 50, 809
points.
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Influence of the filtering matrix (Choice of P and n) The next question considered is
which impact the choice of ﬁltering matrix has on the quality of the MPE solution. Recall, that
the ﬁltering matrix not only determines at how many grid points R has to be evaluated, but also
at which ones. Five diﬀerent point selections are considered:
Due to the fact that the values of the farﬁeld points are closely connected to the angle of
attack, it is inevitably to make use of them. Point selection I uses only the single farﬁeld point
that is marked in the bottom plot in Figure 1. At α = 0◦ the onﬂow in this point is parallel to
the tangent of the computational domain. When the angle of attack is increased, the ﬂow will
enter the control volume more and more directly. Therefore, the angle of attack has signiﬁcant
inﬂuence on the point.
Point selection II uses all 60 farﬁeld points.
In point selection III the farﬁeld points are complemented by points from a part of the boundary
layer. The points having a distance between 0 and 5.0 · 10−5 grid units from the surface of the
airfoil2 are chosen. This region is part of the boundary layer. Thus point selection III gives an
insight of the inﬂuence the boundary layer has on the solution of the MPE. In this setting a total
of 12,940 points is considered.
In point selection IV the farﬁeld points are complemented by points which are right outside of
the boundary layer. For this particular test case the points chosen have a distance between 0.02
and 0.5 units from the surface of the airfoil. In this way 6,252 points are used in the MPE.
Finally, along with the farﬁeld points we choose another set of points, which is a bit further
away from the boundary, but still close to the surface. All points having a distance between 0.1
and 1.0 units from the surface are chosen.
A summary of the diﬀerent point selection settings is given by Table 3.
point selection

# of points

min dist

max dist

1
60
12940
6252
1273

99.0
0.0
0.02
0.1

101.0
5.0 · 10−5
0.5
1.0

I (1 farﬁeld point)
II (entire farﬁeld (FF))
III (FF + some BL points)
IV (FF + points close to BL)
V (FF + pts further from BL)

Table 3: Deﬁnition of the point selections, where min/max dist stands for the minimal and maximal
distance from the surface of the conﬁguration in grid units (length of the airfoil = 0.6 grid units).
FF and BL stands for the farﬁeld and the boundary layer, resp.
Table 4 shows the lift and drag coeﬃcients as well as the corresponding errors for the diﬀerent
point selections. It can be seen that the error is smallest for point selection scenarios IV and V,
for which - additionally to the farﬁeld - points outside of the boundary layer are chosen.
point selection

# of iters

PE
cM
l

error

PE
cM
d

error

I
II
III
IV
V

22
6
11
6
6

2.696
2.696
2.708
2.688
2.693

0.41%
0.41%
0.86%
0.11%
0.30%

4.864 · 10−2
4.865 · 10−2
4.967 · 10−2
4.798 · 10−2
4.842 · 10−2

0.37%
0.39%
2.5%
0.99%
0.08%

Table 4: Lift and drag coeﬃcients.
In fact, scenario IV is best for the lift and V for the drag coeﬃcient. The worst result is
obtained when the boundary layer is included. This indicates that the turbulent region lacks
2 Note

that the airfoil has a reference length of 0.6 grid units.

11

spatial correlation with the rest of the ﬂowﬁeld. Matching the ﬂow physics in the POD subspace
for this region amounts to overﬁtting noisy, uncorrelated data.
Based on the number of iterations, scenarios I and III are the most ineﬀective point selections.
However, it has to be emphasized that in each iteration the residual evaluation of scenario I is
very eﬃcient, since it has to be evaluated for a single point only.
Note that when taking into account only the farﬁeld points, a good result with an error less
than one percent is achieved. Due to the fact that these points can also be easily identiﬁed, this
seems to be a practical approach to ﬁnding a point selection.
Next the quality of the pressure distribution cp of the MPE solution is investigated, where the
residuals are evaluated at all farﬁeld points. In Figure 2 both the reference cp computed with
CFD and that of the MPE using all four modes and with point selection II is shown. Obviously,
they match very well and there is only a slight deviation at the stagnation point.

-15

MPE solution
CFD solution

Cp

-10

-5

0

5

0

0.2

0.4

0.6

X

Figure 2: Pressure distribution on the surface of the take-oﬀ conﬁguration.

Solutions at some intermediate angles of attack In order to demonstrate that the MPE
model can be used for predicting solutions at other intermediate angles of attack (AoA) (18) has
also been solved for α ∈ {1◦ , 3◦ , 5◦ }, using the same POD basis as in the rest of this section and
the ﬁltering matrix using all farﬁeld points. Table 5 shows the aerodynamic coeﬃcients and their
errors in comparison to the corresponding CFD solution. Note that all relative errors are less than
one percent.
AoA
◦

1
3◦
5◦
7◦

PE
cM
l

2.112
2.310
2.495
2.696

PE
cM
d

error
0.61%
0.26%
0.12%
0.41%

error
−2

3.465 · 10
3.828 · 10−2
4.234 · 10−2
4.865 · 10−2

0.84%
0.36%
0.37%
0.39%

Table 5: Lift and drag coeﬃcients at diﬀerent angles of attack.
Figure 3 shows the plots of the lift and drag coeﬃcient over the angle of attack. It can be seen
that the MPE solutions given by the asterisks closely match the CFD reference solution.
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2.8
2.7

Lift coefficient cl

2.6
2.5
2.4
2.3
2.2
2.1
2
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5
Angle of Attack α

6

7

8

0

1

2

3

4
5
Angle of Attack α

6

7

8

0.055

Drag coefficient cd

0.05

0.045

0.04

0.035

0.03

Figure 3: Aerodynamic coeﬃcients plotted over the angle of attack. The line represents the
coeﬃcients of the CFD reference solution and the asterisks those of the MPE solution.
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Comparison with Thin Plate Spline (TPS) interpolation Finally, the performance of
MPE is compared to interpolating the snapshots as introduced in [35].
In order to be able to interpolate the snapshots, they are ﬁrst projected onto the POD subspace.
That is,
ai (αj ) = (φi , wj )L2 ,

i = 1, . . . , d,

j = 1, . . . , m,

which yields the POD coeﬃcients of the snapshots w1 , . . . , wm .
These POD coeﬃcients are then interpolated to get a set of coeﬃcients ai (α∗ ) for the desired
angle of attack α∗ . In this work the interpolation method Thin Plate Spline (TPS) interpolation
is employed [36].
Table 6 reveals the aerodynamic coeﬃcients as well as their relative errors for the just described
interpolation methodology. For α = 1◦ and α = 7◦ MPE performs signiﬁcantly better than TPS
interpolation, for the other two angels TPS interpolation performs slightly better than MPE. For
the angles α = 1◦ and α = 7◦ there is only one neighboring snapshot with a lower or higher
angle of attack. This poses a problem for TPS interpolation and reveals a deﬁciency of the
interpolation approach to yield good solutions in a global sense. In this sense, MPE outperforms
TPS interpolation.
AoA

cTl P S

error

cTd P S

error

1◦
3◦
5◦
7◦

2.115
2.304
2.497
2.697

0.47%
0.00%
0.20%
0.45%

3.334 · 10−2
3.807 · 10−2
4.245 · 10−2
4.754 · 10−2

2.97%
0.18%
0.12%
1.90%

Table 6: Lift and drag coeﬃcients obtained with TPS interpolation.

5.2

High-lift landing configuration

As a second test case a section cut of the DLR-F15 high-lift wing-ﬂap conﬁguration under landing
conditions is considered. The viscous ﬂow around this conﬁguration modeled by the Navier-Stokes
equations is considered at an atmospheric pressure of 101325 Pa, a temperature of 15◦ C (288.15K)
and a speed of |v ∞ | = 53 m/s, which corresponds to a Mach number of M∞ = 0.1558. This setting
correlates to a Reynolds number of 2.177 million.
This second test case is considered to demonstrate that the MPE works on a diﬀerent grid (see
Figure 4). Furthermore it involves slightly diﬀerent ﬂow physics compared to the previous test
case.
Snapshots are computed for angles of attack of α ∈ {0◦ , 2◦ , 4◦ , 6◦ , 8◦ } with the Tau [31, 32]
code using the Spalart-Allmaras turbulence model as before. The grid is a hybrid one, structured in
the region of the boundary layer and unstructured elsewhere. It is shown in Figure 4 and contains
N = 73, 474 mesh points. Hence, the number of unknowns to be determined is 5·73, 474 = 367, 370.
Influence of the number of used modes (Choice of m) Tables 7 and 8 provide the same
information for the example considered here as Tables 1 and 2 for the previous test case. As before
the ﬁrst mode contains 99.9% of the information. In contrast to the previous example the error
of the drag coeﬃcient is less for two than for three modes, but it is smallest when all modes are
considered. For this reason we will carry out all computations with all modes henceforth. Hence
from here on, the reduced order MPE system is a system of dimension 4 × 4 while the original
CFD system is of dimension 367, 370 × 367, 370. As for MPE in contrast to CFD not the entire R
has to be evaluated, it is obvious that MPE is much faster than a full CFD computation.
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Figure 4: The hybrid grid of the DLR-F15 conﬁguration under landing conditions with N = 73, 474
points.
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j
E(j)

1
9.99579 · 10

2
−1

3
−4

4.209600 · 10

4

1.88304 · 10

−7

5
−8

9.33441 · 10

0

Table 7: Relative energy content of the modes.
# of modes

# of iters

cl

error

m=1
m=2
m=3
m=4

3
3
4
4

2.539
2.541
2.542
2.544

CFD

1346

2.546

0.27%
0.20%
0.16%
0.08%

cd

error
−2

8.307 · 10
9.513 · 10−2
9.519 · 10−2
9.510 · 10−2

12.61%
0.07%
0.14%
0.04%

9.506 · 10−2

Table 8: Lift and drag coeﬃcients predicted at α = 3◦ for diﬀerent numbers of modes.

Influence of the selected points (Choice of P and n) For investigating the inﬂuence of
the point selection on the solution of the MPE, similar point selection settings as in the previous
test case are used. However, they have to be adjusted to the computational grid since for example
the boundary layer has a diﬀerent thickness for this mesh. Therefore the minimal and maximal
distance for the deﬁnition of the points for settings IV are diﬀerent. Speciﬁcs are given in Table
9.
point selection
I (1 farﬁeld point)
II (entire farﬁeld (FF))
III (FF + some BL points)
IV (FF + points close to BL)
V (FF + pts further from BL)

# of points

min distance

max distance

2
125
10974
2360
1882

99.0
0.0
0.07
0.1

101.0
5.0 · 10−5
0.5
1.0

Table 9: Deﬁnition of the point selections, where min/max dist stands for the minimal and maximal
distance from the surface of the conﬁguration in grid units (length of the airfoil = 0.6 grid units).
FF and BL stands for the farﬁeld and the boundary layer, resp.

Note that point selection setting I is given by the points marked in the bottom plot in Figure
4. As before, this is chosen such that the onﬂow is parallel to the tangent of the computational
domain.
Table 10 presents the aerodynamic coeﬃcients for the diﬀerent point selection settings. As in
the previous test case setting I, which is given by two of the farﬁeld points shown in Figure 4,
gives good results. It needs the most iterations, but the residual R is evaluated only at 2 points,
so that the low number of function evaluations makes up for the high number of iterations.
For all other point selections, both the lift and drag coeﬃcient are mostly the same. As before
since the farﬁeld points can easily be identiﬁed, this is the most eﬀective strategy. In Figure 5 the
pressure distribution on the surface of the MPE solution considering only the farﬁeld points and
of the CFD reference solution is visualized. Obviously, both match very closely.
Solutions at some intermediate angles of attack Table 11 gives an overview of predicted
aerodynamic coeﬃcients and their errors for some intermediate angles of attack, namely α ∈
{1◦ , 5◦ , 7◦ }. In fact, all relative errors are below 0.27%.
Figure 6 shows the lift and drag versus the angle of attack. As in the previous test case the
lift and drag coeﬃcient of the MPE solution (represented by the asterisks) match those of the
reference solution (given by the line).
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point selection

# of iters

PE
cM
l

I
II
III
IV
V

10
4
4
5
5

2.541
2.544
2.544
2.544
2.544

CFD

1346

2.546

PE
cM
d

error
0.20%
0.08%
0.08%
0.08%
0.08%

error
−2

9.533 · 10
9.510 · 10−2
9.511 · 10−2
9.510 · 10−2
9.510 · 10−2

0.28%
0.04%
0.05%
0.04%
0.04%

9.506 · 10−2

Table 10: Lift and drag coeﬃcients.
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Figure 5: Pressure distribution on the surface of the landing conﬁguration.
AoA

PE
cM
l

error

PE
cM
d

error

1◦
3◦
5◦
7◦

2.329
2.544
2.747
2.963

0.09%
0.08%
0.18%
0.27%

9.075 · 10−2
9.510 · 10−2
1.003 · 10−1
1.061 · 10−1

0.15%
0.04%
0.19%
0.19%

Table 11: Lift and drag coeﬃcients for diﬀerent angles of attack.

Comparison with Thin Plate Spline (TPS) interpolation Finally, the performance of
MPE and TPS interpolation is compared. As can be seen from Table 12 in a global sense MPE
outperforms TPS interpolation also for this test case.

6

Conclusions

A POD-based model order reduction method, called Missing Point Estimation (MPE), for eﬃciently computing steady subsonic ﬂows has been discussed. The method remedies the PODinherent problem of the dependence of the reduced order model on the degrees of freedom of the
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Figure 6: Aerodynamic coeﬃcients plotted over the angle of attack. The line represents the
coeﬃcients of the CFD reference solution and the asterisks those of the MPE solution.
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AoA
◦

1
3◦
5◦
7◦

cTl P S
2.330
2.545
2.751
2.962

cTd P S

error
0.04%
0.04%
0.04%
0.24%

error
−2

8.941 · 10
9.511 · 10−2
1.002 · 10−1
1.047 · 10−1

1.63%
0.05%
0.10%
1.51%

Table 12: Lift and drag coeﬃcients obtained with TPS interpolation.

original problem. Error estimation in continuous ODE setting has been tackled.
The proposed method is tested for two diﬀerent complex high-lift airfoils; one under take-oﬀ and
the other under landing conditions. Given snapshots (steady ﬂow solutions at diﬀerent angles of
attack) intermediate angles are computed with the MPE. For both airfoils it was demonstrated that
considering only the farﬁeld points for the ﬁltering matrix suﬃces to get very accurate predictions
of the aerodynamic coeﬃcients as well as the pressure distribution on the surface at angles of
attack not include in the snapshot basis. Since the farﬁeld points can very easily be identiﬁed and
are only very few compared to those in the rest of the ﬂow ﬁeld, the farﬁeld seems to be a practical
as well as eﬃcient point selection. A large gain in computational eﬃciency is obtained. Finally,
for the two text cases considered, MPE outperformed TPS interpolation in terms of accuracy in
a global sense.
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