
Error bounds in the isometric Arnoldi processA. Bunse-Gerstner� H. Fa�benderyAbstractError bounds for the eigenvalues computed in the isometric Arnoldi method arederived. The Arnoldi method applied to a unitary matrix U successively computes asequence of unitary upper Hessenberg matrices Hk; k = 1; 2; : : :. The eigenvalues of theHk's are increasingly better approximations to eigenvalues of U . An upper bound forthe distance of the spectrum of Hk from the spectrum of U , and an upper bound forthe distance between each individual eigenvalue of Hk and one of U are given. Betweentwo eigenvalues of Hk on the unit circle, there is guaranteed to lie an eigenvalue of U .The results are applied to a problem in signal processing.Key words. unitary eigenvalue problem, Arnoldi process, error bounds, signal processingAMS(MOS) subject classi�cations. 65F15, 15A181 IntroductionA number of signal processing problems can be seen to require the numerical solution ofunitary eigenvalue problems. The task of estimating dominant harmonics of a time series forinstances arises in many applications, such as geology, astronomy and speech processing. Theproblem is to approximate frequencies and amplitudes of a discrete time signal fskg1k=�1.One may for instance consider the signal as a superposition of exponentials corrupted bysmall sized white noise, i.e. sk � nX̀=1 �`e{(k�`+�`)(1)for some (unknown) n, amplitudes �` > 0, distinct frequencies �` 2] � �; �], and phases�` 2] � �; �], { = p�1. Given a �nite subsequence fskgNk=1 the aim is to retrieve thefrequencies �1; : : : ; �n and the amplitudes �1; : : : ; �n. Typically N is very large and n is verysmall.It is a common approach to determine the unknown quantities such that the �rst nautocorrelation lags of the signal s (or approximations of them) are matched. It can be shownand will be developed in detail in Section 4 that this task leads to an eigenvalue problemfor the unitary N � N circular shift matrix J of the following more generally formulatedkind: Given a vector s 2 CN and a unitary N �N matrix U , where the dimension N is verylarge and U is sparse, �nd approximations to the (typically very few) eigenvalues of U whichare dominant in s, i.e. if s = PNk=1 �kzk is an expansion of s in terms of the eigenvectors�Universit�at Bremen, Fachbereich 3 - Mathematik und Informatik, 28334 Bremen, Germany, email:angelika@mathematik.uni-bremen.deyUniversit�at Bremen, Fachbereich 3 - Mathematik und Informatik, 28334 Bremen, Germany, email:heike@mathematik.uni-bremen.de 1



Error bounds in the isometric Arnoldi process 2z1; : : : ; zN of U , corresponding to the eigenvalues e{�1 ; : : : ; e{�N , then the approximations tothose eigenvalues e{�k are sought for which the weights �k of the corresponding eigenvectorsare much larger in magnitude than the remaining weights.The Arnoldi method is a well known iterative method for approximating eigenvalues oflarge and sparse matrices. For a given matrix A and a given vector q1 with jjq1jj2 = 1 itcomputes the columns q1; q2; : : : of a unitary matrix Q which transforms A into an upperHessenberg matrix H = QHAQ. It only requires matrix-vector multiplications, the sparsematrix itself is never modi�ed. Using properties of polynomials that are orthogonal withrespect to an inner product on the unit circle (Szeg�o polynomials) Gragg [14] showed thatthe Arnoldi method is very special if applied to an isometric operator and he developed ane�cient isometric Arnoldi process. Jagels and Reichel presented in [22, 21, 23] an elementaryderivation of the isometric Arnoldi process that does not require knowledge of orthogonalpolynomials. In [22, 21] the application of the isometric Arnoldi process to the computationof a few eigenvalues and eigenvectors of a large unitary matrix is discussed.After k steps of the Arnoldi method applied to U and s we getUQk = QkHk + (�kqk+1 + (
k � 
k=j
kj)eqk)eTk(2)where Qk = [q1; q2; : : : ; qk] is a rectangular matrix with orthonormal columns and q1 =s=ksk. Hk = H(
1; : : : ; 
k�1; 
k=j
kj) is a unitary upper Hessenberg matrix, given in pa-rameterized form with j
j j < 1 for j = 1; : : : k (see [15] and also Section 2 and 3). The
1; : : : ; 
k are called re
ection coe�cients or Schur parameters and the �j 2 IR; �j � 0 arethe complementary parameters for 
j satisfying j
j j2 + j�j j2 = 1.If j
kj is close to 1 and therefore 
k � 
k=j
kj is very small, and �k � 0, then the eigen-values of Hk are in general good approximations to some of the eigenvalues of U which aredominant in s, and it would be desirable to have explicit bounds for the error.The general question is: Given a unitary matrix U and the sequence of unitary Hessen-berg matrices Hk, k = 0; 1; : : : derived in the isometric Arnoldi process for U . How far arethe eigenvalues of an Hk from the eigenvalues of U? The main purpose of this paper is toderive bounds for the corresponding errors.Note that in order to solve (1) via the isometric Arnoldi method, one has to computeeigenvalues of unitary upper Hessenberg matrices. Special fast and e�cient O(n2) methodsexist which make use of the special structure of unitary matrices, see [15, 16, 17, 7, 18, 19].The paper is organized as follows. Section 2 brie
y reviews some well-known properties ofunitary (upper Hessenberg) matrices. The isometric Arnoldi method is described in Section3. Applied to a unitary matrix U it successively computes unitary upper Hessenberg matricesHk. The eigenvalues of the Hk are increasingly better approximations to eigenvalues of U .An upper bound for the distance of the spectrum of Hk to that of U is given. Furthermorewe prove that if the last component of an eigenvector of Hk is small, the correspondingeigenvalue is a good approximation to an eigenvalue of U . An upper bound for the distancebetween each eigenvalue of Hk and one of U is given. As a consequence we will see thatbetween two eigenvalues of Hk on the unit circle, there lies an eigenvalue of U . Section 4discusses the signal processing application. The results of Section 3 are applied. Section 5presents some numerical examples to elucidate the statements of Section 3 and Section 4.2 Some properties of unitary matricesUnitary matrices have a rich mathematical structure that is closely analogous to Hermi-tian matrices. For unitary matrices we can therefore often develop analogues for the goodnumerical methods and for the theoretical results that exist for the symmetric/Hermitian



Error bounds in the isometric Arnoldi process 3eigenvalue problem, which has intensively been studied see, e.g. [28, 13, 20, 26]. In somecases the Cayley transformation helps to develop such analogues.The one-dimensional Cayley transformation with respect to � x = {(�+�)�1(���); j�j =1 maps the unit circle one-to-one onto the extended real line. For simplicity let � = 1.De�ning � = arctan[{(1 + �)�1(1 � �)] each � on the unit circle corresponds to an angle�; � 2 [��2 ; �2 ]. Hence it is reasonable to de�ne for �i; �j 2 C; j�ij = j�j j = 1�i � �j if {1� �i1 + �i � {1� �j1 + �j :This gives a complete ordering of the points on the unit circle with respect to the cuttingpoint � = �1. Note that the complete ordering excludes the cutting point �1. For a di�erentcutting point the orders of the eigenvalues are only changed cyclically.If �1; �2 are complex unimodular numbers such that �1 < �2, then (�1; �2) will denote theopen arc from the point �1 to the point �2 on the unit circle (moving counterclockwise).It is well known that any (unitary) n � n matrix A can be transformed to an upperHessenberg matrix H by a similarity transformation with a unitary matrix Q. If the �rstcolumn of Q is �xed and H is an unreduced upper Hessenberg matrix with positive sub-diagonal elements, then the transformation is unique. If A is unitary, then the resultingupper Hessenberg matrix H has to be unitary as well. Any n�n unitary upper Hessenbergmatrix with nonnegative subdiagonal elements can be uniquely parameterized by 2n�1 realparameters. This compact form is used in [1, 3, 7, 9, 11, 15, 16, 17, 18, 19, 31] to developfast algorithms for the solution of the unitary eigenvalue problem.Let Gk = Gk(
k) = diag(Ik�1; � �
k �k�k 
k � ; In�k�1)with 
k 2 C, �k 2 IR+ and j
kj2 + �2k = 1, andeGn(
n) = diag(In�1;�
n)with 
n 2 C, j
nj = 1.The product H = H(
1; 
2; : : : ; 
n) := G1(
1)G2(
2) � � �Gn�1(
n�1) eGn(
n) =
= 0BBBBBBBBBBB@

�
1 ��1
2 � � � � � � ��1 : : : �k�1
k � � � ��1 : : : �n�1
n�1 �
1
2 � � � � � � �
1�2 : : : �k�1
k � � � �
1�2 : : : �n�1
n�2 �
2
3 � � � ... � � � �
2�3 : : : �n�1
n. . . . . . ...�k�1 �
k�1
k � � � �
k�1�k : : : �n�1
n. . . . . . ...�n�1 �
n�1
n
1CCCCCCCCCCCAis a unitary upper Hessenberg matrix with positive subdiagonal elements. Conversely,if H 2 Cn�n is a unitary upper Hessenberg matrix with positive subdiagonal elements,then it follows from elementary numerical linear algebra that one can determine matricesG1; G2; : : : ; Gn�1; eGn such that eGHn GHn�1 � � �GH2 GH1 H = I . Thus H has a unique factoriza-tion of the formH = H(
1; 
2; :::; 
n) = G1(
1)G2(
2) � � �Gn�1(
n�1) eGn(
n):(3)



Error bounds in the isometric Arnoldi process 4The Schur parameters f
kgnk=1 and the complementary Schur parameters f�kgnk=1 can becomputed from the elements of H by a stable O(n2) algorithm [15]. In statistics the Schurparameters are referred to as partial correlation coe�cients and in signal processing asre
ection coe�cients [2, 9, 10, 25, 29, 30, 32].If �k = 0, then j
kj = 1, and we have the direct sum decompositionH = H(
1; :::; 
k)�H(
k
k+1; :::; 
k
n):Hence, in general �1�2:::�n�1 > 0 is assumed, if the factorization (3) is used to solve a unitaryeigenvalue problem. If � is an eigenvalue of such an unreduced Hessenberg matrix, then itsgeometric multiplicity is one [13, Theorem 7.4.4]. Since unitary matrices are diagonalizable,no eigenvalue of an unreduced unitary upper Hessenberg matrix is defective, that is, theeigenvalues of an unreduced unitary upper Hessenberg matrix are distinct.The Arnoldi method for unitary matrices discussed in the next section computes there
ection coe�cients directly. After k steps the �rst k re
ection coe�cients and a corre-sponding upper Hessenberg matrixH 0k = H 0k(
1; : : : ; 
k) are known. These upper Hessenbergmatrices H 0k are principal submatrices of the desired n�n unitary upper Hessenberg matrixH = H(
1; : : : ; 
n) which is unitarily similar to the given unitary matrix U . Unfortunatelyprincipal submatrices of a unitary matrix are in general not unitary. As we will see, itis useful to consider the unitary k � k Hessenberg matrix Hk = Hk(
1; : : : ; 
k�1; �k) withj�kj = 1 instead of H 0k. The following theorem relates the eigenvalues of H to those of theunitary Hessenberg matrix Hk, called the modi�ed kth leading principal submatrix Hk [12].Theorem 2.1 [6, Corollary 3.1] Let H = H(
1; : : : ; 
n) 2 Cn�n be a unitary upper Hes-senberg matrix with positive subdiagonal elements. For � 2 C; j�j = 1 letHk = Hk(
1; : : : ; 
k�1; �) 2 Ck�k ; k 2 f2; : : : ; ng:Then every arc on the unit circle formed by two eigenvalues of Hk contains an eigenvalueof H.In particular, the above theorem says that the eigenvalues of two consecutive modi�edleading principal submatrices Hk and Hk+1 of a unitary upper Hessenberg matrix withpositive subdiagonal elements interlace on the unit circle.Finally we state some results on the dependence of the eigenvalues on the last re
ectionparameter, for a proof see [6]. To measure the distance between two spectra �1; : : : ; �n and�1; : : : ; �n of matrices A and B we use the eigenvalue variation �(A;B) de�ned by�(A;B) := minf maxi2f1;:::;ng j�i � ��(i)j;� permutation of f1; : : : ; ngg:Theorem 2.2 Let Ha = H(
1; : : : ; 
n�1; �a); Hb = H(
1; : : : ; 
n�1; �b) be unitary upperHessenberg matrices with positive subdiagonal elements, j�aj = j�bj = 1.1. The eigenvalues of Ha and Hb interlace on the unit circle.2. �(Ha; Hb) � j�a � �bj3. Let �a1 ; : : : ; �an and �b1; : : : ; �bn be the eigenvalues of Ha and Hb. LetSHn HaSn = diag(�a1 ; : : : ; �an)be the Schur decomposition of Ha, Sn = [s1; : : : ; sn] = [sij ]ni;j=1. Then for i = 1; : : : ; nminj2f1;:::;ng j�ai � �bj j � jjHbsi � �ai sijj2� j�a � �bj jsnij:



Error bounds in the isometric Arnoldi process 5Arnoldi method for unitary matricesinput : U 2 Cn�n unitary, q1 2 Cn with jjq1jj2 = 1output : f
jgnj=1; f�jgn�1j=0 ; Q = [q1; q2; : : : ; qn]let eq1 = q1for j = 1; 2; : : : ; n� 1
j = �eqHj Uqj�j = jjUqj + 
jeqj jj2qj+1 = 1�j (Uqj + 
jeqj)eqj+1 = �jeqj + 
jqj+1end for
n = �eqHn Uqn Figure 1:Hence, eigenvalues of a unitary upper Hessenberg matrix, whose eigenvectors have a smalllast component, are not sensitive to changes of the last re
ection parameter.3 The Arnoldi Method for unitary matricesThe Arnoldi method is a well known technique for approximating eigenvalues of large andsparse matrices or for building sparse linear equation solvers. Basically it is one of severalmethods to transform a matrix U into an upper Hessenberg matrix H by a similarity trans-formation with a unitary matrix Q. The matrices Q and H are built up columnwise fromthe equation UQ = QH such that after k steps, the factorizationUQk = QkH 0k + fkeTkis computed where QHk Qk = Ik and H 0k 2 Ck�k is an upper Hessenberg matrix. The vectorfk is the residual vector and is orthogonal to the columns of Qk. If the norm of fk is small,the k eigenvalues of H 0k are approximations to k eigenvalues of U . But even if the norm of fkis not small, some of the eigenvalues of H 0k are typically good approximations to eigenvaluesof U . Gragg develops an Arnoldi method for isometric operators in [14]. Here we take adi�erent approach for the development similar to the one of Jagels and Reichel in [22, 21].If U is unitary then the resulting upper Hessenberg matrix H = QHUQ has to beunitary as well. Hence H can be parameterized as H = H(
1; :::; 
n). Making use of thisfact, one can derive an Arnoldi method for unitary matrices which computes the n re
ectioncoe�cients 
k instead of the upper Hessenberg matrix H . This Arnoldi method builds upQ and H from the equationUQej = QG1(
1)G2(
2) � � �Gn�1(
n�1) eGn(
n)ej j = 1; 2; : : : ; n:(4)Let Qe1 = q1 be given; then we obtain the algorithm given in Figure 1. For a more detailedderivation see, e.g., [22].After k steps we obtainU [q1; q2; : : : ; qk] = [q1; q2; : : : ; qk]G1(
1) � � �Gk�1(
k�1) eGk(
k) + �kqk+1eTk(5)



Error bounds in the isometric Arnoldi process 6where Gj(
j) 2 Ck�k for j = 1; : : : ; k; QHk Qk = Ik (Qk = [q1; q2; : : : ; qk]) and qHk+1Qk = 0.The auxilary vectors eq2; eq3; : : : can be shown to satisfyeqk = QkG1 � � �Gk�1ek k = 2; : : : ; n(6)and thus eqTk qj = 0 for all j > k:In exact arithmetic, the process stops after n steps with �n = 0. In case �k = 0 for k < n,an invariant subspace of U is found. Moreover, we know:Theorem 3.1 [33, Theorem 2.9] LetU [q1; q2; : : : ; qk]� [q1; q2; : : : ; qk]G1(
1) � � �Gk�1(
k�1) eGk(
k) = �kqk+1eTkbe a k-step Arnoldi factorization of U with G1(
1) � � �Gk�1(
k�1) eGk(
k) 2 Ck�k unreduced.Then �k = 0 if and only if q1 = V y where UV = V R with V HV = Ik and R upper triangularof order k.As pointed out before, if the norm of the residual fk = �kqk+1 is small, then the keigenvalues of the k�k matrix H 0k = G1(
1) � � �Gk�1(
k�1) eGk(
k) are good approximationsto eigenvalues of U . But even if �k is not small, typically some eigenvalues of H 0k aregood approximations to eigenvalues of U . Unfortunately, H 0k is usually not unitary andtherefore its eigenvalues are not on the unit circle. As U is unitary, it seems natural toforce the approximating spectrum to lie on the unit circle. This can be done by workingwith Hk = G1(
1) � � �Gk�1(
k�1) eGk(�) where j�j = 1 which can be viewed as a rank onemodi�cation of H 0k = G1(
1) � � �Gk�1(
k�1) eGk(
k). This was already noted by Gragg in[14]. Incorporating Hk into (5) yieldsUQk = QkHk + (�kqk+1 + (� � 
k)eqk)eTk(7)since we see with (6)QkH 0k = QkHk +Qk(H 0k �Hk)= QkHk +QkG1 � � �Gk�1( eGk(
k)� eGk(�))= QkHk + (� � 
k)QkG1 � � �Gk�1ekeTk= QkHk + (� � 
k)eqkeTk :Please note :� While H 0k = QHk UQk is the orthogonal projection of U onto the range of Qk, Hk =QHk UQk eGk( �
k ) in general is not a projection anymore.� While the residual �kqk+1 in (5) is orthogonal to the columns of Qk, this is in generalno longer true for the residual �kqk+1 + (� � 
k)eqk in (7).� While H 0k minimizes the norm of the residual R(M) = UQk�QkM (where U 2 Cn�nunitary, Qk 2 Cn�k with QHk Qk = Ik and M 2 Ck�k) (see, e.g., Theorem IV.1.15 in[34]), this is no longer true for Hk.But we can derive bounds for the distance between the eigenvalues of Hk and suitableeigenvalues of U .



Error bounds in the isometric Arnoldi process 7Theorem 3.2 Let U 2 Cn�n be unitary with eigenvalues �1; : : : ; �n and q1 2 Cn withjjq1jj2 = 1. Assume that k steps of the Arnoldi method for unitary matrices are performedsuch that UQk = QkHk + (�kqk+1 + (� � 
k)eqk)eTkwhere Hk = G1(
1) � � �Gk�1(
k�1) eGk(�), with j�j = 1. Let �1; : : : ; �k be the eigenvalues ofHk and R(Hk) = UQk �QkHk. ThenjjR(Hk)jj2 =q�2k + j� � 
kj2;and furthermore, minj2f1;:::;ng j�i � �j j �q�2k + j� � 
kj2 for i = 1; : : : ; k:For a suitable permutation � of i = 1; : : : ; kj�i � ��(i)j �q�2k + j� � 
kj2:Proof : jjR(Hk)jj22 = jj(�kqk+1 + (� � 
k)eqk)eTk jj22= (�2k + j� � 
kj2)since eqTk qk+1 = 0 and jjqk+1jj2 = jjeqkjj2 = 1.Let eU = U � R(Hk)QHk . Then kU � eUk2 = kR(Hk)k2 and eUQk = QkHk, suchthat �1; : : : ; �k are eigenvalues of eU . Therefore by the Bauer-Fike Theorem (see,e.g., [13, Theorem 7.2.2])we obtain for i = 1; : : : ; kminj2f1;:::;ng j�i � �j j � kR(Hk)k2 =q�2k + j� � 
kj2:De�ne H(�) = H(
1; : : : ; 
k�1; �; 
k+1; : : : ; 
n) 2 Cn�n where j�j = 1 as before.Let F = H(
1; : : : ; 
k�1; 
k; 
k+1; : : : ; 
n)�H(�). ThenjjF jj2 = jjG(
1) � � �Gk�1(
k�1)[Gk(
k)�Gk(�)]Gk+1(
k+1) � � � eGn(
n)jj2= jjGk(
k)�Gk(�)jj2= q�2k + j� � 
kj2:The last statement of the theorem now follows using the following result ofBhatia/Davis [4] :For all constant multiplies U = �Q and B = �V of two unitary ma-trices Q and V we have �(U;B) � jjU �Bjj2:(When U and B are Hermitian, the above inequality is a classical result of Weyl).This yields �(H;H(�)) � jjF jj2 =q�2k + j� � 
kj2: p



Error bounds in the isometric Arnoldi process 8Hence, p�2k + j� � 
kj2 is an upper bound for the distance of the spectrum of Hk to that ofU .Remark 3.3 The bound for the eigenvalue variation is minimal for � = 
kj
kj . Then�(H;H(�)) �p2(1� j
kj):In addition, we can give individual bounds for each eigenvalue of Hk.Theorem 3.4 The assumptions are the same as in Theorem 3.2. LetSHk HkSk = diag(�1; : : : ; �k)be the Schur decomposition of Hk and Yk = [y1; : : : ; yk] = QkSk 2 Cn�k. Then for i =1; : : : ; k minj2f1;:::;ng j�i � �j j � jjUyi � �iyijj2� jskijq�2k + j� � 
kj2where Sk = [sij ]ki;j=1.Proof:Let ri = Uyi � �iyi. Then �i is an eigenvalue of (U � riyHi ), because yHi yi = 1:Therefore from the Bauer-Fike Theorem we obtainminj2f1;:::;ng j�i � �j j � kriyHi k2 = jjUyi � �iyijj2 i = 1; : : : ; k:Now let Sk = [s1; : : : ; sk], then yj = Qksj for j = 1; : : : ; k: Since Hksi = �isi weget jjUyi � �iyijj2 = jj(UQk �QkHk)sijj2= jj(�kqk+1 + (� � 
k)eqk)eTk sijj2= jskij jj�kqk+1 + (� � 
k)eqkjj2= jskij q�2k + j� � 
kj2: pThe �rst part of the theorem assures that in each circle around �i with radius jjUyi ��iyijj2 there is at least one eigenvalue of U . If these circle do not intersect, the eigenvalues ofHk approximate di�erent eigenvalues of U . If two circles intersect, then the corresponding� might approximate the same eigenvalue of U . The second part of the theorem shows thatif the last component of an eigenvector si for Hk is small, the eigenpair (�i; yi) is a goodapproximation to an eigenpair of U .Analogues of Theorem 3.2 and 3.4 can be given for the unmodi�ed version of the Arnoldimethod which compare the eigenvalues of U and H 0k. The bounds are slightly tighter thanthe ones given here.A direct consequence of Theorem 2.1 is



Error bounds in the isometric Arnoldi process 9Theorem 3.5 The assumptions are the same as in Theorem 3.2. Then, between two eigen-values of Hk on the unit circle, there lies an eigenvalue of U .Hence, if k steps of the Arnoldi method for unitary matrices are performed and if thelast re
ection coe�cient computed is modi�ed to lie on the unit circle, then we can specifyarcs on the unit circle, on which eigenvalues of U must lie. Furthermore, the eigenvalues ofHk and Hk+1 interlace on the unit circle.We have seen (Theorem 2.2) that those eigenvalues of Hk whose eigenvectors have a smalllast component are not sensitive against changes of the last re
ection coe�cient. These arethe eigenvalues which are good approximations to eigenvalues of U (Theorem 3.4). Hence,the choice of the parameter �k is not important for the approximating properties of theeigenvalues. But the parameter �k does in
uence the distance to an invariant subspace(Theorem 3.2).Remark 3.6 The entire discussion given here does not consider rounding errors. In pratice,of course, one has to deal with rounding errors. For example a loss of orthogonality of thecomputed vectors qj in the Arnoldi method has to be expected. We believe that the analysisof Paige [27] for these problems in the symmetric case can be carried over to the unitarycase.4 Computing dominant frequencies of a periodic signalConsider the problem (1) of �nding frequencies �1; : : : ; �n and amplitudes �1; : : : ; �n for agiven signal fskg1k=�1 such thatsk � nX̀=1 �`e{(k�`+�`) for all k:(8)The �nite subsequence fskgNk=1; N � n is explicitly known (measured) and we assume herethat the signal is periodic with period N , i.e.sk = sjN+k k = 1; : : : ; N; j = �1;�2; : : :This implies that all frequencies are multiples of 2�=N . We denote by s the signal vectors = [s1; : : : ; sN ]T .A simple way to solve the problem is to perform a discrete Fourier transformation of sy = 1NFs; where F = [e�{( 2�kN `)]k;`=0;:::;N�1:(9)Then sk = NX̀=1 y`e{( 2�kN `) for all k;(10)and we could just neglect the terms with very small coe�cients yk in this sum. In order toillustrate the results of the previous chapters, here we will consider methods that determinethe unknown quantities via approximating the autocorrelation lags. This may be a usefulalternative to the use of the fast Fourier transformation in case n � N . But it should benoted that there is no guarantee that the approach presented here approximated all n of thedesired frequencies.



Error bounds in the isometric Arnoldi process 10As the k-th autocorrelation lag of the signal one considers the quantityrss(k) = NXj=1 sjsj+k:With the signal s we associate the n-th order autocorrelation matrix Tn(s) = [tj�k]n�1j;k=0where tj := rss(j) j = 0;�1; : : : ;�(n� 1):(11)Tn(s) is a Hermitian positive semide�nite Toeplitz matrix.It is a common approach to determine n such that Tn+1(s) is the smallest dimensionalautocorrelation matrix which is almost singular and �1; : : : ; �n and �1; : : : ; �n such that forthe signal fzkg1k=�1 with zk = nX̀=1 �`e{(k�`) for all k(12)the �rst n autocorrelation lags match those of the original signal s (see e.g. [9, 10, 24, 25,29, 32]). This approach assumes that the noise level is small. In the following we show howthis problem is related to a large sparse unitary eigenvalue problem.Tn(s) can obviously be expressed asTn(s) = [s; Js; : : : ; Jn�1s]H [s; Js; : : : ; Jn�1s](13)where J is the N �N circular shift matrixJ = [e2; e3; : : : ; eN ; e1]:Thus Tn+1 is almost singular if [s; Js; : : : ; Jns] is almost singular. That is, s lies almost inan n-dimensional invariant subspace of J .The result of n steps of the isometric Arnoldi method applied to J starting with theinitial vector q1 = 1ksk2 s yields (see (7))JQn = QnHn + (�nqn+1 + (� � 
n)eqn)eTn ; s = ksk2Qne1;(14)where Hn = G1(
1) : : : G(
n�1) eGn(�) is a unitary n � n upper Hessenberg matrix. With(14) we can easily prove thatJks = ksk2JkQne1 = ksk2QnHkne1 for k < n:(15)Note that because of the special form of G(
j) and eGn(�) we have for k < n(G1(
1) : : :G(
n�1) eGn(�))ke1 = (G1(
1) : : : G(
n�1))ke1such that the expressions in (15) do not depend on � at all.Because QHn Qn = I we see from (14) and (15) that Tn(s) can be written asTn(s) = ksk22[e1; Hne1; : : : ; Hn�1n e1]H [e1; Hne1; : : : ; Hn�1n e1]:(16)Consider the spectral decomposition of HnSHn HnSn = � = diag(e{�1 ; : : : ; e{�n); SHn e1 = w = [!1; : : : ; !n]T ; �j > 0;



Error bounds in the isometric Arnoldi process 11where Sn is unitary. From (16) we get with this eigenvalue information a representation ofTn(s) as Tn(s) = ksk22[w;�w; : : : ;�n�1w]H [w;�w; : : : ;�n�1w](17)and therefore for j = 0; : : : ; n tj = ksk22 nX̀=1 !2̀e{(�`j)which is the j-th autocorrelation lag of (12) (up to scaling).Note that while Tn(s) does not depend on the choice of � at all, the quantities �1; : : : ; �nand !1; : : : ; !n do.Computing the dominant frequencies such that the �rst autocorrelation lags are matchedcan thus be interpreted as approximating the eigenvalues of the circular shift J which aredominant in the signal s by the Arnoldi method.In [30] Reichel and Ammar already propose to compute the dominant frequencies via theeigenproblem for unitary Hessenberg matrices in the following way: Subsequently computethe re
ection coe�cients 
1; 
2; : : :, (which are all inside the unit circle) associated with theautocorrelation matrices T1(s); T2(s); : : : until you reach a 
n with magnitude close to 1.Then �n � 0 and with � = 
nj
nj we get from (14) JQn � QnHn: But thenTn+1(s) � ksk22[e1; Hne1; : : : ; Hnne1]H [e1; Hne1; : : : ; Hnne1]and Tn+1 is almost singular. In fact the latter matrix di�ers from Tn+1 only in the positionof the n -th autocorrelation lag tn. Compute the eigenvalues and the �rst components ofthe normalized eigenvectors of Hn to achieve the desired frequencies and amplitudes. Thisis one way of computing the signal approximation in the CSM method [32].The results of Section 3 can be used to give an estimate for the correctness of theapproximation. From Theorem 3.2 we obtain for Hn = G1(
1) : : : G(
n�1) eGn(�)jjJQn �QnHn(�)jj2 =p�2n + j� � 
nj2and minj2f1;:::;Ng j�k � e{2�j=N j �p�2n + j� � 
nj2; k = 1; : : : ; n:The bounds are minimal for � = 
nj
nj . If �n is small, then for this choicep�2n + j� � 
nj2 =p2(1� j
nj)is almost zero, indicating a good approximation. Choosing, e.g., � = �
n, we obtainp�2n + j� � 
nj2 =p2(1 + j
nj)which is almost 2 if �n is small. Thus the way 
n is modi�ed to lie on the unit circle doesin
uence the quality of the approximation.From Theorem 2.2 we obtain, that those eigenvalues of Hn whose eigenvectors havea small last component, are not sensitive to changes of the last re
ection coe�cient. ByTheorem 3.4, these are the eigenvalues that are good approximations to eigenvalues of J .Let e{�j ; j = 1; : : : ; n be the eigenvalues of Hn, then the �j are used as approximationsto the dominant frequencies of s. The bounds in Theorem 2.2 and 3.4 also give bounds forthe errors. A simple calculation yields



Error bounds in the isometric Arnoldi process 12Corollary 4.1 Assume that n steps of the Arnoldi method are applied to J and s such thatJQn = QnHn(�) + (�nqn+1 + (� � 
n)eqn)eTnwhere Hn(�) = G1(
1) � � �Gn�1(
n�1) eGn(�), � 2 C; j�j = 1. The eigenvalues of J aree{2�j=N ; j = 1; : : : ; N . Let �a; �b 2 C; j�aj = j�bj = 1. Let e{�j be the eigenvalues of Hn(�a)and e{�j be those of Hn(�b), j = 1; : : : ; n. LetSHn Hn(�a)Sn = diag(e{�1 ; : : : ; e{�n)be the Schur decomposition of Hn(�a), Sn = [sij ]ni;j=1. Then for i = 1; : : : ; nminj2f1;:::;kg j�i � �j j � arccos(2� j�a � �bj2 jsnij22 ):Furthermore, minj2f1;:::;Ng j�i � 2�j=N j � arccos(2� �2n + j�a � �bj22 )and minj2f1;:::;Ng j�i � 2�j=N j � arccos(2� jsnij2(�2n + j�a � �bj2)2 ):5 Numerical ExamplesIn this section numerical experiments are presented to demonstrate the statements of Section3 and Section 4. First the eigenvalues of a unitary upper Hessenberg matrix H are comparedwith the eigenvalues of modi�ed kth leading principal submatrices Hk. All statements ofSection 3 can be observed clearly :� Between two eigenvalues ofHk on the unit circle there lies an eigenvalue ofH (Theorem2.1).� If the last component of an eigenvector of Hk is small, then the corresponding eigen-value is a good approximation to an eigenvalue of H (Theorem 3.4).� The approximating properties of the eigenvalues of Hk vary only slightly with thechoice of the modi�ed re
ection coe�cient (Theorem 2.2).In the second part of this section, two examples illustrate the discussion in Section 4. Allcomputations were done using MATLAB on a SUN SparcStation 10 with machine precision� � 2:2204e� 16.The �rst set of tests was performed to demonstrate the statements of Section 3. A unitaryupper Hessenberg matrix H = H(
1; : : : ; 
20) 2 C20�20 was constructed from 20 randomlychosen re
ection coe�cients 
1; : : : ; 
20 2 C. The eigenvalues �j of H lie randomly on theunit circle. The eigenvalues �j of the modi�ed kth leading principal submatrices Hk =Hk(
1; : : : ; 
k�1; �k) were computed for di�erent dimensions k < 20. For each eigenvalue �jthe minimal distance to an eigenvalue of H and the error bound given in Theorem 3.4 wascomputed.For the �rst example �k = 
kj
kj was chosen as the bound for the eigenvalue variation isminimal for this choice of �k (see Remark 3.3). The eigenvalues of H and Hk are plottedfor k = 10 and k = 15 in the following �gure. The eigenvalues of H are marked by 'o', theeigenvalues of Hk by '*'.
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 k = 10  k = 15

Although �10 = 0:58940774002982 and �15 = 0:87680954800405 are not small, some ofthe eigenvalues of H10 and H15 are good approximations to eigenvalues of H . In Theorem3.4 it was proven that if the last component of an eigenvector of Hk is small, then thecorresponding eigenvalue is a good approximation to an eigenvalue of H . Individual boundsfor the minimal distance of each eigenvalue of Hk to the eigenvalues �j of H can be givenminj2f1;:::;ng j�i � �j j � jskij p�2n + j� � 
nj2 =: ubiwhere s`i; ` 2 f1; : : : ; kg is the `th component of the eigenvector to the ith eigenvalue ofHk. The following tables report the minimal distance between each eigenvalue of Hk andthe eigenvalues �j of H as well as the above error bounds for k = 10 and k = 15.k = 10;p�2k + j� � 
kj2 � 0:6199minj�i � �j j ubi�1 1.0071e-07 4.1381e-04�2 2.7263e-06 2.3746e-03�3 2.4649e-04 4.8555e-02�4 2.9825e-06 6.3154e-03�5 3.9244e-03 5.6481e-02�6 2.0610e-04 2.3190e-02�7 3.5094e-04 4.0212e-02�8 8.2207e-05 1.8990e-02�9 8.4617e-03 1.9755e-01�10 2.1661e-01 5.8068e-01
k = 15;p�2k + j� � 
kj2 � 1:0189minj�i � �j j ubi�1 4.2658e-10 2.1653e-05�2 7.4752e-07 4.4540e-04�3 5.5443e-08 4.2885e-04�4 5.9287e-04 3.6914e-03�5 3.5522e-09 3.0701e-05�6 1.6636e-05 2.5023e-03�7 2.3986e-02 5.7894e-01�8 4.2465e-08 3.9597e-04�9 1.4195e-12 9.4849e-06�10 7.6101e-11 3.9866e-05�11 3.7732e-03 7.7117e-02�12 2.6922e-04 2.5062e-02�13 4.9946e-06 5.0100e-03�14 5.3077e-03 1.9032e-01�15 1.5772e-01 8.1260e-01Comparing the actual minimal distance with the error bound one observes that theapproximations are much better than the error bound predicts. Another observation isthat a small last component and hence a small individual error bound for the eigenvaluesindicates good eigenvalue approximations.



Error bounds in the isometric Arnoldi process 14For the second example a random complex number �k; j�kj = 1 was chosen; hence thebound for the eigenvalue variation is not minimal (see Remark 3.3). The following �gureand tables display the same information as before.
 k = 10  k = 15

k = 10;p�2k + j� � 
kj2 � 1:8211minj�i � �j j ubi�1 1.9902e-06 2.7057e-03�2 8.9514e-05 2.1656e-02�3 4.6934e-02 5.5107e-01�4 3.8414e-04 3.5758e-02�5 1.9734e-02 1.6406e-01�6 2.6689e-03 6.2874e-02�7 5.0207e-03 7.8979e-02�8 1.2924e-05 2.9484e-03�9 3.5443e-02 1.2436e-01�10 2.4899e-02 1.7200e+00
k = 15;p�2k + j� � 
kj2 � 1:1519minj�i � �j j ubi�1 9.3659e-10 3.5684e-05�2 1.1929e-05 4.3049e-02�3 3.1109e-09 1.8487e-04�4 6.0705e-04 5.8196e-03�5 2.6543e-09 4.4310e-05�6 1.0846e-05 3.5051e-03�7 1.5657e-02 1.6624e-01�8 3.0403e-07 1.3257e-03�9 4.4982e-11 7.4116e-06�10 7.9706e-10 2.7398e-05�11 6.5638e-04 8.6970e-02�12 1.6478e-04 2.6234e-02�13 8.6488e-06 4.1257e-03�14 2.5703e-03 7.6717e-01�15 1.0814e-01 8.3703e-01Although the choice of �k is not optimal, we essentially obtain the same results as before.The eigenvalue approximation is much better than the error bound predicts.Comparing the results of the two examples presented, one observes that independent ofthe choice of �k the same eigenvalues of H are approximated. If the last component of aneigenvector is small, then the approximation is good no matter how �k is chosen. The bestresults are obtained for �k = 
kj
kj . We omitted an example to demonstrate that if the lastcomponent of an eigenvector is not small, then the quality of the eigenvalue approximationdepends on the choice of �k. Further it can be seen that between two eigenvalues of Hk onthe unit circle there lies an eigenvalues of H (due to the poor resolution, this is very hardto see in the �gures presented here).



Error bounds in the isometric Arnoldi process 15The same results can be observed for larger unitary upper Hessenberg matrices H . More-over, one can observe that the eigenvalues of the modi�ed leading principal submatricesHk�1and Hk interlace on the unit circle with respect to a cutting point �. Also, some eigenvaluesof the unmodi�ed leading principal submatrices are good approximations to eigenvalues ofH . The following two examples illustrate the discussion given in Section 4. In both examples,the length N of the signal is 1000 and the sk have the formsk = 5X̀=1 �`eik�` + �vkwhere vk is a random number (uniformly distributed in (0; 1)) which represents noise, � 2 IRis a scalar and �` = 2�m`=N where m` 2 f1; : : : ; Ng;m` 6= mj for ` 6= j; `; j 2 f1; : : : ; 5g.In each example, the signal vector s = [s1; : : : ; sN ]T is formed and 5 steps of the Arnoldimethod are applied to J and s. This yields a unitary upper Hessenberg matrix H5 =H5(
1; : : : ; 
4; 
5=j
5j). In case � = 0 (that is, no noise), we know from Theorem 3.1that the eigenvalues of H5 have to be �1; �2; : : : ; �5. Hence for small noise, we expect thatthe eigenvalues of H5 are good approximations to the desired �j ; j = 1; : : : ; 5. Thereforethe eigendecomposition of H5 is computed. Estimates e�` and e�` for the frequencies andamplitudes are obtained from the eigenvalues and the �rst components of the eigenvectors,respectively. Corollary 4.1 gives an upper bound for the distance of e�` to 2�j=N :minj2f1;:::;Ng je�i � 2�j=N j � arccos(2� js5ij2(�25 + j� � 
5j2)2 ) =: acosiwhere s5i denotes the last entry of the ith eigenvector. For each example the actual minimaldistance of e�` to �j ; j = 1; : : : ; 5 is computed as well as acos` for ` = 1; : : : ; 5. As we do notknow of an error bound for the amplitudes, we just compute the distance between e�` and�`. For the �rst examplesk = 1:2e2�{5k=N + 3:5e2�{37k=N + 5:7e2�{271k=N + 0:3e2�{400k=N + 2:1e2�{979k=N + � � vkfor di�erent � 2 IR was chosen. The frequencies are well separated. Table 1 lists the resultsfor this example. Not surprisingly, the smaller the perturbation (�vk), the better are theapproximations. The approximations of the frequencies are much better than the upperbounds indicate. For small perturbations the upper bounds acosi overestimate the approx-imation error by several powers of 10. The method seems to approximate the amplitudeswith about the same accuracy as the frequencies.In praxis, of course, we would not know the exact value of n, the number of frequenciesand amplitudes needed to express the signal as a sum of exponentials. The above resultsindicate that a rule of thumb could be to let the Arnoldi method run until a �j is obtainedwhich is smaller than some given tolerance. The quality of the approximation depends on�j , the biggest perturbations observed are of about the same size as �j .For the second example we modi�ed the signal of the �rst example a little bit. Thesecond frequency was chosen to be as close as possibly to the �rst one, the second amplitudeto be the same as the �rst onesk = 1:2e2�{5k=N + 1:2e2�{6k=N + 5:7e2�{271k=N + 0:3e2�{400k=N + 2:1e2�{979k=N + � � vk:Table 2 displays the same information as the table for the last example.



Error bounds in the isometric Arnoldi process 16minje�i � �j j acosi je�i � �ij�1; �1 5.3429e-16 2.9802e-08 3.1919e-15�2; �2 4.4409e-16 7.3000e-08 4.4964e-15�3; �3 4.4409e-16 1.1921e-07 2.2204e-16 � =1e-12, �5 = 1.9029e-13�4; �4 2.2204e-15 4.1215e-07 6.3838e-16�5; �5 2.9976e-15 < �1 8.2157e-15�1; �1 3.9862e-09 8.7236e-06 7.4678e-09�2; �2 9.3195e-11 2.2166e-05 4.8939e-10�3; �3 2.0961e-13 3.5988e-05 5.7692e-09 � =1e-06, �5 = 1.7417e-08�4; �4 4.5526e-11 1.2471e-04 1.0905e-08�5; �5 4.1067e-10 9.6880e-07 1.3765e-08�1; �1 3.9882e-03 8.7095e-03 8.8594e-04�2; �2 9.1643e-05 2.1697e-02 3.4548e-04�3; �3 2.0874e-07 3.6867e-02 5.7266e-06 � =1e-03, �5 = 1.7218e-02�4; �4 4.5350e-05 1.2412e-01 8.9389e-06�5; �5 4.2181e-04 9.6624e-04 1.1025e-03�1; �1 8.9834e-03 8.6531e-02 1.2463e-01�2; �2 6.9043e-03 1.2295e-01 1.4979e-02�3; �3 2.0030e-05 3.4552e-01 5.8261e-04 � =1e-01, �5 = 4.4414e-01�4; �4 5.8260e-02 6.1589e-01 2.8760e-02�5; �5 1.8972e-02 2.4824e-01 2.2939e-02Table 1minje�i � �j j acosi je�i � �ij�1; �1 9.0206e-16 < �1 2.4231e-14�2; �2 9.5063e-16 < �1 2.5424e-14�3; �3 6.6613e-16 1.7881e-07 2.2204e-16 �= 1e-12, �5 = 6.6169e-14�4; �4 3.1086e-15 1.8492e-07 4.9960e-16�5; �5 1.6653e-15 < �1 5.4401e-15�1; �1 3.3104e-06 7.6164e-06 9.6212e-05�2; �2 3.0650e-06 6.9887e-05 9.6170e-05�3; �3 1.4011e-13 3.4954e-03 2.9009e-09 �=1e-06, �5 = 2.5320e-05�4; �4 3.4072e-11 3.6190e-03 9.6212e-05�5; �5 1.5243e-09 7.9760e-07 4.9885e-09�1; �1 3.4452e-05 4.2054e-03 1.4254e-01�2; �2 3.0314e-03 3.3297e-03 7.8585e-02�3; �3 1.3990e-08 4.2764e-03 3.0402e-06 �=1e-03, �5 = 4.7117e-01�4; �4 3.4482e-06 7.5652e-01 4.7361e-02�5; �5 1.8417e-03 2.7975e-02 1.1769e-04�1; �1 1.6441e-02 2.3596e-01 1.4217e-01�2; �2 1.2527e-02 2.2402e-01 1.1270e-01�3; �3 2.2631e-05 2.7498e-01 1.7099e-03 � =1e-01, �5= 4.0455e-01�4; �4 4.0867e-02 5.3145e-01 3.3385e-02�5; �5 1.9591e-01 1.7553e-01 2.5918e-02Table 21� � 2:2204e� 16



Error bounds in the isometric Arnoldi process 17The method has di�culties to approximate the �rst two frequencies and amplitudes.The results for these approximations have been better in the previous example, where the�rst two frequencies and amplitudes were much better separated. The actual approximationerror for the �rst two frequencies are only of the order of the error estimate.6 Concluding RemarksSome properties of the isometric Arnoldi method have been discussed. The Arnoldi methodapplied to a unitary matrix U yields after k stepsUQk = QkH 0k + �kqk+1eTkwhere H 0k = G1(
1) � � �Gk�1(
k�1) eGk(
k), QHk Qk = Ik , and qHk+1Qk = 0. If 
k is modi�edto lie on the unit circle, one obtainsUQk = QkHk + (�kqk+1 + (� � 
k)eqk)eTkwhere Hk = G1(
1) � � �Gk�1(
k�1) eGk(�), j�j = 1 is a unitary upper Hessenberg matrix. Thedistance of the approximation to an invariant subspace of U given by Hk was determined.(Individual) error bounds for the eigenvalues of Hk were derived.In [1] it was noted that there is a simple equivalence transformation which transformsH = G1 � � �Gn�1 eGn to GoGHe where Go and Ge are block diagonal unitary matrices withblock size at most two, Go is the product of all the odd numbered re
ectors and Ge is theproduct of all the even numbered re
ectors. Bohnhorst makes use of this fact in [5] to derivea Lanczos-like algorithm to transform a unitary matrix U to GoGHe . She gives eigenvaluebounds similar to the ones presented here.A problem in signal processing and its connection to the isometric Arnoldi method wasdiscussed in detail.References[1] G. S. Ammar, W. B. Gragg, and L. Reichel. On the Eigenproblem for OrthogonalMatrices. In Proc. 25th IEEE Conference on Decision and Control, pages 1963 { 1966,1986.[2] G. S. Ammar, W. B. Gragg, and L. Reichel. Determination of Pisarenko frequencyestimates as eigenvalues of an orthogonal matrix. In Advanced Algorithms and Archi-tectures for Signal Processing II, volume 826, pages 143 { 145. F.T. Luk, Proc. SPIE,International Soc. for Optical Engineering, 1987.[3] G. S. Ammar, L. Reichel, and D. C. Sorensen. An Implementation of a Divide andConquer Algorithm for the Unitary Eigenproblem. ACM Trans. Math. Software, pages292 { 307, 1992.[4] R. Bhatia and C. Davis. A bound for the spectral variation of a unitary operator.Linear and Multilinear Algebra, 15:71 { 76, 1984.[5] B. Bohnhorst. Beitr�age zur numerischen Behandlung des unit�aren Eigenwertproblems.Phd thesis, Fakult�at f�ur Mathematik, Universit�at Bielefeld, Bielefeld, Germany, 1993.
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