QUASI-DIAGONALIZABLE AND CONGRUENCE-NORMAL
MATRICES
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Abstract. A matrix A € C"*" is unitarily quasi-diagonalizable if A can be brought by a unitary
similarity transformation to a block diagonal form with 1 x 1 and 2 x 2 diagonal blocks. In particular,
the square roots of normal matrices are unitarily quasi-diagonalizable.

A matrix A € C™*™ is congruence-normal if B = AA is a normal matrix. We show that every
congruence-normal matrix A can be brought by a unitary congruence transformation to a block
diagonal form with 1 x 1 and 2 x 2 diagonal blocks. Our proof emphasizes and exploits the likeness
between the equations X2 = B and XX = B for a normal matrix B.

1. Introduction. A matrix A € C™*" is normal if
AA* = A" A.
A is said to be conjugate-normal if
AA* = A*A.

These two matrix classes with the definitions so closely resembling each other have
indeed much in common as their lists of properties, compiled in [GJSW, EI] and [FI1],
respectively, demonstrate. Both play an equally important role: the former class in
the theory of unitary similarity and the latter in the theory of unitary congruence.

One aspect of their likeness important for this paper is the following. Every nor-
mal matrix A can be brought by a unitary similarity transformation to diagonal form,
the diagonal entries being the eigenvalues of A. Every conjugate-normal matrix A can
be brought by a unitary congruence transformation to a block diagonal form with 1x 1
and 2 x 2 blocks (see [VHV, FI2]). From this form, the so-called coneigenvalues of A
can easily be read out.

Our purpose here is to give a comparative analysis of another two matrix classes.
One of them are unitarily quasi-diagonalizable matrices, that is, matrices that can be
brought by a unitary similarity transformation to a block diagonal form with 1 x 1
and 2 x 2 diagonal blocks. For brevity, we omit 'unitarily’ in this term and denote by
9, the set of quasi-diagonalizable matrices of order n. All the normal matrices are
quasi-diagonalizable, and the rest of Q,, are nonnormal matrices whose structure is
most close to that of normal matrices. From other perspectives, though, matrices in
Q,, can be arbitrarily far from normality. For instance, oblique (as well as orthogonal)
projectors and involutions are members of Q,,. More generally, Q,, contains all the
matrices with quadratic minimal polynomials.

The second class are congruence-normal matrices introduced in [HLV].

DEFINITION 1.1. A matriz A € C™" " is said to be congruence-normal if B = AA
is a normal matriz.

Thus, every congruence-normal matrix is a solution to the matrix equation

XX =58 (1.1)
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for some normal matrix B. The set of n x nm congruence-normal matrices will be
denoted by C,. It can easily be shown that C,, contains all the n X n conjugate-normal
matrices. On the other hand, the matrices

o] |

belong to Cy but are not conjugate-normal.

In Section 3, we show that a matrix A € C,, can be brought by a unitary congru-
ence transformation to a block diagonal form with 1 x 1 and 2 x 2 diagonal blocks. The
difference from the conjugate-normal case is that 2 x 2 blocks may not be conjugate-
normal.

It should be noted that a canonical form of congruence-normal matrices with
respect to unitary congruences was already found in [HLV]. Thus, our contribution is
not the canonical form itself but, rather, the approach to its derivation, which differs
from that in [HLV].

We consider equation (1.1) as a congruence analogue of the equation

N O

O =
—_

X? =0, (1.2)

where B is again a normal matrix.

Equation (1.2) describes the square roots of normal matrices or, in a different
nomenclature, quadratically normal matrices (see [K]). These matrices were examined
in [RR], and the following result was obtained:

THEOREM 1.2. If A € C™*" is the square root of a normal matriz, then A is
unitarily similar to

N:|:N1 Ny

0 N, } @ N3, (1.3)

where N1, No, and N3 are normal matrices and N1 and Ny commute.
Consider the unitary matrix

Q=010 Qs (1.4)

where Q3 brings N3 to its diagonal form and (1 brings both N; and Ny to their
diagonal forms. (A simultaneous reduction is possible because N7 and No commute.)
Then, the unitary congruence transformation

N - M=Q"NQ
produces the matrix

My M,

M:[ 0 —M;

} @ Ms, (1.5)

such that M7, My, and Mj3 are diagonal matrices. By a simple symmetric rearrange-
ment of the rows and columns in (1.5), the first direct summand can be made a direct
sum of 2 x 2 blocks of the form

and a diagonal matrix. We arrive at the following conclusion:
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THEOREM 1.3. FEvery quadratically normal matrix is unitarily quasi-diagonalizable.

In Section 2, we give our own proof of Theorem 1.3. It is this proof on which
our derivation in Section 3 is patterned. Some comments on the block diagonal form
obtained are given in the concluding Section 4.

2. Quadratically normal matrices. We precede the proof of Theorem 1.3 by
two auxiliary propositions.

Recall that A € C™*" is a nilpotent matrix if A™ = 0 for some positive integer
m. The minimal of such m is called the index of nilpotence.

LEMMA 2.1. Let A € C™™ be a nilpotent matriz of index two. Then, A is
unitarily quasi-diagonalizable.

Proof. Let qi,...,q; be an orthonormal basis of the null space N of A, and let Q

be a unitary n X n matrix with q1,...,qg as its first & columns. Then,
A=Q"AQ = { 8 AO” ] : (2.1)
The lower right block is zero because A2 = 0 and, hence,
Ag; € N =span{q1,...,qx}, i=k+1,...,n.
Let
DN =UEV™, ¥ = diag(oq,...,00), ¢ =min{k,n — k}, (2.2)
be the singular value decomposition of Aj5. Define
P=UaV. (2.3)
Then,
F:PAP:[S%]. (2.4)

Finally, a symmetric rearrangement of the rows and columns in I' yields a block
diagonal matrix whose 2 x 2 blocks have the form

{8 ?] (2.5)

and correspond to nonzero singular values of A15. Thus, A can be transformed to the
desired block diagonal form, which means that A € Q,,. O
COROLLARY 2.2. Let A € C™*"™ be a matrix of the form

A=al,+ N,

where N is a nilpotent matrixz of index two. Then, A € Q..

LEMMA 2.3. Let A € C"*™ be a diagonalizable matriz with exactly two distinct
eigenvalues. Then, A is unitarily quasi-diagonalizable.

Proof. Denote by A1 and Ao the eigenvalues of A and by k the multiplicity of \;.
Let @ be a unitary matrix that transforms A by similarity to its Schur form such that
the first k£ diagonal positions are occupied by A;. Then,

~san | Mk Dae
AQAQ[ ; Mn_k]
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As in Lemma 2.1, consider the singular value decomposition (2.2) of the block Ajs
and define the unitary matrix (2.3). Then,

. | Ay by
I'=P"AP = [ 0 Moy s } . (2.6)
A symmetric rearrangement of rows and columns makes I' a block diagonal matrix

whose 2 x 2 blocks have the form
)\1 gj
o] o
and correspond to nonzero singular values of Aj5. The block diagonal form obtained
proves that A € Q,,. O
Lemmas 2.1 and 2.3 and Corollary 2.2 lead to the following conclusion:
COROLLARY 2.4. Every matriz A € C"*™ having a quadratic minimal polynomial

s unitarily quasi-diagonalizable.
Consider a slightly more general equation than (1.2), namely,

f(X) =B, (2.8)

where, as before, B is a normal matrix and f is a quadratic polynomial. Without loss
of generality, f can be assumed to be monic:

f(z) =24 az+b.

THEOREM 2.5. FEwvery solution to matriz equation (2.8) is a unitarily quasi-
diagonalizable matriz.
Proof. Since B is a polynomial in the unknown X, both matrices should commute

BX = XB. (2.9)

Let A1,..., Ay be all the distinct eigenvalues of B and k1, ..., ky (k1 +...+kpn =n)
be their multiplicities. Find a unitary matrix @ such that

C=Q"BQ =M1y ®Nalpp, & B A1y, (2.10)
Define
Y =Q"XQ.
Then,
CYy =YC (2.11)
and
fiy)==cC. (2.12)

Relations (2.10) and (2.11) imply that
Y=Y 1eY®---Y,,. (2.13)
The diagonal block Y; (¢ = 1,...,m) has the size k; x k; and satisfies the equation

(Vi) = Xl
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Now, we omit the subscripts and consider two possible situations.
Case 1: a®> = 4(b — \). In this case, Y solves the equation

g(Y) =0, (2.14)
where the polynomial

9(2) = f(z) = A (2.15)
has a zero discriminant and, hence, a unique root a:

9(2) = (z — ).
It follows that Y is a matrix of the type specified in Corollary 2.2. Consequently, Y
is quasi-diagonalizable.

Case 2: a®> # 4(b — )\). Now, polynomials (2.15) has two distinct roots. By
(2.14), g(z) is the minimal polynomial of Y. According to Corollary 2.4, Y is quasi-
diagonalizable.

We conclude that all the blocks Y; (i = 1,...,m) in (2.13) are quasi-diagonalizable.
It follows that Y € Q,, and, hence, X € Q,,.

It remains to observe that Theorem 1.3 corresponds to a particular choice of the
polynomial f, namely,

f(z) =22

3. Congruence-normal matrices. In this section, we prove the following as-
sertion:

THEOREM 3.1. FEvery congruence-normal matrix can be brought by a unitary
congruence transformation to a block diagonal form with 1 x 1 and 2 x 2 diagonal
blocks.

As already said in the introduction, a canonical form of congruence-normal ma-
trices with respect to unitary congruences was first found in [HLV]. Our proof differs
from the derivation in [HLV] in that it tries to emphasize and exploit the likeness
between equations (1.1) and (1.2). However, we do borrow several clever ideas used
in [HLV].

We begin with several preparatory propositions.

LEMMA 3.2. Let A, B € C™"*™, and let B be normal. Then, the relation

AB = BA (3.1)
implies that
AB* = B*A,
that is,
ABT = B*A. (3.2)

Proof. 1t is well known that, for a normal matrix B, the Hermitian adjoint B*
can be represented as a polynomial in B:

B* = f(B). (3.3)
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It is less known that a polynomial f with real coefficients can be chosen for relation
(3.3) (see [L]). Let our f be such a polynomial. Then,

B*A = f(B)A= Af(B) = Af(B) = AB* = AB”.

O

REMARK 3.3. Our Lemma 3.2 is Lemma 1 in [HLV], although the proofs are
different.

COROLLARY 3.4. If A € C,, then

AA*AT = AT A A, (3.4)

Proof. Recall that A € C, means that AA is a normal matrix. Now, equality
(3.1) is trivially fulfilled for B = AA. Since BT = A* AT relation (3.2) yields (3.4). O
REMARK 3.5. As noted in [HLV], equality (3.4) actually is characteristic of
congruence-normal matrices. Indeed, assume that (3.4) holds and set B = AA. Then,

BB* = AAATA* = A(AA*AT) = A(ATA*A) = AA*ATA
= (AA*AT)A = (ATA*A)A = (AT A*)(AA) = B*B.

Thus, B is normal, and A € C,.
For a given A, define the matrices

C=A"A (3.5)
and
D = AA*. (3.6)
LeEmMA 3.6. If A €C,, then
CD = DC = BB*. (3.7)

Proof. The chain of equalities in Remark 3.5 contains the relation
BB* = AA*ATA. (3.8)
The right-hand side is DC. Taking the adjoint of (3.8) we obtain
BB* = AT AAA",

which is CD. O

REMARK 3.7. For a conjugate-normal matrix A (see its definition in Section 1),
C and D are the same matrix. According to Lemma 3.6, for an arbitrary A € C,, the
matrices C' and D can be different but must commute.

We will also use the relation

AC = DA, (3.9)

which is immediate from (3.5) and (3.6).
Before we embark on the proof of Theorem 3.1, let us recall the special features
of the spectra of matrices of the form B = AA (see [HJ1, p. 252-253]):
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1. The spectrum of B is symmetric with respect to the real axis. Moreover, the
eigenvalues A and X are of the same multiplicity.
2. The negative eigenvalues of B (if any) are necessarily of even multiplicity.
Now, we will present our proof of Theorem 3.1.
Proof. Let A € C,, and B = AA. The identity

AAA = AAA
can be rewritten as
BA = AB. (3.10)

This signifies a kind of commutation between A and B, which is preserved by unitary
congruence transformations of A. We choose such a transformation

A=Y =QTAQ (3.11)
S0 as to make
A =QTAAQ = (QTAQ)(QAQ) =YY (3.12)

a diagonal matrix with the following properties:
(a) if A is an eigenvalue of B with the multiplicity m > 1, then the m copies of
A occupy consecutive positions on the main diagonal of A;
(b) if A is a complex eigenvalue of B, then, on the main diagonal of A, the copies
of A (or \) follow immediately after the copies of A (or \).
Relation (3.10) transforms into

AY =YA, (3.13)
which implies that Y is a block diagonal matrix:
Y=Y16Ye - Y. (3.14)

Each block Y; (1 < i < k) corresponds either to a real eigenvalue of B or to a pair
of complex conjugate eigenvalues. To prove Theorem 3.1, we must show that each Y;
can be brought by a unitary congruence transformation to a block diagonal form with
1 x 1 and 2 x 2 diagonal blocks.
We distinguish between four possible situations:
1. Y; corresponds to A = 0.
2. Y; corresponds to a positive real eigenvalue of B.
3. Y; corresponds to a negative real eigenvalue of B.
4. Y; corresponds to a pair of complex eigenvalues A, \.
We give separate analyses of these four cases. To simplify the notation, we drop
the subscript . The order of Y is denoted by ¢ or (if even) by 2¢.

3.1. Case 1: X\ = 0. In this case, the matrix A corresponding to Y is zero. In
view of (3.12), we have

YY =0. (3.15)

To bring Y to a block diagonal form, we use a construction similar to that in Lemma
2.1. Let p1,...,pr be an orthonormal basis of the null space A of ¥ (which means
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that P1,...,Dr are a basis of the null space of Y). Let P be a unitary ¢ x ¢t matrix
with p1,...,p as its first & columns. Then,

_ pT 0 Agp
A—PYP—{O 0 .

The lower right block is zero because of (3.15). Indeed, (3.15) implies that
Yp; € N =span{p1,...,br}, i=k+1,...,t
Let
N =UXV*, ¥ =diag(oy,...,00),f = min{k, t — k},

be the singular value decomposition of Ay5. Define

R=UQYV.
Then,
T 0 X
FRAR{O E

Now, the desired block diagonal form is obtained by a symmetric rearrangement of
the rows and columns in I". The 2 x 2 blocks have form (2.5) and correspond to
nonzero singular values of Aqs.

3.2. Case 2: A\ > 0. In this case, the basic equation is
YY = M.

We can get rid of A by introducing the new matrix

- 1
Y =—=Y.
VA

To not complicate the notation, we drop the tilde and hereafter work with the equation
YY =1. (3.16)

Equation (3.16) tells us something about the singular values of Y. Indeed, Y has the
same singular values as Y, while the singular values of Y ! are the reciprocals of the
singular values of Y. Since Y = Y !, we conclude that, if v # 1 is a singular value of
Y, then v~ ! is a singular value too and both have the same multiplicity.

Matrices (3.5) and (3.6) transform into

S=Y'Y =VY
and
T=YY*
while relation (3.7) transforms into

ST =1. (3.17)



Now, we perform the unitary congruence transformation
Y - Z=P'Yyp
choosing P so as to make
I=P'SP=P'YT'YP=(P'YTP)(P'YP)=2"Z

a diagonal matrix. Moreover, we assume that, if v is a multiple singular value of Y/,
then all copies of 42 occupy consecutive positions on the main diagonal of T' and, if
~ > 1, the copies of v~2 follow immediately after the copies of +2.

In view of (3.17), relation (3.9) takes the form

0 =T1"12.

In other words,

1 ..
%Zzij = 5% Vi, j. (3.18)

3

Equalities (3.18) lead us to the following conclusions:
1. Z is a block diagonal matrix:

Z=71®Zy® - Zy. (3.19)

2. If v =1 is a singular value of Y, then the direct sum (3.19) contains a block
corresponding to this singular value. The order of this block is equal to the
multiplicity of v = 1.

3. Each of the other blocks in (3.19) corresponds to a pair v;, 'y;l of reciprocal
singular values of Y. If s is the multiplicity of v;, then the associated block
Z; has the size 25 x 2s. Being partitioned into s X s subblocks, Z; has the
form

0 G } (3.20)

Zj:{Hj 0

To complete the analysis of case 2, it remains to show that each block Z; can be
brought to the desired form. We do this separately for v = 1 and for a pair v,y 1,
where 4 > 1. The index j is omitted (exactly as before the index i was dropped).

3.2.1. v = 1. The corresponding Z has a unique singular value 1 and, hence, is
a unitary matrix. On the other hand, relation (3.16) implies that

77 =1. (3.21)

Since Z7! = Z* and Z7! = Z, we conclude that Z is symmetric. By Takagi’s
theorem (see [HJ1, Corollary 4.4.4]), the symmetric matrix Z can be brought by a
unitary congruence transformation to diagonal form whose diagonal entries are the
singular values of Z. In the case under discussion, this diagonal form is the identity
matrix.



3.2.2. v > 1. Our Z has form (3.20) (with the index j omitted) and again obeys
condition (3.21). It follows that

GH = 1. (3.22)
The relation
S=Y*Y
implies that
77 = [ 7(2)1 V_OQI } ,
that is,
H*H =~*I
and
G*'G = %I. (3.23)
v

Thus, H has a unique singular value 7, while G' has a unique singular value y~1'. A
comparison of (3.22) and (3.23) shows that

G~ = H =267,
which yields
H =~*G". (3.24)
Let
G=~"'UV*
be the singular value decomposition of G. By (3.24) we have
H=+VUT.
Define
R=U®V
and apply to Z the congruence transformation
Z—W =R"ZR.

This produces the matrix

W= { 701 7_01[ } . (3.25)

Finally, a symmetric rearrangement of the rows and columns in (3.25) makes W the
direct sum of s 2 x 2 blocks of the form

[3 751 ] (3.26)
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The analysis performed in this subsection can be summarized as the following propo-
sition:

THEOREM 3.8. FEwvery solution Y to matriz equation (3.16) can be brought by a
unitary congruence transformation to the direct sum of an identity matriz (perhaps,
void) and 2 x 2 blocks of form (8.26). The identity matriz is present if v = 1 is a
singular value of Y. Its order is equal to the multiplicity of this singular value. Each
block of form (8.26) corresponds to a pair vv,y~! of reciprocal singular values of Y,
where v # 1.

REMARK 3.9. A matrix E € C"*" is said to be coninvolutory if EE = I (see
[HJ2, p. 477]. Our Theorem 3.8 describes a canonical form of coninvolutory matrices
with respect to unitary congruences. Up to minor details, this is Theorem 1.5 in

3.3. Case 3: )\ < 0. Recall that a negative eigenvalue of B is necessarily of even
multiplicity. Up to this distinction, the analysis of the case A < 0 is very similar to
the one given in the preceding subsection. Therefore, we skip the details, focusing
mainly on the differences from Section 3.2.

By introducing a new matrix, we can reduce the basic equation of the present
case to the form

YY = -1 (3.27)

Similarly to (3.16), this equation shows that, if v # 1 is a singular value of Y, then
~~! is a singular value too and both have the same multiplicity. It follows that, if
~ =1 is a singular value, then it has an even multiplicity.

The matrices S and T are defined as in Section 3.2, and relation (3.17) is fulfilled.

Nothing changes in the description of the unitary congruence transformation
Y —» Z=PT'YP,

which again leads to equalities (3.18) implying the block diagonal form (3.19) for Z.

Suppose that v = 1 is a singular value of Y. Then, one of the blocks on the right-
hand side of (3.19) corresponds to this singular value. Dropping the index, assume
that Z is this block. Thus, Z has a unique singular value 1 and, hence, is a unitary
matrix. On the other hand, relation (3.27) implies that

77 = —I. (3.28)

Since Z7! = Z* and Z~! = —Z, we conclude that Z is skew-symmetric. Every
nonsingular skew-symmetric matrix can be brought by a unitary congruence trans-
formation to the direct sum of 2 x 2 blocks of the form

5] o

—Gj

(see [HJ1, Section 4.4, Problem 26]). The scalars ¢; can be chosen positive and, in
this case, are the singular values of the original matrix. For our matrix Z, the above
reduction yields the direct sum of the s copies of the block

{ N é ] . (3.29)
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Each of the other blocks Z; in (3.19) corresponds to a pair 7;, v 1 of reciprocal singular
values of Y and must have form (3.20). Again, we drop the index j and deduce from
(3.28) the relation

GH = —1I, (3.30)

which differs from (3.22). On the other hand, equality (3.23) remains true. Together,
(3.23) and (3.30) imply that

H = —~*GT (3.31)

(cf. (3.24)). Defining again the unitary matrix R in terms of the singular value
decomposition of G and then performing the transformation

Z — W = RTZR,

we obtain the matrix

N
v { -0 } ’
which, after a symmetric rearrangement of its rows and columns, becomes the direct
sum of the s copies of the block

[ 707 V; ] . (3.32)

The discussion above can be summarized as the following proposition:

THEOREM 3.10. FEwery solution Y to matriz equation (3.27) can be brought by
a unitary congruence transformation to the direct sum of 2 x 2 blocks of type (3.32).
The scalars v; are singular values of Y. If v # 1 is a singular value of multiplicity s,
then there are exactly s blocks in the direct sum associated with this v. The remaining
blocks (if any) correspond to v =1 and have form (3.29).

REMARK 3.11. A matrix E € C"*" is said to be skew-coninvolutory if EE = —1I.
Our Theorem 3.10 describes a canonical form of skew-coninvolutory matrices with
respect to unitary congruences. Up to minor details, this is Theorem 12 in [AMP].

3.4. Case 4: complex eigenpair A, A. Recall that X and X are the eigenvalues
of the original matrix B = AA. Assume that both have the multiplicity . Then, Y
is a matrix of order 2¢ satisfying relation (3.13) with

A == )\It @X_Tt

We partition Y into ¢ x ¢t blocks and deduce from (3.13) that Y has the form

Y{g Io{} (3.33)
In view of (3.12), we have
KT =\,
It follows that
L=XK . (3.34)
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Let
K=UxV"*, Y = diag(oq,...,01),
be the singular value decomposition of K. Then, (3.34) implies that
L=)Vs Ut
Define
R=U&aV
and perform the congruence transformation

Y — Z = RTYR,

0 by
Z= [ ™0 }
By a symmetric rearrangement of its rows and columns, Z can be made the direct
sum of the 2 x 2 blocks

which yields the matrix

0 oy L
[ Moy O ], J=1,2,... L (3.35)

This completes the analysis of case 4 and the entire proof of Theorem 3.1. O

4. Concluding Remarks. Let us look more closely at the constituents of the
block diagonal matrix obtained in the proof of Theorem 3.1. The scalars o; in Sec-
tions 3.1 and 3.4 and the scalars 4 in Sections 3.2-3.3 are singular values of the
corresponding blocks Y; and, ultimately, singular values of the original matrix A. The
scalar A in (3.35) is a complex eigenvalue of the matrix B = AA. Thus, all the entries
in the final block diagonal matrix are uniquely determined by A, and this matrix is
actually a canonical form of A with respect to unitary congruences.

Up to insignificant distinctions, this is the same canonical form as in Theorem 3 of
[HLV]. However, neither the term ’singular value’ nor ’singular value decomposition’
can be found in [HLV].

As was noted in the introduction, every conjugate-normal n X n matrix A belongs
to Cy,; hence, Theorem 3.1 applies to such a matrix. However, not all 2 x 2 blocks listed
in Section 3 may be present in the canonical form of a conjugate-normal matrix A. As
is evident from their definitions, conjugate-normal matrices share with conventional
normal matrices the following property: for each i (1 <4 < n), the 2-norm of row i is
equal to the 2-norm of column :. Being applied to the canonical form, this property
excludes blocks of types (2.5) and (3.26), as well as blocks of type (3.32) with v # 1.
Moreover, for blocks of type (3.35), we must have

oj = |Al/aj,

that is,

oj = [A]>.

When these restrictions are taken into account, the canonical form of conjugate-
normal matrices described in [VHV] is obtained.
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