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Introduction

A group G is called the product of its subgroups A and B if G equals the set AB =
{ab|a € A,b € B}. A subgroup S of G = AB is prefactorized if S is the product of a
subgroup of A and a subgroup of B, and in this case, S satisfies S = (SN A)(SN B). A
prefactorized subgroup of G = AB is called factorized if, in addition, it contains AN B. In
particular, if S is a subgroup of G = AB, then the intersection of all factorized subgroups
containing S is a factorized subgroup of G. This subgroup, which is evidently the smallest
factorized subgroup of GG containing S, is called the factorizer of S in G = AB.

Products of two subgroups, and in particular products of two locally nilpotent subgroups
have been studied by many authors. One of the fundamental results about such products is the
theorem of Kegel [Keg61] and Wielandt [Wie58], which states that a product of finite nilpotent
subgroups is soluble. Many further results about products of locally nilpotent subgroups, both
finite and infinite, can be found in the monograph [AFG92].

Consider a periodic locally soluble group G which is the product of two locally nilpotent
subgroups A and B. In order to investigate the structure of G, it is important to have a
detailed knowledge about prefactorized and factorized subgroups of G, because this allows to
reduce structural questions to certain subgroups of G. The present dissertation is concerned
with finding conditions under which certain subgroups of G are prefactorized or factorized.
In particular, we improve results obtained in [Hei90], [Fradl], [Hoe93|, [AF94] and [AH94] for
products of two finite nilpotent subgroups and extend them to various classes of locally finite
groups.

Sylow theory

In Chapter 2, we investigate Sylow m-subgroups, i.e. maximal m-subgroups, of locally soluble
groups G which are the product of two locally nilpotent subgroups A and B. It turns out
that the problem of finding prefactorized Sylow m-subgroups is closely connected with the
question whether the characteristic subgroups O, (G) and O,/ . (G) of G are prefactorized
or factorized; see Theorem 2.2.5 for details. If the group G is radical, i.e. if G possesses an
ascending series whose factors are locally nilpotent, then the prefactorized Sylow p-subgroups
of G = AB often form a Sylow basis of G (for our definition of a Sylow basis, see Section 1.2
below). In particular, we obtain the following result; see Theorem 2.3.3 below for further
details.

Theorem. Let the periodic radical group G be the product of two locally nilpotent sub-
groups A and B. If, for every prime p, A, and B, denote the p-components of A and B,
respectively, then the following statements are equivalent:

(a) {A,B, |p € P} is a Sylow basis of G.
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(b) For every prime p and every normal subgroup N of G, the set ApoN/N s a maximal
p-subgroup of G/N.

(¢) The group G has an ascending series of prefactorized subgroups with locally nilpotent
factors.

(d) For every normal subgroup N of G, the Hirsch-Plotkin radical R(G/N) of G/N is
factorized.

In the sequel, prefactorized Sylow bases of the form {A,B,, | p € P} will play an important
role. For instance, in Theorem 2.3.7, it is shown that such Sylow bases determine which
subgroups of G = AB may be prefactorized.

Theorem. Let the periodic radical group G be the product of its locally nilpotent sub-
groups A and B, and suppose that the set {A,B, | p € P} is a Sylow basis of G. If S is a
prefactorized subgroup of G, then {A,B, NS | p € P} is a Sylow basis of S, i.e. {A,B, | p € P}
reduces into S.

In Section 2.4, we show that a product G of two locally nilpotent subgroups A and B
possesses a prefactorized Sylow basis if G belongs to some class of periodic locally soluble
groups for which a satisfactory Sylow theory has been developed. This is for instance the
case when G is an F'C- or a CC-group, a i-group in the sense of [GHTT71], or if G satisfies
the minimal condition for p-subgroups (min-p) for every prime p. Here a group G is an FC-
group (a CC-group) if, for every g € G, the factor group G/Cg(z%) is finite (a Cernikov
group). Furthermore, 4 denotes the largest subgroup-closed class of periodic locally soluble
groups such that for every G € U and every set m of primes, the Sylow m-subgroups of GG
are conjugate. In particular, the class i contains all homomorphic images of periodic locally
soluble linear groups and all periodic soluble locally nilpotent-by-finite groups.

Schunck classes of nilpotent-by-finite groups

The results of Chapter 3 do not deal with products of groups and may be of independent inter-
est. Using the notion of a Schunck class introduced in [Tom95], we extend well-known results
about Schunck classes of finite soluble groups to the class of all periodic soluble nilpotent-
by-finite groups. For instance, in Proposition 3.1.1, we prove that if § is a class of periodic
soluble nilpotent-by-finite groups such that every periodic soluble nilpotent-by-finite group
possesses $)-projectors, then ) is a Schunck class. As a consequence, every local formation of
periodic soluble nilpotent-by-finite group is a Schunck class; see Proposition 3.1.2. Our main
result about Schunck classes of nilpotent-by-finite groups, contained in Theorem 3.2.6 and
Corollary 3.2.7, can be summarized as follows.

Theorem. Let § be a Schunck class of nilpotent-by-finite groups and suppose that G is
a periodic soluble nilpotent-by-finite group. Then G possesses $H-projectors, and any two are
conjugate. Moreover, if H is an $)-projector of G and H is contained in a subgroup L of G,
then H is also an $H-projector of L.

Thus the $-projectors of a periodic soluble nilpotent-by-finite group G are pronormal in G.
In Proposition 3.3.1, it is shown that pronormal subgroups of periodic soluble nilpotent-by-
finite groups can be characterized as in the finite case.
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Factorizers of §-subgroups

Let the periodic locally soluble group G be the product of two locally nilpotent subgroups A
and B. In Chapter 4, we study group-theoretical properties of a subgroup H of G which are
inherited by the factorizer of H. Theorem 4.1.5 deals with the factorizers of $)-subgroups of
a nilpotent-by-finite product of two locally nilpotent subgroups, where § is a Schunck class
of nilpotent-by-finite groups.

Theorem. Let $ be a Schunck class of nilpotent-by-finite groups whose characteristic
is w, and suppose that the periodic soluble nilpotent-by-finite group G is the product of two
locally nilpotent subgroups A and B. Further, let H be an $)-subgroup of G into which the
Sylow basis {A,B, | p € P} of G reduces.

(a) If m contains m(A) Nw(B), then the factorizer of H is an $)-group.

(b) If H is a m-group, then the factorizer of H in A_B_ is an $-group. Hence H is
contained in a prefactorized $H-subgroup of G.

Here, the characteristic 7 of a group class X is the set of primes p such that X contains a
cyclic group of order p. Note also that by [Har71, Lemma 2.1] and [GHT71, Theorem 2.10],
every subgroup of a periodic soluble nilpotent-by-finite group has a conjugate into which a
given Sylow subgroup reduces. This implies the following necessary and sufficient condition
for an $H-maximal subgroup to be factorized or prefactorized.

Corollary. Let $) be a Schunck class of nilpotent-by-finite groups of characteristic m and
suppose that the periodic soluble nilpotent-by-finite group G is the product of two locally nilpo-
tent subgroups A and B. If H is an $-maximal subgroup of G, then:

(a) If m contains w(A) N w(B), then H is prefactorized if and only if the Sylow basis
{A,B, | p € P} of G reduces into H. Thus an $-mazimal subgroup of G is prefactorized if
and only if it is factorized.

(b) If H is a w-group, then H is prefactorized if and only if the Sylow basis {A,B, | p € P}
of G reduces into H.

Similar results hold for the classes of all periodic locally soluble F'C- and CC-groups and
for the class of all periodic locally soluble groups satisfying min-p for all primes p, since
the groups belonging to these classes have sufficiently many nilpotent-by-finite factor groups
(see [KWT73, Theorem 3.17]). However, our results have to be formulated in terms of local
formations, because the theory of Schunck classes of finite groups has not yet been extended
to such groups. Our theorems 4.1.10, 4.2.2 and 4.3.1 can be summarized as follows.

Theorem. Let X = QsX be a class of periodic locally soluble groups and assume that X
s a class of nilpotent-by-finite groups, of CC-groups, or of groups satisfying min-p for every
prime p. Further, suppose that § is a local X-formation of characteristic m and that the X-
group G is the product of two locally nilpotent groups A and B. If H is an §-subgroup of G
into which the Sylow basis {Apo | p € P} of G reduces, then H is contained in a prefactorized
§-subgroup of G. If m(A) Nw(B) is contained in 7, then H is even contained in a factorized
§-subgroup of G.
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As in the nilpotent-by-finite case, these statements yield necessary and sufficient condi-
tions for an §-maximal subgroup to be prefactorized or factorized; see Corollary 4.2.3 and
Corollary 4.3.2.

Projectors

If the product G of two locally nilpotent subgroups A and B possesses §-projectors, then
the above results about §-maximal subgroups can be used to prove the existence of a unique
prefactorized §-projector. This is for instance the case for periodic locally soluble F'C-groups
and certain groups satisfying min-p for every prime p; see Corollary 4.2.8 and Corollary 4.3.6.

It seems to be an open question whether the factorizers of certain §-subgroups of a iI-
group G are §-groups, and in particular, whether every §-maximal subgroup of G has a
prefactorized conjugate. However, the following theorem (see Theorem 5.1.5) shows that a
soluble {-group G has a unique prefactorized §-projector. Thus our result holds in particular
for all periodic locally soluble linear groups.

Theorem. Let X be a QS-closed class of U-groups and suppose that § is a local X-
formation of characteristic w. Moreover, let the X-group G be the product of two locally
nilpotent subgroups A and B. If G has a normal subgroup N such that G/N € § and N
has a hypoabelian Sylow m-subgroup, then G has a unique prefactorized §-projector, and this
§-projector contains A, N B,.. Thus if the characteristic m of § contains n(A) N w(B), then
this §-projector is factorized.

Recall that a group is hypoabelian if it has a descending normal series with abelian factors.
Without the assumption that G is hypoabelian in the preceding theorem, we can prove the
existence of a unique prefactorized F-injector only in a very special case, namely when § is
the class of all periodic locally nilpotent groups; see Theorem 5.2.2.

Our results about §-maximal subgroups and F-projectors widely generalize a result of
Heineken [Hei90] which states that if § is a local formation of finite groups, then every
product of two finite nilpotent subgroups possesses a prefactorized §-projector.

Trifactorized groups

The above results about factorized and prefactorized $- and §-subgroups can also be used
to prove theorems concerning trifactorized groups. Here, a group G is called trifactorized if
it has subgroups A, B and C such that G = AB = AC = BC. In particular, we obtain the
following result; see Corollary 4.1.9, Theorem 4.2.9 and Theorem 4.3.3.

Theorem. Let X = QsX be a class of periodic locally soluble groups and assume that X
s a class of nilpotent-by-finite groups, of CC-groups or of groups satisfying min-p for every
prime p. Let § be a local X-formation of characteristic m and suppose that the X-group G has
subgroups A, B and C such that G = AB = AC = BC. If A and B are locally nilpotent, C
is an §-group and w(A) N7 (B) is contained in 7, then G € §.

Example 4.4.1 shows that a finite trifactorized group G = AB = AC = BC need not be
supersoluble if A and B are normal supersoluble subgroups of G and C' is nilpotent. On the
other hand, in Theorems 4.4.2, 4.4.3, 4.4.4 and 4.4.6, we prove the following.



Introduction 9

Theorem. Let X = QsX be a class of periodic locally soluble groups and assume that X
is a class of nilpotent-by-finite groups, of CC-groups, of groups satisfying min-p for every
prime p, or of U-groups. Further, suppose that § is a local X-formation of characteristic .
If the X-group G has §-subgroups A and B and a normal locally nilpotent m-subgroup R such
that G = AB = AR = BR, then G is an §-group.

Note that trifactorized groups G = AB = AC = BC in which one of the subgroups A, B
or C'is even normal in G occur for instance as factorizers of normal subgroups; see [AFG92,
Lemma 1.1.4].

Injectors

In Section 5.3 and Section 5.4, we investigate injectors and radicals of F'C- and CC-groups.
Observe that there exist Fitting classes § and products of two finite nilpotent subgroups
which do not have a prefactorized §-injector or a prefactorized F-radical; see e.g. [AH94,
Example 2|. However, as in the finite case [AH94, Theorem C*], a relation between prefactor-
ized or factorized §-injectors and §-radicals can be established. For F'C-groups, we obtain
the following statement (see Theorem 5.3.8).

Theorem. Suppose that the periodic F'C-group is the product of two locally nilpotent
subgroups A and B and let F be a Fitting set of G. Then the following statements are
equivalent:

(a) For every prefactorized subgroup S of G, there exists a unique F-injector which is a
prefactorized (factorized) subgroup of S.

(b) For every prefactorized subgroup S of G, the F-radical of S is a prefactorized (factor-
ized) subgroup of S.

(¢) For every finite prefactorized subgroup S of G, there exists an F-injector which is a
prefactorized (factorized) subgroup of S.

(d) For every finite prefactorized subgroup S of G, the F-radical of S is a prefactorized
(factorized) subgroup of S.

This shows that, in order to decide whether an F'C-group has a prefactorized Finjector or
an Fradical, it suffices to consider its finite prefactorized subgroups. Note that the preceding
theorem holds in particular for Fitting classes §. If we consider central-by-finite prefactorized
subgroups instead of finite subgroups, it is also possible to obtain results concerning Fitting
sets and Fitting classes of F'C-groups which are not necessarily periodic (see Theorem 5.3.12
and Corollary 5.3.13).

The above theorem about FC-groups can also be applied to obtain the following result
for CC-groups (see Theorem 5.4.7).

Theorem. Let the CC-group G be the product of two locally nilpotent subgroups A and B
and suppose that § is a Fitting class of CC-groups. If G is periodic or § contains an infinite
cyclic group, then the following statements are equivalent:

(a) For every prefactorized subgroup S of G, there ezists a unique F-injector which is a
prefactorized (factorized) subgroup of S.
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(b) For every prefactorized subgroup S of G, the §-radical of S is a prefactorized (factor-
ized) subgroup of S.

(¢) For every central-by-finite prefactorized subgroup S of G, there exists an F-injector
which is a prefactorized (factorized) subgroup of S.

(d) For every central-by-finite prefactorized subgroup S of G, the §-radical of S is a pre-
factorized (factorized) subgroup of S.

Subgroups of products of two finite nilpotent groups

In Section 6.1, we study groups which can be embedded into a product of two nilpotent
groups. In the case of finite groups, this leads to very satisfactory results. Let § be the class
of all finite groups which occur as subgroups of a product of two finite nilpotent subgroups.
By Example 6.1.6, the class § is strictly larger than the class & of all products of two finite
nilpotent subgroups. Unlike &, the class § has a number of surprising properties which do
not hold for the class of all groups which are the product of two finite nilpotent subgroups.
For instance, Theorem 6.1.5 below shows that the class § is a local formation and a Fitting
class.

Theorem. Let § denote the class of all subgroups of products of two finite nilpotent
subgroups. Then the class § has the following properties:

(a) § is the class of all finite groups such that G/O,(G) has a nilpotent Hall 7-subgroup
for every set w of primes.

(b) § is a class of finite soluble groups; hence if G € §, then every Hall w-subgroup
of G/O,(G) is nilpotent.

(¢) § is the smallest formation of soluble groups which contains all products of two finite
nilpotent subgroups.

(d) § is the smallest local formation which contains every product of two locally nilpotent
groups. Moreover, § can be locally defined by the formation function f, where for every
prime p, f(p) is the class of all finite soluble groups having a nilpotent Hall p'-subgroup.

(e) § is the smallest subgroup-closed Fitting class of soluble groups which contains all
products of two finite nilpotent groups.

(f) § is the smallest Schunck class of finite soluble groups which contains all products of
two finite nilpotent subgroups.

Products of more than two nilpotent subgroups

In Section 6.2, we discuss briefly which results about products of two locally nilpotent sub-
groups can be extended to products of more than two locally nilpotent subgroups. (For a
definition of such products and how to extend the notion of prefactorized and factorized sub-
groups, see Section 1.1.) For instance, the theorem of Kegel [Keg61] and Wielandt [Wie5§]
states that a finite product G of finitely many nilpotent subgroups is soluble; moreover by
[Wieb1], such a product G has a prefactorized Sylow basis. It shows that a product of finitely
many finite nilpotent subgroups has prefactorized Sylow basis.

On the other hand, if the group G is the product of two finite nilpotent subgroups, then
by [Amb73] or [Pen73], the Fitting subgroup F(G) is factorized. However, Proposition 6.2.1
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shows that this is not the case for a product of three pairwise permutable finite nilpotent sub-
groups. Moreover, by Proposition 6.2.2 in general no term of the Fitting series of a product G
of three pairwise permutable nilpotent subgroups is prefactorized.

Notation

Basic definitions and some elementary results connected with them are collected in Chapter 1.
In particular, in Section 1.1, we introduce prefactorized and factorized subgroups of products
in full generality; Section 1.2 and Section 1.5 contain some fundamental results about Sylow
subgroups, Sylow bases and formations of locally finite groups, some of which seem not to
have been proved in such generality. Our notation is mostly standard and follows [AFG92],
[DH92], [KWT73], [Rob72] and [Rob82]. For an overview, see also the list of symbols in the
appendix.
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Chapter 1

Basic concepts

1.1. Prefactorized and factorized subgroups
of products

A group G is the product of its subgroups A and B if G equals the set
AB ={ab|a € A,bec B}.

A subgroup S of G = AB is called prefactorized if S is the product of a subgroup of A and
a subgroup of B. Thus S is prefactorized if and only if S = (SN A)(S N B), or equivalently,
if every s € S can be written s = ab witha € ANSand be BNS.

A subgroup S of G is called factorized if, whenever s = ab with a € A and b € B, then
a € S (and b € 5). Since every g € G, and thus every element g of S, can be written g = ab
with a € A and b € B, every factorized subgroup of G is prefactorized. It is also clear that
every subgroup of G containing A or B is factorized. By [Wie58, Hilfssatz 1], a subgroup S
of G is factorized if it is prefactorized and contains A N B. See also Lemma 1.1.1 below.

In order to handle Sylow bases of a group G, to be introduced in Section 1.2, more
efficiently, we introduce the following more general concept of a product of groups. Let S be a
set of subgroups of the group G. Then G is the product of its subgroups S € Sif G = <5 € §>
and UV = VU for all U, V € S. Observe also that for every normal subgroup N of G, the
factor group G/N is the product of the subgroups in {SN/N | S € S}.

A subgroup U of G is prefactorized in G if U is the product of its subgroups U N S,
where S € S. A subgroup U of G is factorized in G if U is prefactorized and contains
SN<T|T eS8, TH#S> for every S € S. Factorized subgroups can also be characterized as
follows:

1.1.1 Lemma. Suppose that the group G is the product of its subgroups S € §. Then the
following statements about a subgroup U of G are equivalent:

(a) U is factorized.

(b) Whenever an element g € U can be written as g = s;...s, with s; € S; for i €
{1,...,n}, where Sy, ..., S, are pairwise distinct subgroups contained in S, then the elements
51s...,5, belong to U.

Proof. Assume first that U is factorized and let g € U. Now suppose that n € N, that
Si,...,5, € S are pairwise distinct subgroups of G, and that s; € S; for i € {1,...,n}
such that g = s;...s,,. Since U is in particular prefactorized, there exists an integer m € N

and subgroups S, ,4,...,5,, €S such that Sy,...,S5,, are pairwise distinct and g = u;...u,,
1 1

with u; € U N S; for every i € {1,...,m}. Then u;'s; = uy...u,,s, . ..55" is contained
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in $;N<S €8 |S+#S5,>. Since U is factorized, this shows that u; 's, € U, and consequently
51 € U. Now sl_lg = 55...5, € U, and so by induction on n, it follows that also s,,...,s, € U.

Conversely, suppose that (b) holds, then clearly U is prefactorized. Now let S € S and
suppose that s € SN<T | T € S§,T # S>. Since the subgroups in S permute, there exists an

integer n € N, pairwise distinct subgroups S,...,S5,, € S and elements s,...,s, of G with
S; # S and s; € S, for every i € {1,...,n} such that s = s;...s,,. Then we have s € U by
hypothesis, and so U is factorized. O

The next proposition studies the behaviour of factorized (prefactorized) subgroups in the
subgroup lattice and the factor groups of a factorized group G.

1.1.2 Proposition. Let the group G be the product of its subgroups S € S.

(a) If U is prefactorized (factorized) in G, then V. < U is a prefactorized (factorized)
subgroup of U (regarded as a product of its subgroups U NS, where S € S) if and only if V
is prefactorized (factorized) in G.

(b) If U is a prefactorized subgroup of G and V is a factorized subgroup of G, then UNV
is a factorized subgroup of U (regarded as a product of its subgroups U NS, where S € §),
hence is a prefactorized subgroup of G.

(¢) The intersection of any family of factorized subgroups of G is factorized.

(d) If T is a set of prefactorized subgroups of G whose union U is a subgroup of G, then
U is a prefactorized subgroup of G. It is factorized, provided that one of the subgroups T € T
s factorized.

(e) If N is a normal subgroup of G and U is a prefactorized subgroup of G, then UN/N
is a prefactorized subgroup of G/N, where G/N s regarded as a product of the subgroups
{SN/N | S € §}.

(f) If N is a normal subgroup of G and U is subgroup of G which contains N, then U is
a factorized subgroup of G if and only if U/N is a factorized subgroup of G/N.

Proof. (a) The statement concerning prefactorized subgroups follows directly from the
definition of a prefactorized subgroup. It is also clear that a factorized subgroup V of G
which is contained in U is a factorized subgroup of U. Now suppose that V is a factorized
subgroup of U and that U is a factorized subgroup of G. Let g € V' and assume that n is an
integer and S, ...,S,, are pairwise distinct subgroups of GG contained in S such that g can be
written g = s;...s,, with s; € S;. Since U is a factorized subgroup of G and g € U, we have
s; € UNS, for every i € {1,...,n} by Lemma 1.1.1. Since V' is factorized in U, it follows that
s; € VNS, for every i € {1,...,n}, and so V is factorized in G, as required.

(b) Let g € U NV. Since U is prefactorized and g € U, there exists an n € N such that ¢
can be written as g = s;...s,, with s; € UN S, for pairwise distinct subgroups 54, ..., S5, € S.
Now V is factorized and g € V, and so we have s, € UNV NS, for every i € {1,...,n}. In
view of Lemma 1.1.1, this shows that U NV is a factorized subgroup of U. Hence U NV is a
prefactorized subgroup of G by (a).

(c) Let 7 be a set of factorized subgroups of G and let U denote the intersection of all
T €T. Let g € U, then there exists an integer n € N and elements s, ..., s, with s; € S; for
i€ {l,...,n}, where Sy,...,S,, are pairwise distinct subgroups of S. If V€ 7, then g € V
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and so s; € V for every ¢ € {1,...,n} by Lemma 1.1.1. This shows that s, € U for every
i€ {l,...,n}, and so U is factorized by Lemma 1.1.1.

(d) Let w € U, then w € T for some T' € 7. Since T is prefactorized, there exists
an integer n and pairwise distinct subgroups S,...,S,, € S such that u can be written
with s; € S; NT. In particular, s, € S; N U for every i € {1,...,n}, and
so U is prefactorized. Moreover, if one of the subgroups T' € 7 is factorized, it contains
SN<V eS|V #S8> for every S €S, and so U is factorized.

(e) is obvious.

(f) Suppose first that U is factorized and let u/N € U/N. If there exists an integer n and
pairwise distinct subgroups S5,...,5, € & such that uN = s;N...s, N, where s; € S; for
every integer i € {1,...,n}, then u = sy...s,x for some z € N, and since N < U, we have
sy...8, =ux~! € U. Since U is factorized, it follows that s, € S;NU for every i € {1,...,n},
and so s;N € (UNS;N)/N for every i. Therefore U/N is factorized.

Conversely, assume that U/N is factorized and let w € U. If there exists an integer n
and pairwise distinct subgroups Si,...,5, € S such that u = s;...s,, such that s; € S; for
every integer i € {1,...,n}, then uN = s;N...s, N, and since U/N is factorized, we have
s;N € (UNS;N)/N for every i € {1,...,n}. In particular, s; € U N S; for every i, and so U
is factorized. O

U = S$y...5,

If the group G is the product of two subgroups, then also a number of additional statements
hold. The statements about factorized subgroups can also be found in Chapter 1 of [AFG92].

1.1.3 Proposition. Let the group G be the product of its subgroups A and B.

(a) If U is prefactorized (factorized) in G, then V- < U is prefactorized (factorized) with
respect to the factorization U = (U N A)({U N B) of U if and only if V is prefactorized
(factorized) in G = AB.

(b) If U is a prefactorized subgroup of G and V is a factorized subgroup of G, then UNV
is a factorized subgroup of U = (U N A)(U N B), hence is prefactorized in G = AB.

(¢) The intersection of any family of factorized subgroups of G is factorized.

(d) If S is a set of prefactorized subgroups of G whose union U is a subgroup of G, then
U is a prefactorized subgroup of G. It is factorized, provided that one of the subgroups S € S
1s factorized.

(e) The product of two prefactorized subgroups one of which is normalized by the other is
prefactorized. It is factorized, provided that one of the subgroups is factorized.

(f) The product of any number of prefactorized normal subgroups is prefactorized. It is
factorized if one of the normal subgroups is factorized.

(g) If N is a normal subgroup of G and S is a prefactorized (factorized) subgroup of G =
AB, then SN/N is a prefactorized (factorized) subgroup of G/N = (AN/N)(BN/N).

(h) If N is a prefactorized normal subgroup of G and S is subgroup of G which contains N,
then S is a prefactorized subgroup of G = AB if and only if S/N is a prefactorized subgroup
of G/IN = (AN/N)(BN/N).

(i) If N is a normal subgroup of G and S is a subgroup of G which contains N, then S
is a factorized subgroup of G = AB if and only if S/N is a factorized subgroup of G/N =
(AN/N)(BN/N).
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Proof. (a), (b), (c) and (d) follow from the respective statements in Proposition 1.1.2.
(e) Let N and P be prefactorized subgroups of G with N < PN. Then

PN =(PNA)(PNB)N =(PNA)N(PNB)
=(PNA)NNANNB)PNB)
<(PNNA)(PNNB),

which shows that PN is prefactorized. The statement about factorized subgroups now follows
as in (d).

(f) Let NV be a set of prefactorized normal subgroups of G. By (e), the product of two
prefactorized normal subgroups is prefactorized, and since it is clearly normal, the statement
is true for every finite subset of A/. Now the product of all N € A is the union of all products
of a finite number of the N € NV, and so the full result follows from (d).

(g) If S = (SNA)(SNB) is prefactorized, then SN = (SN A)(SNB)N which is contained
in (SNNAN)(SN N BN) by the modular law. Therefore (SN NAN)(SNNBN) = SN and
so SN/N = (SN/NNAN/N)(SN/N nBN/N).

(h) If S is prefactorized in G, then S/N is prefactorized in G/N by (g). Conversely, suppose
that S/N is prefactorized, then S = (SN AN)(S N BN). Moreover, N = (AN N)(BNN),
and since N < S, it follows from the modular law that

=(SNAMBNN))(SNB(ANN))
=(SNA)(BNN)ANN)(SNB)
=(SNAANN)BNN)(SNB)
= (SN A)(SNB).

(i) has been proved in Proposition 1.1.2 (f) and can also be found in [AFG92, Lemma 1.1.2].
|

Suppose that the group G is the product of its subgroups S € S and let U be a subgroup
of G. Then by Proposition 1.1.3 (c), the intersection X of all factorized subgroups of G
which contain U is itself factorized. The subgroup X is called the factorizer of U in G, and
evidently X is the unique smallest factorized subgroup containing U. If G is the product of
its subgroups A and B and N is a normal subgroup of G, then AN N BN is the factorizer
of N in G; see [AFG92, Lemma 1.1.4].

We give an example which shows that the intersection of a descending chain of prefactor-
ized subgroups or the intersection of two prefactorized subgroups need not be prefactorized.

1.1.4 Example. Let G be the direct product of countably many isomorphic cyclic sub-
groups C; = <¢;> (i € N), and let

A=<ce' |neNn>2>

and
B=<c,|neNn>2>,

then clearly G = AB. For every n € N, let S, = <c¢y,¢;, | k> n>. Then

C1 = (610;1) " Cp € (Sn N A)(Sn N B)
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and so every .S,, is prefactorized. Moreover, the S,, form a descending chain of subgroups of G.
Clearly, S = <c;> equals the intersection of all S,,. But SN A=1=.5NDB and so S is not
prefactorized.

To see that the intersection of two prefactorized subgroups is not prefactorized in general,
let H, = <cy,c3> and Hy = <c,c4>, then H; and H, are prefactorized subgroups of G.
But S = H; N Hy is not prefactorized. (Of course, for the second part, it would have been
possible to replace G by its prefactorized subgroup <c;, ¢y, ¢3,¢4>.)

The following lemma gives a criterion for the intersection of a descending chain of pre-
factorized subgroups to be prefactorized.

1.1.5 Lemma. Let the group G be the product of two subgroups A and B and suppose
that S is a totally ordered set of prefactorized subgroups of G. If ANBNS is finite for some
S € S, then the intersection of all S € S is prefactorized.

Proof. Let U denote the intersection of all S € S and let T € S such that AN BNT is
finite. If 7 = {S € § | S < T}, then U also equals the intersection of all S € 7. Therefore it
suffices to show that U is a prefactorized subgroup of T', and so we may suppose without loss
of generality that G =T and S = 7, and so AN B is finite.

Let g € U. For every S € S, fix elements ag € AN S and bg € BN S such that g = agbg.
If S, T € S, then agbg = arby and so ap'ag = bpbg' € AN B. This shows that the set
Ay ={ag | S € S} is finite. For every a € Ay, let S, = {S € S | ag = a}, then the S, form a
partition of S.

If, for every a € A, there exists S, € S which is contained in every S € S, then the totally
ordered set S has a least element S, since A is finite. Therefore U = S is prefactorized.

Therefore assume that there exists a € A; such that S, does not have a least element. It
follows that U equals the intersection of all S € S, and so a € U N A. Moreover, b = a~'g =
bg € S for every S € S, and so b € U N B. Therefore g = ab € (UN A)(U N B). O

The next lemma shows in particular that a finite subset of a product G of two subgroups is
contained in a countable prefactorized subgroup of G. It is also useful as a (weak) substitute
of Proposition 1.1.3 (c), since it ensures that certain intersections of prefactorized subgroups
are prefactorized.

1.1.6 Lemma. Suppose that the group G is the product of two subgroups A and B. More-
over, let S be a set of prefactorized subgroups of G which is closed with respect to arbitrary
intersections of its members. Then every subset X of G is contained in a prefactorized sub-
group H of cardinality not exceeding max(R, | X|), such that HNS is a prefactorized subgroup
of H for every S € S.

Proof. Suppose without loss of generality that G € S. For every x € G, let G, denote the
intersection of all S € § such that x € S, then by hypothesis G, € § for every z € GG, and
in particular G, is prefactorized. Now define functions a;: G — A, b;:G — B, ay: G — A and
by: G — B as follows: For each x € G, choose elements a, a’ € ANG, and b, ¥’ € BNG,, such
that z = ab = b'a’ and put a,(x) = a, by(z) = b, ay(z) = a’ and by(z) = V.

Let Xy, = X and A; = B, = @. By induction, we construct from the set X, the
sets A; 1, B;,; and X;,, containing A;, B; and X, respectively: If i is even, let A, ; =
<Aja(z) |z € X;>, By = <B;,by(z) |vr € X;> and X; | = A; B, ,,. If i is odd, put
Ay = <Ajay(z) |z € X;>, By = <B;,by(x) |z € X;>and X;,; = B; ;A;,. Then in
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both cases, X is contained in X,,;, and the cardinalities of A, ,;, B;,; and X,,; do not
exceed max (R, | X]).

Now let A, = U;en4; and B, = ;e By, then it is easy to verify that A B, C
B A, C A B, so that H = A B, is a prefactorized subgroup of G whose cardinality
does not exceed max (N, | X|).

Let S € S, then it remains to show that H N .S is prefactorized. Choose x € H N S, then
r € X; C X, for some integer ¢ so that i may be assumed odd. Then X; = A;B; and = € X
is the product of @ = a,(z) € A and b = b;(x) € B. By construction, a and b belong to G,
and G, < S because x € S. This shows that t =abe (ANHNS)(BNHNS)and HN S is
prefactorized. O

For some statements concerning groups which are the product of two of their subgroups,
the following generalization of Dedekind’s modular law will be useful:

1.1.7 Lemma. Let G be a group and suppose that X, Y and U are subsets of G such
that u=' € U for everyu € U.

(a) If XU C X, then (X NY)U =X NYU.
(b) fUX C X, then U(XNY)=XNUY.

Proof. Suppose that XU C X. Clearly, (X NY)U C XU N YU which is contained in
X NYU by hypothesis. Conversely, let x € X NYU and write z = yu withy € Y and v € U.
Then xu~! is contained in XU NY C X NY and therefore # = (zu~!)u is contained in the
set (X NY)U. The proof of the second statement is similar. O

1.2. Sylow subgroups and Sylow bases

Let G be a group and 7 be a set of primes. We define a Sylow w-subgroup of G to be a maximal
m-subgroup of G. This terminology differs from that of [KW73], although for the group classes
considered in the sequel, namely i-groups, periodic F'C- and CC-groups, periodic locally
soluble groups with the minimal condition on p-subgroups, our definition coincides with that
of [KW73]. If G is a finite group and 7 is a set of primes, a subgroup H of G is a Hall
mw-subgroup of G if H is a m-group whose index is a 7/-number. In particular, every Hall 7-
subgroup of G is a Sylow m-subgroup of G. The Sylow subgroup G reduces into a subgroup H
of Gif G_.NH is a Sylow m-subgroup of H. T'wo subgroups U and V of G are conjugate (locally
conjugate, conjugate via an automorphism «) if there exists an element g € G (a locally inner
automorphism «, an automorphism «) such that U9 =V (U% = V). An automorphism « of G
is called locally inner if for every finite subset {z{,...,z,} of G, there exists an element g € G
such that 2§ = 27 for every i € {1,...,n}.

Our first simple lemma is a weak version of the Schur-Zassenhaus theorem, which, never-
theless, holds for arbitrary locally finite groups.

1.2.1 Lemma. Suppose that G is a locally finite group and m a set of primes such that
G/N is a w-group for some subgroup N < Z(G). Then G has a unique Sylow mw-subgroup G .
and a unique Sylow w'-subgroup G, such that G = GG .
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Proof. Let N, be the unique Sylow 7’-subgroup of N, then also G/N,, is a m-group.
Therefore assume without loss of generality that N is a 7’-group. Let S be the set of all
m-elements of G. If g, h € S, then F = <g,h> is a finite group. Hence by the theorem of
Schur and Zassenhaus, F' = F_F,_,, where F_is a Hall m-subgroup of F' and F, = FN N
is the unique Hall 7’-subgroup of F. Since F, < Z(F), the subgroup F, is the unique Hall
m-subgroup of F' and so gh € F_ is a m-element. Hence gh € S and S is a m-subgroup of G.

Now every element g € G can be expressed as the product of a m-element s and a 7'-
element x. Since G/N is a m-group, we have = € N; moreover, s € S by the definition of S.
Therefore G = SN, as required. O

We will call a set {G), | p € P} of subgroups of an arbitrary group G a Sylow basis of G if
it satisfies the following conditions.

(SS1) For every set 7 of primes, the group <G, | p € 7> is a Sylow m-subgroup of G.
(S82) G,G, =G, G, for all primes p and q.

Observe that if {G, | p € P} is a Sylow basis of the group G, then G is the product of its
subgroups G,,, where p € P.

Note that our definition of a Sylow basis differs from that in [Bae70] and [Dix82]. There,
a set of subgroups {G,, | p € P} is called a Sylow basis if the G, are Sylow p-subgroups of G
satisfying (SS2), and a set of subgroups {G, | p € P} satisfying (SS1) and (SS2) is called
a Sylow generating basis. For an example of a group where these concepts differ, see e.g.
Baer [Bae70, Satz 5.3]). Since in our context only Sylow bases satisfying (SS1) are relevant,
we do not make this distinction between Sylow bases and Sylow generating bases.

As in the case of Sylow subgroups, one is often interested whether the Sylow bases of a
group G satisfy some form of conjugacy. Let {G, | p € P} and {G}, | p € P} be Sylow bases
of G, then {G, | p € P} and {G}, | p € P} are conjugate (locally conjugate, conjugate via an
automorphism «) if there exists an element g € G (a locally inner automorphism «, an
automorphism «) such that G = G, (G} = Gy) for every prime p € P.

The next lemma states some equivalent definitions of a Sylow basis.

1.2.2 Lemma. Let G be a group and suppose that {G,, | p € P} is a set of subgroups of G
and for every set of primes , set G, = <G, |p € w>. Then the following statements are
equivalent:

(a) {G, | p € P} is a Sylow basis of G.

(b) For every set w of primes, G is a w-group, G = <G, | p € P> and G,G, = GG,

for all primes p and q.
(c) For every set m of primes, G is a w-group and G = GG ..

(d) For every prime p, G, is a p-group and G, is a p’-group; moreover, G = G,G, for
every prime p.

Proof. (a) = (b) is obvious.

(b) = (c). Let g € G = <G, | p € P>, then there exist an integer n and primes py,...,p,
such that g € <G, ,...,G, >.Since <G, ,...,G, >=G, -...-G, and G,G, = G G, for all
primes p, ¢, we may assume without loss of generality that p;,...,p,, € mand p,1,...,p0, €
7' for some m € N. This shows that g € G, -...- G, <G G, andso G =G, G..

(c¢) = (d) is trivial.
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(d) = (a). In order to show that G,G, is a subgroup of G for all primes p and ¢ with
p # q, observe that
G,= (] Gw

reP\{q}

so that

GG =G ) Go)=6G(Gyn N ),
reP\{q} reP\{p.a}

and by Dedekind’s modular law, we obtain

GpGy = GGy N ( m GT/) - m G
reP\{p,q} reP\{p,q}

whence G,G, is a subgroup of G. Now let 7 be a set of primes, then clearly

G, < ()G,

pen’

This shows that G, is a m-group. Therefore G satisfies (b), and since we have already proved
that (b) implies (c), it follows that G = GG ,,. Thus if G is contained in a m-group P, then
we have P = PNG, G, = G, (PNG,) =G, by Dedekind’s modular law. This shows that
G, is a Sylow m-subgroup of G, as required. O

Let G be a group possessing a Sylow basis {G,, | p € P}. The Sylow basis {G, | p € P}
of G reduces into a subgroup H of G if {G,N H | p € P} is a Sylow basis of H. Thus, if we
consider G as a product of its subgroups G,,, where p € P, then in view of Lemma 1.2.2 (b),
the Sylow basis {G), | p € P} reduces into H if and only if H is a prefactorized subgroup
of G. Note that, since <G, | ¢ € P,q # p> is a p'-group, every prefactorized subgroup of G
is actually factorized. This is extremely useful for proving the following statements.

1.2.3 Lemma. Let G be a group and suppose that G possesses a Sylow basis {Gp | p € P}.

(a) If N 4G, then {G,N/N | p € P} is a Sylow basis of GN/N.

(b) If N 4G and U is a subgroup of G into which {G,, | p € P} reduces, then the Sylow
basis {G,N/N | p € P} of G/N reduces into UN/N.

(c) If S is a set of subgroups of G such that {G, | p € P} reduces into every U € S, then
{G, | p € P} also reduces into the intersection S of allU € S.

(d) Let U be a subgroup of G such that {G, | p € P} reduces into U and assume that N
s a locally nilpotent normal subgroup of G. Then {Gp | p € P} also reduces into UN.

(e) Suppose that N is a normal subgroup of G'. If the Sylow basis {G,N/N | p € P} reduces
into the subgroup U/N of G/N, then {G, | p € P} reduces into U.

Proof. (a) follows directly from Lemma 1.2.2 (b). (b) and (c) are consequences of Propo-
sition 1.1.2 (e) and Proposition 1.1.2 (c), respectively.

(d) For every set 7 of primes, let G, = <G, [p€ n>, U, = UNG, and N, = O (N).
Put U, = U,y and N, = Ny, for every prime p, then by hypothesis, {U, [ p € P} and
{N, | p € P} are Sylow bases of U and N, respectively. Let 7 be a set of primes. Since N, G
is a m-group, we have N, < G, and so U, N, < G is a w-group. Moreover, U N, U_N_ =
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UyUp Ny N = UN, and so {U,N, | p € P} satisfies condition (c) of Lemma 1.2.2, hence it
is a Sylow basis of UN.
(e) This follows from Proposition 1.1.2 (f). O

1.3. Series, chains and major subgroups

Let G be a group, I' a set of endomorphisms of G and 2 a totally ordered set. A set S =
{U,,V, | o € Q} of T'-invariant subgroups of G is called a I'-series of G if:

(S1)
(S2) U, <V_forall o, 7 € Q with o < 7.
(S3) For every g € G with g # 1, there exists a 0 € Q such that g € U, \ V.

V., is a normal subgroup of U, for every o € Q.

For an equivalent formulation, see also [Rob82, Section 12.4]. The subgroups U, and V, are
called terms of S and the factor groups U, /V, are called the factors of S. The order type
of § is defined to be the order type of the index set €. The series is called finite (finite of
length n € N) if Q is finite (|©2] = n). The series is called ascendant if ) is well-ordered and
descendant if  is well-ordered with respect to its inverse ordering. A group is radical if it
has an ascending series with locally nilpotent factors; it is hypoabelian if it has a descending
normal series with abelian factors.

If T is the set of all inner automorphisms (all automorphisms, all endomorphisms) of G,
then the series is called normal (characteristic, fully invariant). A @-series of a group G is
just called a series of G.

Let S and 7 be I'-series of the group G. If S is contained in 7, then 7 is called a refinement
of §. The I'-series S is a I'-composition series of G if S does not have a proper refinement.
A @-composition series of G is called just a composition series of G, and if I' consists of all
inner automorphisms, a I'-composition series is called a chief series of G or a principal series
of G. The factors occurring in a composition series are called composition factors of G; those
of a chief series are called chief factors or principal factors.

A subgroup S of the group G is called serial if it is a term in some @-series of G. The
subgroup S is called subnormal (ascendant, descendant) if S is a term of a finite (ascendant,
descendant) series of G.

A set C of subgroups of the group G is called a chain of subgroups of G if it is totally
ordered (with respect to inclusion). If the set C is well-ordered (well-ordered with respect to
the inverse ordering), the set C is an ascending chain (descending chain). Let X be a class
of groups. Then the group G has the minimal (maximal) condition for X-groups if every
descending (ascending) chain of G whose members are X-groups is finite.

Let G be a group and C a chain of subgroups of G. If C has a minimal element U and a
maximal element V', then C is called a chain from U to V.

Following Tomkinson [Tom?75], we define major subgroups of a group G as follows. For
every subgroup U of G, let m(U) denote the least upper bound of the lengths of all ascending
chains from U to G. A subgroup M of G is a major subgroup of G if m(M) = m(V') for every
subgroup V of G with M <V.
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1.4. Classes and closure operations

A class X of groups (or group class) is a class whose members are groups and such that if
G € X, then X contains every group isomorphic with G. If G € X, then the group G will be
called an X-group.

Since this dissertation is concerned with locally finite groups only, we denote with & the
class of all locally finite-soluble groups. Moreover, 2 and 91 are the classes of all periodic
abelian and of all periodic nilpotent groups, respectively. A group G is an F'C-group (a
CC-group) if, for every g € G, the factor group G/Cq(g®) is finite (a Cernikov group). A
Cernikov group is a finite extension of a periodic radicable abelian group of finite rank, and
hence it satisfies the minimal condition on subgroups. Let p be a prime, then the group G
satisfies the minimal condition on p-subgroups, also called min-p, if every p-subgroup of G
satisfies the minimal condition on subgroups.

The class i can be characterized as follows. A periodic locally soluble group G belongs to
the class 4 if, for every subgroup H and every set m of primes, the Sylow 7-subgroups of H
are conjugate in H. Note that by a result of Hartley [Har72a, Theorem E|, every i-group has
a finite series with locally nilpotent factors.

If X is a class of groups, then X* denotes the class of all finite X-groups, and if 7 is a set
of primes, then X _ is the class of all m-groups contained in X.

If X and ) are classes of groups, then X%) is the class of all groups G which possess a
normal X-subgroup N such that G/N is an Q-group. If 3 is another class of groups, we define
x93 = (X9)3.

The set of all primes p such that the group class X contains a cyclic group of order p is
called the characteristic of X.

A map ¢ : {group classes} — {group classes} is called a closure operation if, for any two
group classes X and ), we have

(C1) X C oX.
(C2) cX = c2X.
(C3) If X €9, then cX C ¢9).

We introduce the following closure operations: @, s, L, S,,, N, D and R. If X is a class of groups,
then QX and sX are the classes of all factor groups of X-groups and the class of all subgroups
of X-groups, respectively. LX is the class of all groups G such that every finite subset of G
is contained in an X-subgroups of GG, and s,,X is the class of all subnormal subgroups of X-
groups. NX is the class of all groups which are generated by their serial X-subgroups and DX
is the class of all groups which are the direct product of an arbitrary number of their normal
X-subgroups. rRX is the class of all groups G which possess a set A/ of normal subgroups such
that (\yep N =1 and G/N € X for every N € N.

Let ¢ be a closure operation. A group class X is called c-closed if X = ¢X. We follow
[DH92] in defining c@ = & for every closure operation C.

If ¢1 and ¢, are closure operations, then ¢;¢, and <¢,C2> are defined as follows. If X is
a group class, then ¢;¢.X = ¢1(c.X) and <¢1,0.>X is the intersection of all group classes 2)
which contain X and are both ¢i- and ¢,-closed. By [DH92, II, Lemma 1.14], <¢1,05>X is the
unique smallest class which contains X and is both ¢;- and ¢»-closed.
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Sometimes, it is useful to restrict closure operations ¢ to a certain universe ) of groups.
The next lemma shows that such restricted closure operations are again closure operations.

1.4.1 Lemma. Let Q) be a class of groups and C a closure operation. Then Cy, defined
by cpX =cXN(XUY) for every group class X, is a closure operation.

Proof. Let X be a group class. Then X C ¢XN (X UY) = cyX and if X is contained in
the group class X, then cyX =cXN(XUQY) CcX; N (X, UY) = cyX,. Moreover,

(Cp)?X =c(CpX)N(CyXUY) =c(cXEN(XEUY)) N (cyXUDY)
CAXN(FEUY)N(pXUY)=cXN(XNY) =y X.

This shows that (Cy)? = Oy O

1.5. Local formations

In order to introduce the concept of a local formation, we follow the approach of [GHTT71]. Let
X and 9 be classes of groups. For every G € X, we define C;(2), p) to be the intersection of the
centralizers of all p-principal factors U/V of G such that G/C(U/V) € Y and C;(Y,p) =G
if no such chief factors exist. The class Q) is an (X, p)-preformation if Q) is empty or satisfies:

(PF1) 9 =¢9.
(PF2) For every group G € X, we have G/C(D.p) € 9.

X-formations are important examples of group classes which form (X, p)-preformations for
every prime p. Here the group class § is called an X-formation if:

(F1) § = oS.
(F2) §=RrRENX.

Note that the second condition implies that § is a subclass of X.

Let X = QX be a class of periodic locally soluble groups. A function f assigning to every
prime p a (possibly empty) (X, p)-preformation is called an X-preformation function. The
support  of f is the set of primes p such that f(p) is nonempty. Now let § be the class of all
X-groups G such that G/C,(U/V) € f(p) for every prime p and every p-principal factor U/V
of G. The class § is called the local X-formation defined by the X-preformation function f. A
class § is a local X-formation or local formation of X-groups if it is a local X-formation for
some X-preformation function.

We give some useful alternative descriptions of local formations of periodic locally soluble
groups.

1.5.1 Lemma. Let X = QX be a class of periodic locally soluble groups and suppose that
§ a local X-formation defined by the X-preformation function f and let m denote the support
of G. Then the following statements about the X-group G are equivalent:
(a) GeF.
(b) Let S be a chief series of G. IfU/V is a p-factor of S for the prime p, then G/Cq(U/V') €}

f(p).
(c) G is am-group and G/O, ,(G) € f(p) for every prime p € .
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(d) G is am-group and G € &,8,f(p) for every prime p € .

Proof. The implications (a) = (b) and (c) = (d) are obvious.

(b) = (c) Let S be a chief series of G and p a prime. If p ¢ 7, then f(p) is empty and
so G does not have p-chief factors. Since every principal factor of G is an elementary abelian
p-group for some prime p (see e.g. [KWT73, Corollary 1.B.4] or [Rob82, 12.5.1]), the group G
is a m-group. Now let p € . By [GHTT71, Theorem 3.8], O,/ ,(G) equals the intersection of
all centralizers of the p-principal factors in S. Thus G/O,, ,(G) € f(p) by (PF2).

(d) = (a) Let p € m and U/V a p-principal factor of G. Then G possesses a normal
subgroup N € &,,6,,; moreover, G/N € f(p) and N is contained in O,, ,(G). Since O, ,,(G) <
Cn(U/V) by [GHTT71, Theorem 3.8], G/C(U/V) is a factor group of G/N, hence belongs
to f(p). O

The following lemma shows that a local X-formation is indeed an X-formation.

1.5.2 Lemma. Let X = QX be a class of periodic locally soluble groups and § a local
X-formation. Then § = Q§ = REN X, and so § is an X-formation.

Proof. Let G € §and N < G. If p € m, then G/O,, ,(G) € f(p) and since O, ,(G)N/N <
O, ,(G/N), the factor group (G/N)/O,, ,(G/N) is also an f(p)-group. Therefore G/N € §
by Lemma 1.5.1.

Now assume that A is a set of normal subgroups of the X-group G such that G/N € §
for every N € N and let m denote the characteristic of §. Then G/N is a m-group for every
N € N, and since G is periodic, G is likewise is a m-group. Let p € m and put C = C:(f(p), p).
Now set Ly/N = O, ,(G/N) for every N € N. Since G/Ly € f(p) for every N € N,
by [GHTT71, Theorem 3.8], we have G/Cn(U/V') € f(p) for every p-principal factor U/V
of G with N < V. This shows that C' < Ly for every N € N. Since G is periodic, we
have yepn L = Op ,(G) and so C' < O, ,(G). Moreover, by the definition of C, we have
G/C € f(p) and so G/O, ,(G) € f(p). Since this holds for every p € 7, we have G € § by
Lemma 1.5.1. O

We mention a number of elementary yet useful properties of local formations.

1.5.3 Lemma. Let X = QX be a class of periodic locally soluble groups and § a local X-
formation of characteristic w. If G is an X-group such that G/Z(G) € § and G is a w-group,
then G € §.

Proof. Suppose that f is an X-preformation function defining §. Refine the series 1 <
Z(G) < G to a chief series S of G and let U/V be a p-principal factor of S for some p € .
If U < Z(G), then Cr(U/V) = G and so G/C(U/V) € f(p). Otherwise, Z(G) < V, and
since Cg /() (U/V) = Ce(U/V)/Z(G) and G/Z(G) € §, we have G/C(U/V) € f(p) by an
isomorphism theorem. Therefore G € § by Lemma 1.5.1. O

The next elementary lemma will be needed later.

1.5.4 Lemma. Let X = QX be a class of periodic locally soluble group and assume that
$ is a local X-formation of characteristic w. Further, let G be an X-group and N a normal
p-subgroup of G' such that G/N € §. If p € m and O, (G/N) =1, then G € §.

Proof. Since N and G/N are m-groups, also G is a m-group. If ¢ € m and ¢ # p, then
N <0,(G) and so O, (G/N) = O,(G)/N. Thus G € 6,8, f(q). Moreover, O,,(G)N/N <
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O, (G/N) =1 and so O, (G) = 1. It follows that O, ,(G) = O,(G) and so O, ,(G)/N =
O, ,(G/N). Consequently, G € &,,6,f(p) and hence G belongs to §. O

Sometimes it will be necessary to restrict the universe X of a local X-formation §. The
restriction of § to that universe is again a local formation:

1.5.5 Lemma. Let X and 2) be two QS-closed classes of groups such that ) C X. If § is a
local X-formation of characteristic w defined by the preformation function f, then & = FNY)
is a local Y-formation. Moreover, the function g defined by g(p) = f(p) NY for all primes is
a local definition of &.

Proof. Since is easy to see that g(p) is a preformation function for every p € m, we only
have to show that & is locally defined by g. Let G € & and p € 7, then G/O,, (G) €
f(p) N @Y = g(p) and G belongs to the local P-formation defined by g. Conversely, suppose
that the 2-group G satisfies G/O,, ,(G) € g(p) for every p € 7, then G/O,, ,(G) € f(p) and
so G €gFNY =& by Lemma 1.5.1. O

Let § be a local X-formation, then in view of Zorn’s lemma, the following proposition
shows that every §-group supplementing the Hirsch-Plotkin radical of a group G is contained
in a maximal §F-subgroup of G.

1.5.6 Proposition. Let X be a Qs-closed class of periodic locally finite groups and § a
local X-formation. Suppose that the X-group G is the union of an ascending chain C of §-
subgroups. If, for every prime p, there exists S € C which supplements Op,’p(G), then G is an
§-group.

Proof. Suppose that f is an X-preformation function for § and let p be a prime and U/V
a p-principal factor of G. We have to show that G/C € f(p), where C = C,(U/V'). Hence
we may assume without loss of generality that SO, (G) = G for every S € C.

By [GHTT71, Theorem 3.8, U/V is centralized by O, ,(G). Let S € C, then (U N S)V/V
is normalized by S and centralized by O, ,(G), hence is normal in SO, ,(G) = G. Since
U = Ugee(UNS) and U/V is a principal factor of G, there exists an S € C such that
U= (UnS)V. Let K be a normal subgroup of S with VNS < K < U NS, then also
KV/V < U/V is centralized by O, ,(G), hence is normal in G = SO,, ,(G) and so K = SNV.
This shows that (U N S)/(V N S) is a principal factor of S. Therefore O, ,(S) centralizes
(UNS)/(VNS). Since U/V is S-isomorphic with (U N .S)/(V N S), the subgroup O, ,(5)
is contained in C' = C(U/V). By an isomorphism theorem, we have G/C = §/S N C, and
since S/0O,, ,(S) € f(p) by hypothesis, we also have G/C € f(p), as required. O

1.6. Projectors and injectors

Let X be a class of groups and G any group. An X-subgroup X of G is called X-mazimal
(in G) if, whenever Y is an X-subgroup of G containing X, then X =Y; in other words, X
is X-maximal if it is an X-group and X is not properly contained in any X-subgroup of G.
Following [DH92|, a subgroup X of G is called X-projector of G if X N/N is an X-maximal
subgroup of G/N for every normal subgroup N of G. A subgroup X of G is called an
X-covering subgroup of G if X is an X-projector of H for every subgroup H of G which
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contains X. Note that our terminology differs from that used in [Dix82], [GHT71] or [KIi75],
whose definition of an X-projector coincides with our definition of an X-covering subgroup.
However, since the X-projectors which will occur in the sequel are in fact X-covering sub-
groups, there should be no danger of confusion.

Let X = @sX, G € X and § a local X-formation. If A/ a set of normal subgroups of G, the
following well-known lemma shows in particular that

H(ﬂN):ﬂHN

NeN NeN

for every §-projector H of G.

1.6.1 Lemma. Let X be a Qs-closed class of periodic locally soluble groups and assume
that § is a local X-formation. Further, let H be an §-maximal subgroup of the X-group G and
assume that N is a set of normal subgroups of G such that the intersection of all N € N is
trivial. Then

H= () HN.
NeN

Proof. Let L = (\yepn HN, then LN = HN for every N € N. This shows that L/LNN =
LN/N = HN/N € §. Therefore by Lemma 1.5.2, we have L € §. Since H is contained in L
and H is §-maximal, we have H = L, as required. O

Let G be a group. A nonempty set F of subgroups of G is called a Fitting set of G if it
satisfies the following conditions:

(FS1) If U € F and V is a serial subgroup of U, then V' € F.

(FS2) If S is a set of F-subgroups and every V € § is serial in the subgroup U generated
by all V € S, then U belongs to F.

(FS3) If U € F and g € G, then UY € F.

If F is a Fitting set of the group G, then the subgroup G of G generated by all serial
F-subgroups of G is called the F-radical of G; note that by (FS2), G is an F-subgroup of G.
A subgroup I of G such that I NS is an F~maximal subgroup of S for every serial subgroup
of G is called an F-injector of G.

Let F be a Fitting set of the group G. If H is a subgroup of G, then the set

Fy={U|U<H, UeF}

is a Fitting set of H. If there is no ambiguity, we will usually omit the reference to H and
call the Fp-injectors of H simply Finjectors of H. The Fj-radical of H is then just called
the Fy-radical of H and will be denoted with H .

If G is a finite soluble group, these definitions evidently coincide with those introduced
by Anderson in [And75]. Moreover, if G is a locally soluble F'C-group, then it is easy to see
that our definition of a Fitting set agrees with that of Beidleman and Karbe in [BK86]; (see
[Ens90], Bemerkung 2.2 and Bemerkung 2.9).

Our first lemma shows in particular that for every Fitting set of a group G, the Fradical
is contained in every Finjector of G.

1.6.2 Lemma. Let F be a Fitting set of the group G and suppose that I is an F-injector
of G. Then G £ equals the core of I in G.
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Proof. Let N denote the core of I in G. Then N € F by (FS1). Therefore N < G+ by
(FS2). On the other hand, I N G is an Fmaximal subgroup of the Fgroup G and so
Gz <1, as required. O

The next lemma shows how injectors and the radical of a group G are related to the
corresponding injectors and radicals of certain subgroups of G.

1.6.3 Lemma. Let G be a group and F a Fitting set of G. Suppose that X is a subgroup X
of G which possesses a set S of subgroups which are serial in G and whose union equals X .
Then the F-radical X r equals the union of the subgroups Sz, where S € S, and X = XNG £.
Moreover, if G possesses an F-injector I, then X NI is the union of the F-injectors S N1
of S, where S € S, and X NI is an F-injector of X.

Proof. If S is a serial subgroup of G contained in X, then S is also serial in X. Therefore
SNXr=5=5NGr=5SNXNG,. Since every g € X is contained in such a subgroup S
of X, it follows that Xz = X N G£. A similar argument can be used to prove the statement
about Finjectors. O

Let X and § be classes of groups. § is called an X-Fitting class (or Fitting class of %-
groups) if, for every G € X, the set F of all F-subgroups of G forms a Fitting set of G. In
this case, an §-injector of G is simply an F-injector and the §-radical Gz equals G £.



Chapter 2

Prefactorized Sylow subgroups
and Sylow bases of products

2.1. Prefactorized Sylow subgroups

The following section is concerned with finding prefactorized Sylow m-subgroups of a group G
which is the product of two subgroups A and B which have normal Sylow 7- and 7’-subgroups
A., A, B, and B_/, respectively. The finite case suggests that the sets A B, and A/ B,
are natural candidates for prefactorized Sylow 7- and 7’-subgroups of G, although even if
<A,, B> is not a m-group, then there may nevertheless be subsets A; and B\ of A and B,
respectively, such that A, B, is a Sylow m-subgroup of GG. For instance, in Example 2.1.8 below,
the subgroups A4, and B, themselves are Sylow p-subgroups of G, while G = <A, B> is
not a p-group. However, in the sequel, we will only investigate the question under which
hypotheses the product of the m-components of A and B is a Sylow w-subgroup of G.

If a product G of two subgroups is, in addition, the direct product of a m-group and a
7/-group, the existence of a prefactorized Sylow m-subgroup can be proved using the following
elementary lemma.

2.1.1 Lemma. Suppose that the group G = M x N is the product of two subgroups A
and B. If A= (ANM)(ANN) and B= (BNM)(BNN), then M = (M NA)(MnNB).

Proof. Clearly, G = AB = (AN M)(BNM)N. Therefore M = M N(ANM)(BNM)N
and so by Lemma 1.1.7, M = (AN M)(BNM)(MNN)=(ANM)(BNM) as required. O

In particular, if 7(M) and 7(NN) are disjoint, this leads to:

2.1.2 Corollary. Let G be a group and suppose that G is the direct product of a normal
Sylow m-subgroup G and a normal Sylow 7'-subgroup G ,. If G = AB for two subgroups A
and B, then G, = A B, and G, = A B
- and Sylow 7'-subgroups of A and B, respectively.

> where A, A, B, and B, are normal Sylow

Thus we obtain a first result about Sylow bases of periodic locally nilpotent products.

2.1.3 Corollary. Suppose that the periodic locally nilpotent group G is the product of two
subgroups A and B. If 7 is a set of primes, then the set {A,B, | p € P} is the unique Sylow
basis of G.

The next proposition states some criteria for a periodic product of two subgroups to have
prefactorized Sylow subgroups.
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2.1.4 Proposition. Suppose that the periodic group G is the product of two subgroups A
and B and that A = A A, and B = B_ B,
subgroups of A and B, respectively.

(a) (N. S. Cernikov [Cer82, Lemma 2]) If <A,,B.> is a m-group and <A, B> is
a ' -group, then A_B_.N/N = B, A_N/N is a Sylow w-subgroup of G/N for every normal
subgroup N of G (and A B,/ N/N is a Sylow 7’'-subgroup of G/N ).

(b) If N is a set of normal subgroups of G such that (\yca N = 1 and for every N €
N, the subgroups <A,,B,>N/N and <A_,B.>N/N are a w-and a 7'-subgroup of G/N,
respectively, then A, B, and A, B, are a Sylow 7- and a 7'-subgroup of G.

(¢) IfG is locally finite, N < Z(G) and <A,,B,>N/N and <A_,B,,>N/N are a 7- and
a ' -subgroups of G/N, respectively, then A_B, and A_, B, are a Sylow - and a ©'-subgroup
of G.

/
where A, A, B, and B, are m- and 7'-

Proof. (a) Since the hypotheses are inherited by every factor group G/N of G, it clearly
suffices to consider the case when N = 1. Now assume that the m-group <A_, B> is contained
in a m-group P of G and let g € P. Since G = AB = A_A_B_ B_, the element g can be
written as ¢ = a,ab_b,, where a. € A_, a., € A, b. € B, and b, € B_. Therefore
a.b, = algh ! is contained in PN <A_, B> = 1. Hence g = a,b_ is contained in the
set A_B_andso <A_,B > =A_B_is a Sylow m-subgroup of G. A similar argument shows

()

that A B, is a Sylow 7’-subgroup of G.

(b) Let S = <A_, B>, then by hypothesis, S/SNN = SN/N is a m-group for every
N € N. Since G is periodic, this shows that S is a w-group. Similarly, <A, B> is a
n’-group. Now the result follows from (a).

(c) Let H=<A_,B_>N, then H has a normal Sylow m-subgroup H,_ by Lemma 1.2.1.
Since A_H_ and B _H,_ are m-subgroups of H, it follows that <A_, B> < H_ is a m-group.
Similarly, <A_,, B,,> is a n’-group, and the desired result follows from (a). O

Remark. Note that in Proposition 2.1.4 (a), we do not claim that the Sylow subgroups
A.B, and A, B, of G = AD permute. See Theorem 2.2.5 for an additional hypothesis which
ensures that G = (A, B, )(A.B,/).

Next, we investigate the question under which hypotheses the 7-radical O,.(G) of a product
of two subgroups is prefactorized.

2.1.5 Lemma. Let w be a set of primes and suppose that the group G is the product of
two subgroups A = A_x A and B = B_ x B/, where A_, A, B and B_ are m-and
7’ -subgroups of A and B, respectively. Further, assume that A_B, is a w-subgroup of G. If
N is a normal w-subgroup of G contained in A_B_, then the factorizer of N is the direct

s

product of its maximal 7-subgroup A, N N B_N and its mazimal 7' -subgroup A N B,..

Proof. Let X = ANNBN denote the factorizer of N and put P = A, NNB_ N. Then P is
a subgroup of A B, hence is a factorized subgroup of A B, . Therefore A, N B, centralizes
P=(PnNnA)PNB,)andsoY = (A, NB,) xP = (A, NB,)(PNA)(PNB)is a
prefactorized subgroup of G. Since A = A_ x A_,, we also have ANB = (A, NB.)(A,NB,)
and so Y contains AN B. Since N <Y < X and X is the smallest factorized subgroup of G
that contains IV, we have Y = X. O
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Observe that the following corollary holds in particular if A_B,_N/N is a Sylow m-subgroup
of G/N for every normal subgroup N of G.

2.1.6 Corollary. Let w be a set of primes and suppose that the group G is the product
of two subgroups A = A_x A and B = B_ x B_,, where A_, A, B_ and B, are 7-
and 7'-subgroups of A and B, respectively. If the set A _B, is a m-subgroup of G which
contains O, (G), then the factorizer X = AO,_(G) N BO_(GQ) of O.(G) is the direct product
of its maximal w-subgroup A _O.(G) N B,O.(G) and its mazimal 7'-subgroup A_ N B,,.
Moreover, if O (G) is contained in A, B, O.(G), then the factorizer of O (G) is an
extension of a '-group by a m-group.

™

™

Proof. Put N = O_(G), then the first statement follows directly from Lemma 2.1.5. Now
let X denote the factorizer of O, .(G), then by Proposition 1.1.3, X/O,,(G) is the factorizer
of O 1 (G)/0(G) = O0,.(G/O(G)) in G/O,(G), hence is an extension of a 7’-group by a
m-group, as required. O

We mention one important special case when a product of two subgroups possesses pre-
factorized Sylow m-subgroups. Note that Proposition 2.1.7 holds in particular if the Sylow -
and 7/-subgroups of G are conjugate.

2.1.7 Proposition. Let m be a set of primes and suppose that the periodic group G is
the product of two subgroups A and B which are the product of their Sylow - and 7' -groups
A., A, B, and B_,. If A_ and B, are contained in conjugate Sylow m-subgroups of G and

A and B, are contained in conjugate Sylow w'-subgroups of G, then there exist a € A and

b€ B such that A = ALA%,, B = Bng,, and furthermore, A%BL is a Sylow 7-subgroup of G
and A?T,Bfr, is a Sylow 7' -subgroup of G.

Proof. By hypothesis, there exists a Sylow m-subgroup G, of G and an element g € G
such that G, and G contain A, and B, respectively. Since G = AB, there exist a; € A and
b; € B such that g = albl_l. Consequently, A% is contained in G2, and also Bgl is a subgroup

b1 _ b : : — —
of GI* = G%'. Therefore <A, B)'> is a m-group. Since A = A, A, and B = B_B_,, the
elements a; and b; may clearly be chosen from A_, and B,,, respectively.

As A_, and B, are contained in conjugate Sylow 7’-subgroups of G, the same also holds for

b .. . b
A% and B_}. Now a similar argument, applied to the 7’-subgroups A%} and B} of A = A% A7
and B = Bfrler}, respectively, yields that there exist ay, € A% and b, € B, such that
<A%92 BMP2> s 4 nl-group. Observing that A% = A2192 and B = B2 it is now clear
that a = a;a, and b = b b, are the required elements of A and B, respectively.

The rest of the proposition now follows from Proposition 2.1.4 (a). O

The following example shows that in Proposition 2.1.7, it does not suffice to assume that
A_ and B, are contained in locally conjugate Sylow m-subgroups of G.

2.1.8 Example. Let p be a prime. By [Sys95, Corollary 1], there exists a locally finite
group G = AB = A X M = B x M, where A and B are residually finite p-groups and M is
an elementary abelian g-group for a prime ¢ # p. In particular, G is a periodic radical group.

We show that A and B are locally conjugate. Let 6 : A — M be the surjective derivation
constructed in the proof of [Sys95, Theorem 3A], written multiplicatively. Then (ajas)® =
(ad)®2a for all a;, ay € A, and by construction, there exist elements vy, vy, ... of M such
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that for every a € A, there exists an integer n € N such that for every integer m > n, we

have a’ = [v,,,a).

Let g € G, then g can be written in a unique way as g = am, where a € A and m € M.
We define a map ¢ : G — G by g% = aa’®m. If ¢® = 1, then a = 1 and a®m = 1, and since
(a-1)? = (a®)'19, it follows that m = 1. To see that ¢ is a homomorphism, let g, = a;m;

and g, = aym, be elements of G, where a,, a, € A and m;, m, € M. Then

5 ) 5
(a1m1a2m2)¢ = (alazm‘f2m2)¢’ = ajas(ajay) mclmmz = alaz(al)”azm‘l”mz

= a1a2(a?)a2m61l2agm2 = ala‘lsml%ang = (aymy)?(agmy)?.

Now let g be an element of G. Since G = BM, there exists b € B and m € M such that
g = bm. Since B = {aa’® | a € A}, there exists a € A such that b = aa®. Thus we have
g = (am)?, and so ¢ is an automorphism of G. We show that ¢ is locally inner. Let g;,.. ., g,
be elements of G and write g; = a,;m,, where a;, € A and m; € M. By construction, we have
al = [v,,,, a;] for suitable integers n; € N. Let n denote the maximum of the n;, then also
0

[

a. =

— 4@ig—1
¢ =[v,,q;] = v¥v, " and so

n»
= Up ;U
as required.

Next, we show that a prefactorized subgroup of a periodic product of two locally nilpotent
groups having prefactorized Sylow m- and 7’-subgroups likewise has prefactorized Sylow -
and 7/-subgroups.

2.1.9 Proposition. Suppose that the group G is the product of its subgroups A = A _xA_
and B = B, X B_,, where A, A, B, and B, are Sylow 7- and Sylow ©’-subgroups of A
and B, respectively. Further, assume that <A.,B.> and <A,,B.> are a - and a 7'-
subgroup of G. If S is a prefactorized subgroup of G, then (SNA,)(SNB,)=SNA,B, and
(SNA.)(SNB.) =SNA,B, are a Sylow - and a Sylow ©’'-subgroup of S. Hence the
Sylow subgroups A, B, and A B reduce into S.

Proof. Clearly, SN A = (SNA,)SNA,) and SN B = (SN B,)(SN B,). Since
<SNA,SNB,><A_B_isamnr-group and <SNA_,SNB,>is an'-group, the subgroup
S = (SNA)(SNB) satisfies the hypotheses of Proposition 2.1.4 (a). Therefore (SNA,)(SNB,)
is a Sylow m-subgroup of S. Since this Sylow subgroup is contained in the w-subgroup SNA B,
of G, it follows that (SN A,)(SNB,) =5NA,B,. The corresponding result about A B,
follows by exchanging m and 7’. O

In particular, Proposition 2.1.9 can be used to prove the uniqueness of a prefactorized
Sylow m-subgroup of the form A _B_.

2.1.10 Corollary. Suppose that the group G is the product of its subgroups A and B.
Further, assume that A= A_x A, B= B,_x B_,,
- and Sylow 7' -subgroups of A and B, respectively, and that <A,, B.> and <A, B> are

where A_, A, B, and B_ are Sylow

a m- and a 7' -subgroup of G. Then G possesses a unique prefactorized Sylow mw-subgroup and
a unique prefactorized Sylow 7'-subgroup, namely A, B, and A,/ B,

Proof. Let S be a prefactorized Sylow m-subgroup of G, then by Proposition 2.1.9, the
subgroup SN A, B, is a Sylow m-subgroup of S. Thus S < A, B, and S = A, B, since A, B
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is a m-group by Proposition 2.1.4 (a). Therefore A_B, is the unique prefactorized Sylow
m-subgroup of G. The statement about A, B, follows by exchanging 7 and 7. O

2.2. Permutable Sylow subgroups
of mw-separable groups

Suppose that the group G is the product of two subgroups A = A_x A_, and B = B_Xx B_/,
where A, A/, B, and B_, are m-and 7’-subgroups of A and B, respectively. In the preceding
section, we have established certain conditions for the sets A, B, and A_ B, to be Sylow
m- and Sylow 7’-subgroups of G. In this section, we will show that under the additional
hypothesis that G has an ascending series whose factors are - and 7’-groups, the group G
is the product of its Sylow m-subgroup A, B, and its Sylow 7’-subgroup A, B,,. It seems to
be an open question whether this is true in general.

The next lemma is probably known. It generalizes a result about m-soluble finite groups;
see [HH56, Lemma 1.2.3]. Recall that a group is m-soluble if it has a finite series whose factors
are 7’-groups or soluble m-groups.

2.2.1 Lemma. Let 7 be a set of primes such that the locally finite group G has an as-
cending series whose factors are either m-groups or ©'-groups. If every finite subgroup of G
is either m-soluble or m'-soluble, then C (O (G)) < O 1 (G).

Proof. Clearly, we may assume without loss of generality that O (G) = 1. Let C =
Cr(0,(G)) and define P/O_(C) = O,,(C/O,(C)), then C, and hence P, are normal sub-
groups of G. Let g, h € P be n’-elements and put ' = <g,h>, then F is finite. Now
F/FNnO,(C)=FO.(C)/0,.(C) < P/O.(C) is a 7'-group. By the Schur-Zassenhaus theo-
rem, g and h are contained in conjugate Hall n’-subgroups F,, and FZ, of F, where z € F.
Since F' = F_,(FNO,(C)), we may assume that z € O_(C), and because h € P < C(0,(C)),
we have h* = h. So <g, h> is contained in the n’-group F,. This shows that the subgroup @
generated by the 7m’-elements of P is a w’-subgroup of P, hence is a characteristic 7’-subgroup
of P. It follows that @ < O,,(G) = 1, and so we have O_,(C/O_(C)) = 1. On the other hand,
G, and hence C, possesses an ascending series whose factors are either m- or 7’-groups. Since
also O_(C/0,.(C)) =1, we must have C' = O,_(C), and so C' is contained in O, (G). O

From this, we can derive a criterion for the characteristic subgroups O, (G) and O_/(G)
of a product G of two groups to be prefactorized.

2.2.2 Proposition. Let w be a set of primes and suppose that G is a locally finite group
which has an ascending series whose factors are mw-groups or 7' -groups. Further, assume that
G is the product of two subgroups A = A x A, and B = B, x B/, where A_, A, B,
and B, are - and 7'-subgroups of A and B, respectively. If <A_,B.> and <A_, B> are
a m-group and a 7'-group, respectively, then O, (G) is factorized. Moreover, O (G) is a
factorized subgroup of the Sylow m-subgroup A, B,. Hence O.(G) is a prefactorized subgroup
of G=AB.

Proof. First, we show that O,  (G) is factorized. By Proposition 2.1.4, A, B, N/N and
A B, N/N are a maximal w-subgroup and a maximal n’-subgroup of G/N for every normal
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subgroup N of G. Thus it suffices to consider the case when O, (G) = 1. Now by Corol-
lary 2.1.6, A, N B, centralizes O (G) and so by Lemma 2.2.1, A, N B, = 1. Therefore
the factorizer X of O_(G) is a m-group. Exchanging the roles of m and #’, it follows by the
same arguments that Y/O, (G) is a n'-group, where Y is the factorizer of O, ,(G). Since
the factorized subgroup Y contains O, (G), we have X <Y, and so the m-group X must be
contained in O, (G). Hence O, (G) is factorized.

To prove the second statement, observe that, exchanging the roles of © and 7/, it follows
from the first part that, applied to G/O, (G), and Proposition 1.1.3 that O, ,(G) is factorized.
Therefore O, (G) = A, B,NO,. .(G) is a factorized subgroup of A, B,
subgroup of G by Proposition 1.1.3. O

hence is a prefactorized

Now suppose that the locally finite group G is the product of two subgroups A = A_xA_,
and B = B x B,,. Further, assume that the subgroups O, (G) and O_,(G) are prefactorized.
In the sequel, we will examine in how far this can be used to show that G possesses prefactor-
ized Sylow 7- and 7’-subgroups. In doing this, we generalize an approach used in [FGS94].
The proof of the following lemma is derived from that of [FGS94, Lemma 2.2].

2.2.3 Lemma. Let 7 be a set of primes and suppose that the locally finite group G pos-
sesses an ascending series whose factors are w-groups or w'-groups. Further, assume that G
is the product of a w-group A and a 7' -group B. If T is a finite group of automorphisms of G
and X s a finite subset of G, then there exists a finite factorized I'-invariant subgroup of G
containing X .

Proof. Observe first that ANB = 1, so that every prefactorized subgroup of G is factorized.
By hypothesis, there exists an ordinal 3 such that G possesses an ascending series

whose factors are 7- or 7’-groups, and clearly the G; may be assumed characteristic in G. Since
AN/N and BN/N are maximal 7- and 7’-subgroups of G/N for every normal subgroup N
of G, we show by induction on « that every G, is factorized: if « is a limit ordinal, we have

Go=JGs=JANGy(BNGy)

[B<a B<a

which is clearly contained in (AN G,)(B N G,). Therefore suppose that a — 1 exists. If
G,/G,_, is a m-group, then G, < AG,_;. Therefore G, = G,NAG,_, = (G,NA)G,_;,
and since G,_, is factorized by hypothesis, G, is contained in (ANG,)(BNG,). Thus G, is
factorized. Otherwise, the 7’-group G, /G,_; is contained in G,_; B, and a similar argument
shows that G, is factorized also in that last case.

Now let « be the least ordinal such that G possesses a finite I'-invariant subgroup K
containing X such that KG, is factorized, and assume that o > 0. By the modular law, we
have

ANKG,=ANK(BNG)(ANG,) =(ANK(BNG,))(ANG,).

Let Ay = ANKB and By = BNKA, then ANKG,, is contained in A;(ANG,,) and similarly,
BNKG, < By(BNG,). Now the sets Ay and B, are contained in the factorizer X of K by
[AFG92, Lemma 1.1.3]. Since KG, is factorized, it contains X, and so we have A; < ANKG,,
and By < BN KG,,. This shows that AN KG, = A;(ANG,) and BN KG, = By(BNG,).
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Moreover, K is obviously contained in the set AyB,. Since KG, is I'-invariant and
<Ay, By> is finite, there exists a I'-invariant finite subgroup F' of G' such that <A, By> <
F < KG,,. Thus, applying the modular law twice, we obtain

Assume that « is a limit ordinal, then F'N G, = F N Gg for some 8 < o and so FGg =
AyGgBy = Ag(ANGg)(B N Gg)By. Therefore FG 5 is factorized, contradicting the choice
of a.

Therefore oo — 1 exists, and we may assume without loss of generality that o = 1 and that
G, is a 7’-group. Then F NG is a subgroup of B and F = Ay(F N B)By is factorized. This
final contradiction proves the lemma. O

Our next lemma is a slight extension of [FGS94, Lemma 2.3].

2.2.4 Lemma. Let m be a set of primes and suppose that the countable locally finite
group G has an ascending series whose factors are w- or 7' -groups. If N is a normal subgroup
of G such that G/N is a w-group and N is the product of a w-group A, and a 7'-group B,
then there exists a w-subgroup A of G such that G = AB.

Proof. Since G is countable, G is the union of an ascending chain of finite subgroups G; <
Gy < ... of type w. We define an ascending chain {K; | i € N} of finite subgroups of N as
follows: Put K| = 1. If i > 1, then by Lemma 2.2.3, there exists a finite G;-invariant subgroup
K; of N = AyB which contains G; " N and K;_; and satisfies K; = (4, N K;)(B N K;).

Suppose now that G,_; = A,_;(BNG,_,) for a m-subgroup A, ; of G,_;. Since K is G-
invariant, G, K is a finite subgroup of G, hence is m-separable. Therefore A;_; is contained in
a Hall m-subgroup A4, of G, K. Since G; N N < K, the factor group G, K, /K, = G,/G; N K,
is a m-group and B N K is a Hall 7’-subgroup of G, K, so that G;K; = A;(B N K;). Thus
A = ,;en 4; is the required m-subgroup of G. O

We can now formulate the relation between the existence of prefactorized Sylow subgroups
and of certain prefactorized characteristic subgroups of a group G which is the product of
two subgroups A=A_x A_ and B= B, X B_,.

2.2.5 Theorem. Let 7 be a set of primes and suppose that the locally finite group G has
an ascending series whose factors are either w-groups or 7' -groups. Further, assume that G is
the product of two subgroups A = A_xA_ and B= B_xB_, where A, A, B, and B, are
m-and ' -subgroups of A and B, respectively. Then the following statements are equivalent:

7’

(a) <A, B,> is a w-group and <A_, B> is a 7' -group.

(b) For every normal subgroup N of G, A B, N/N is a Sylow w-subgroup of G/N and
A B N/N is a Sylow 7’-subgroup of G; moreover, G = (A,B,)(A.B,).

(¢) Op (G/N) and O, ..(G/N) are factorized for every normal subgroup N of G.
(d) O,.(G/N) and O, (G/N) are prefactorized for every normal subgroup N of G.
(e) The group G possesses an ascending series of prefactorized subgroups whose factors

are either w- or ' -groups.

Proof. The implication (a) = (c) has been proved in Proposition 2.2.2.
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(¢c) = (d). Since O (G/N) N O, (G/N) = O,(G/N) x O,(G/N) is factorized by
Proposition 1.1.3 (c), this follows from Corollary 2.1.2.

Since the implications (d) = (e) and (b) = (a) are trivial, it remains to show that
(e) = (b).

In view of Proposition 2.1.4, it clearly suffices to consider the case when N = 1. Let
{Nata< 5 be an ascending series of prefactorized subgroups such that N, /N, is a m-group
or a 7'-group for every a < (3. By transfinite induction on 3, the sets (A, N N,)(B, N N,)
and (A, N N,)(B, NN,) are Sylow m- and 7’-subgroups of N, such that

Noz = (A7r a Na)(Bﬂ' a Na)(Aﬂ’ a Na)(Bw’ N Na)
for every a < 8. Thus if § is a limit ordinal, then

A8, = (U 4.0 v,) - (U Ban Vo) = U (4x 0 N)(B 0 N)

a<f a<f a<p

and so A B, is a m-group. Similarly, A, B, is a n’-group and G = (A, B, )(A. B,/).

Therefore assume that § possesses a predecessor 3 — 1 and set N = Njg_;. Exchanging
7 and 7’ if necessary, we may also assume that G/N is a m-group, so that <A_, B> =
(A N"Ng_1)(Br N Ng_y) = A, B,/ is a Sylow m'-group of G. Now suppose that <A, B, >
is a m-group. Then it follows from Proposition 2.1.4 that A _B_ is a Sylow m-subgroup of G
and that A_B,_N/N is a Sylow m-subgroup of G/N. Hence

G = A?TBWN = (Aﬂ'Bﬂ')(AT(, a Nﬁ—l)(Bw’ a Nﬁ—l) = (AT(BW)(AT(,BW/)’

as required.

Thus it remains to show that <A, B, > is a m-group. Let A, and B be arbitrary finite
subsets of A and B, respectively, then it clearly suffices to show that <A, By> is a m-group.
By Lemma 1.1.6, there exists a countable prefactorized subgroup H of G containing A, and B,
such that H N N, is prefactorized for every a < 3. Therefore we may assume without loss of
generality that G = H and so G is countable. Then by Lemma 2.2.4, there exists a maximal
m-subgroup P of G containing (A, N N)(B, N N) such that G = PA_, B,,. By Lemma 2.2.3,
<A, B,> is contained in a finite subgroup F satisfying F' = (FNP)(FN A, B,/). Let Q be
a Hall m-subgroup of F' containing A, then B, < Q)9 for some g € F, since F' is m-separable.
Since F = Q(F N A, B,), we may clearly assume that g € F N A_B,. Write g = ab™!
with a € A, and b € B/, then A, = Af is contained in Q“ and also B, = Bg is contained
in Q9 = Q°. Therefore <A, By> is a m-group, as required. O

In order to examine whether, under the hypotheses of the preceding theorem, one of the
groups O_(G), O./(G), O (G) or O
whether O, .(G) and O, ,./(G) are factorized, which is in most cases a much easier task.This
can be expressed as follows.

= (G) is prefactorized, it often suffices to investigate

7r,7r’(

2.2.6 Corollary. Letw be a set of primes and G a locally finite group which is the product
of two subgroups A = A_x A and B = B, x B, where A_, B, A and B_, are 7- and
7/ -subgroups of A and B, respectively. If G possesses an ascending series whose factors are
either m- or w'-groups, then the following statements are equivalent:

(a) For every N < G, the groups O,.(G/N) and O,..(G/N) are prefactorized.
(b) For every N < G, the groups O (G/N) and O, ..,(G/N) are prefactorized.
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(c) For every N < G, the groups O (G/N) and O, .,(G/N) are factorized.

In view of Theorem 2.2.5, we can also strengthen the statement of Proposition 2.1.7.

2.2.7 Proposition. Let w be a set of primes and G a group whose Sylow w-subgroups and
Sylow 7’ -subgroups of G are conjugate. If G is the product of two subgroups A = A_x A and
B =B, x B,,, where A, A, B, and B, are w- and 7’-subgroups of A and B, respectively,
then A,_B,. is a Sylow 7-subgroup of G and A,/ B, is a Sylow ' -subgroup of G such that G =
(A B, )(ABL). Moreover, the subgroups O (G) and O, ., (G) are factorized subgroups
of G and O,(G) and O,(G) are factorized subgroups of A, B, and A, B
Hence O, (G) and O,/(G) are prefactorized subgroups of G.

-, Trespectively.

Proof. By Proposition 2.1.7, the sets A, B, and A_ B, are a Sylow 7- and a Sylow 7’-
subgroup of G. Since by [Har72a, Theorem D], the group G possesses a finite series whose
factors are m- or n’-groups, Theorem 2.2.5 shows that G = (A, B, )(AB,/), as required. O

2.3. Sylow bases of radical groups

The results obtained so far are of special interest when G is a periodic radical group which
is the product of two locally nilpotent subgroups A and B. We will show that if A_B_is a
Sylow m-group of G for every set of primes 7, then the set {A,B, | p € P} even forms a Sylow
basis of G. First, we study the factorizer of the Hirsch-Plotkin radical of G.

2.3.1 Lemma. Suppose that the periodic group G is the product of two locally nilpotent
subgroups A and B. If p is a prime such that the set A,B,, is a p-group containing Op(G),
then the factorizer X = AR N BR of the Hirsch-Plotkin radical R of G is an extension of a
p’-group by a p-group.

Proof. Let R, = Op(G) and R, be the Sylow p- and p’-subgroups of R, respectively,
and denote with X the factorizer of R. Then R/R,, is contained in A,B,R,/R,. Now by
Lemma 2.1.5, the factorizer X/R, of R/R, is an extension of a p’-group by a p-group.
Therefore also X is an extension of a p’-group by a p-group. O

In particular, this result can be applied to locally finite groups which are the product of
two locally nilpotent subgroups.

2.3.2 Corollary. Suppose that the locally finite group is the product of two locally nilpo-
tent subgroups A and B. If the set A,B,, is a Sylow p-subgroup of G for every prime p, then
the factorizer of the Hirsch-Plotkin radical of G is locally nilpotent.

Proof. Let X denote the factorizer of the Hirsch-Plotkin radical of G. By Lemma 2.3.1,
X/O,(X) is a p-group for every p € P. Since

0,(X)= () 0y(X),
q€P\{p}

it follows that X/0,(X) is a p’-group for every prime p, and so X is the direct product of its
Sylow subgroups. Since X is locally finite, it is locally nilpotent. O
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In the following theorem, we collect the main properties of a periodic radical group which
is the product of two locally nilpotent subgroups. Note that, despite the similarities with The-
orem 2.2.5, the results for radical groups are slightly stronger, mainly because it suffices to
consider p-groups in (d) below.

2.3.3 Theorem. Let the periodic radical group G be the product of two locally nilpotent
subgroups A and B. Then the following statements are equivalent:

(a) {A,B, | p € P} is a Sylow basis of G.

(b) <A, B,> is ap'-group for every prime p.

(c) For every set of primes m and every normal subgroup N of G, the set A, B,N/N ‘s a
Sylow 7-subgroup of G/N.

(d) For every prime p and every normal subgroup of G, the set ApoN/N is a Sylow
p-subgroup of G/N.

(e) For every normal subgroup N of G, the Hirsch-Plotkin radical R(G/N) of G/N is
factorized.

(f) Ewvery term of the Hirsch-Plotkin series of G is factorized.

(g) The group G possesses an ascending series of prefactorized subgroups with locally
nilpotent factors.

Proof. (a) = (b) follows directly from the definition of a Sylow basis.
(b) = (c) Clearly, A and B are the direct product of their Sylow - and 7’-subgroups and
<A, B.> is obviously contained in the m-group

(| <4,.B,>.
qeP\m

Therefore <A, B> and <A_,, B,,> are a 7- and a 7’-subgroup, and so (c) follows from Propo-§
sition 2.1.4 (a).

The implication (c¢) = (d) is trivial.

(d) = (e). Let Ry = N and for every ordinal o, define R, /R, = R(G/R,); moreover,
put R, = U, R, if @ is a limit ordinal. Then G = Rj for some ordinal § since G is
radical. For every ordinal «, let X, denote the factorizer of R,. Then for every a, the factor
group X, /R, is locally nilpotent by Corollary 2.3.2. Therefore by [Rob72, II, p. 10}, the
subgroup X, /R, is a serial subgroup of X, /R, for every a hence of G/R, for every
a < (. Now suppose that @ < § has a predecessor a — 1. Since G is locally finite, it follows
from [Har72b, Lemma 3| that the serial locally nilpotent subgroup X,/R,_; is contained
in R,/R,_,, and thus we have X, = R, and so R, is factorized for every o that is not a
limit ordinal. For limit ordinals «, the same statement follows from Proposition 1.1.3 (d) and

the fact that
R,=|JR,=J X,

<o <o

Obviously, (e) implies (f) and (f) implies (g).

Suppose now that (g) holds. For every set o of primes, let A, and B, denote the (unique)
Sylow o-subgroup of A and B, respectively. Let m be any set of primes, then an ascend-
ing series of prefactorized subgroups with locally nilpotent factors can be refined to a se-
ries whose factors are m- or 7'-groups by Corollary 2.1.2. Therefore it follows from Theo-
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rem 2.2.5 that A B, and A B, are a Sylow 7- and a Sylow n’-subgroup of G such that
G = (A;B;)(A, B,/). Since this holds for arbitrary sets m of primes, {A,B, |p € P} is a
Sylow basis of G by Lemma 1.2.2. This proves (a). O

We mention a number of particularly useful consequences of the preceding theorem. The
first shows that in most cases, the question whether the Hirsch-Plotkin radical of a periodic
radical product of two locally nilpotent subgroups is prefactorized can be reduced to the
easier question whether it is factorized.

2.3.4 Corollary. Suppose that the periodic radical group G is the product of its locally
nilpotent subgroups A and B. If the Hirsch-Plotkin radical R(G/N) of G/N s prefactorized
for every normal subgroup N of G, then R(G/N) is factorized for all N < G.

We also mention a useful criterion for the Hirsch-Plotkin radical of a product G of two
locally nilpotent subgroups (and, indeed, of every factor group of G) to be factorized.

2.3.5 Corollary. Suppose that the periodic radical group G is the product of its locally
nilpotent subgroups A and B. If every factor group of G possesses a prefactorized locally
nilpotent normal subgroup, then the Hirsch-Plotkin radical of G is factorized.

In view of Theorem 2.2.5 (b) and Theorem 2.3.3, we also obtain:

2.3.6 Corollary. Suppose that the periodic radical group G is the product of its locally
nilpotent subgroups A and B. For every set of primes, let A and B, denote the (unique) Sylow
m-subgroups of A and B, respectively, and suppose that <A_, B> is a m-group for every set of
primes 7. Then {A,B, | p € P} is a Sylow basis of G, and in particular G = (A, B, )(A B.)
for every set w of primes.

The next theorem is a direct consequence of Proposition 2.1.9 and Theorem 2.3.3; however,
it will be of great importance in the sequel.

2.3.7 Theorem. Let the periodic radical group G be the product of its locally nilpotent
subgroups A and B, and suppose that the set {A,B, | p € P} is a Sylow basis of G. If S is a
prefactorized subgroup of G, then {A,B,, | p € P} reduces into S.

Proof. By Proposition 2.1.9, (SNA,)(SNB,) = SNA_B, is a (maximal) m-subgroup of S
for every set of primes 7. Therefore S satisfies Theorem 2.3.3 (b) and so {A4,B,N S | p € P}
is a Sylow basis of S. O

An argument similar to Corollary 2.1.10 can now be used to show that a periodic radical
product G of two locally nilpotent subgroups has at most one Sylow basis consisting of
prefactorized Sylow subgroups of G.

2.3.8 Corollary. Let the periodic radical group G be the product of its locally nilpotent
subgroups A and B, and suppose that the set {A,B, | p € P} is a Sylow basis of G. Then
{A,B, | p € P} is the unique Sylow basis of G which consists of prefactorized subgroups of G.

Next, we mention one important case when such a Sylow basis of prefactorized subgroups
exists. Observe that Example 2.1.8 shows that it does not suffice to assume that the -
components of A and B are contained in locally conjugate Sylow m-subgroups of G.
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2.3.9 Theorem. Suppose that the periodic radical group G s the product of two locally
nilpotent subgroups A and B. If the w-components of A and B are contained in conjugate
Sylow w-subgroups of G for every set of primes m, then {Apo | p € P} is a Sylow basis of G.

Proof. By Proposition 2.1.7, the subgroup A, B, is a Sylow p’-subgroups of G for every
prime p. Therefore the result follows from Theorem 2.3.3. O

The following theorem restates the results of Proposition 2.1.4 for Sylow bases of periodic
radical products of two locally nilpotent subgroups.

2.3.10 Theorem. Suppose that the periodic radical group G is the product of two locally
nilpotent subgroups A and B.

(a) Ifthe group <A, B> is am-group for every set of primes, then {A,B,N/N | p € P}
is a Sylow basis of G/N for every normal subgroup N of G.

(b) If N is a set of normal subgroups of G such that (e N =1 and for every N € N,
the set {A,B,N/N | p € P} is a Sylow basis of G/N, then {A,B, | p € P} is a Sylow basis
of G.

(c) If N < Z(G) and {A,B,N/N | p € P} is a Sylow basis of G/N, then {A,B, | p € P}
is a Sylow basis of G.

Proof. (a) follows directly from Theorem 2.3.3. In view of the equivalence of statements
(a) and (b) of Theorem 2.2.5, the statements (b) and (c) follow from (a) and Proposition 2.1.4.
|

2.4. Existence of prefactorized Sylow bases

In this section, we collect the consequences of the results obtained so far for the classes of
periodic locally soluble groups that we will consider in the following chapters.

2.4.1 Theorem. Suppose that the -group G is the product of its locally nilpotent sub-
groups A and B. Then:

(a) The set {A,B, | p € P} is a Sylow basis of G.

(b) For every set w of primes, O,(G) is a factorized subgroup of A B,, hence is a pre-
actorized subgroup of G.
f 9

(c) For every set m of primes, O, .(G) is a factorized subgroup of G.

(d) The Hirsch-Plotkin radical of G is factorized.

Proof. By Theorem 2.3.9, the set {4,B, |p € P} is a Sylow basis of G. Therefore the
remaining statements follow from Theorem 2.3.3. O

Cernikov [Cer82, Lemma 5] has shown that, as in the finite case, the existence of a Sylow
basis of an U-group G = AB which consists entirely of prefactorized Sylow subgroups of 4I-
groups can be proved without the assumption that A and B be locally nilpotent. We restate
Cernikov’s result for the convenience of the reader.
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2.4.2 Proposition. Suppose that the -group G is the product of two subgroups A and B.
Then there are Sylow bases {A, | p € P} and {B, | p € P} of A and B, respectively, such that
{A,B, | p € P} is a Sylow basis of G.

Proof. Let {A, |p € P} and {B, | p € P} be Sylow bases of A and B respectively. By
[Har71, Lemma 2.1], these Sylow bases can be extended to Sylow bases {G, | p € P} and
{G; | p € P} of G, which are conjugate by [GHT71, Theorem 2.10]. So there exists an element
g =ab~! € G such that Gy = G, for all p. Then A7 < G and Bg < ng = Gy, For all sets
of primes, S = <Ajp, Bg | p € 7> is contained in <G} | p € 7>, which is a m-group. Hence
by Proposition 2.1.4 (a), we have G} = AgBP’f for every prime p. Thus {A} [ p € P} and
{BI’; | p € P} are the required Sylow bases of A and B, respectively. O

In order to prove a result similar to Theorem 2.4.1 for periodic CC-groups, we need the
following auxiliary results on C'C-groups, which is also mentioned in the introduction of
[Dix88]. For the corresponding result about FC-groups, see e.g. [Rob72, Theorem 4.32] or
[Tom84, Theorem 1.4].

2.4.3 Lemma. Let G be a CC-group. Then G has a local system of normal subgroups
which are central-by-Cernikov. Moreover G has a local system of central-by-finite subgroups.

Proof. For every x € G, the normal subgroup [G,z] of G is a Cernikov group ([Pol64];
see also [Rob72, Theorem 4.36]). So if X = {z,...,z,} is a finite subset of G, then also
G, X] = [G,zy] ... [G,x,] is Cernikov and so N = X = [G, X]X is Cernikov-by-(free
abelian of finite rank). Since N is likewise a CC-group and Z(N) = (,cx Cn(z"), also
N/Z(G) is Cernikov and N is central-by-Cernikov. In particular, every finitely generated
subgroup is central-by-finite. O

Also the next proposition is known for F'C-groups; see e.g. [Tom84, Theorem 1.18] and
[AO87, Lemma 1].

2.4.4 Proposition. Assume that every finite image of the CC-group G is soluble. Then
G is locally soluble and G has a descending series of type < w + 1 whose factors are abelian.

Proof. Let x € G, then G/C(2%) is a Cernikov group, hence abelian-by-finite. Since ev-
ery finite image of G is soluble, the factor group G/Cy(z%) is soluble. Since (e Ca(z€) =
Z(@Q), the group G/Z(G) has a descending series of type < w whose factors are abelian. Con-
sequently G has such a descending normal series of type < w+ 1. Now let X be a finite subset
of G, then N = X© is central-by-Cernikov by Lemma 2.4.3. Therefore <X>Z(N)/Z(N) is
finite, hence soluble, and so also <X > is soluble and central-by-finite. O

Since every F'C-group is a CC-group, the following theorem holds in particular, if G is a
periodic F'C-group.

2.4.5 Theorem. Suppose that the periodic CC-group G is the product of its locally nilpo-
tent subgroups A and B. Then:

(a) G is periodic and locally soluble; moreover, it has a descending series of length < w+1
whose factors are abelian.

(b) The set {A,B, | p € P} is a Sylow basis of G.

(c) For every set m of primes, O.(G) is a factorized subgroup of A,.B,, hence is a pre-

factorized subgroup of G.
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(d) For every set m of primes, O, .(G) is a factorized subgroup of G.
(e) The Hirsch-Plotkin radical of G is factorized.

Proof. (a) Clearly, every finite image G/N of G is the product of two nilpotent sub-
groups AN/N and BN/N, hence is soluble by the theorem of Kegel and Wielandt [Keg61],
[Wieb8]. Therefore by Proposition 2.4.4, the group G has a descending series of length < w+1
with abelian factors and is locally soluble.

(b) Since G/C(z%) is an U-group for every z € G and (), Ca(z¥) = Z(G), it follows
from Theorem 2.4.1 and Theorem 2.3.10 (b) that {A,B,Z(G)/Z(G) | p € P} is a Sylow basis
of G/Z(G). Thus {A,B, | p € P} is a Sylow basis of G by Theorem 2.3.10 (c). The remaining
statements now follow from Theorem 2.3.3. O

It may also be of interest that Theorem 2.4.5 (e) remains true for general C'C-groups. To
prove this, we need the following results.

2.4.6 Proposition. The class of locally nilpotent CC-groups is R-closed.

Proof. Let G be a CC-group and N a set of subgroups of G such that G/N is locally
nilpotent for every N € N. Then every finitely generated subgroup U of G is central-by-
finite by Lemma 2.4.3. Moreover, for every N € N, the finitely generated group U/U N N is
nilpotent of class at most |U : Z(U)|. Therefore U is nilpotent and G is locally nilpotent. O

The following elementary lemma will also be needed later.

2.4.7 Lemma. Let G be a CC-group. If R,/Cg (%) denotes the Hirsch-Plotkin radical
of G/Cq(z%) and R equals the intersection of all R, then R is the Hirsch-Plotkin radical
of G. Moreover, G/R is a periodic FC-group.

Proof. Clearly, the Hirsch-Plotkin radical of G is contained in every R, and hence in R.
Since R/Cp(x%) is locally nilpotent for every z € G, it follows from Proposition 2.4.6 that
R/Z(G) is locally nilpotent. Therefore also R is locally nilpotent and so the normal sub-
group R of G equals the Hirsch-Plotkin radical of G. Now let X be a finite subset of G, then
XC is central-by-Cernikov by Lemma 2.4.3. Therefore the Hirsch-Plotkin radical R N X¢
of X has finite index in X& and so X¢R/R is finite. Thus every finite subgroup of G/R is
contained in a finite normal subgroup of G/R, and so G/R is a periodic FC-group. O

From this, we deduce the following result about the Hirsch-Plotkin radical of a C'C-group
which is the product of two locally nilpotent subgroups.

2.4.8 Theorem. Let the CC-group G be the product of its locally nilpotent subgroups A
and B. Then the Hirsch-Plotkin radical of G is factorized.

Proof. For every = € G, let R, /Cq(x%) denote the Hirsch-Plotkin radical of G/Cg(z%),
then by Lemma 2.4.7, the intersection R = (. R, equals the Hirsch-Plotkin radical of G.
By Theorem 2.4.5 (e), the subgroups R, of G are factorized for every z € G, and so R is
factorized by Proposition 1.1.3 (c). O

Results like Theorem 2.4.1 and Theorem 2.4.5 can also be proved for periodic locally
soluble groups satisfying the minimal condition on p-subgroups for every prime p. However,
different arguments are required because such groups need not be radical; see e.g. [Bae70,
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Folgerungen 4.5 and 5.4]. Note that what we call a Sylow basis is referred to as a Sylow
generating basis in [Dix82].

2.4.9 Theorem. Let G be a periodic locally soluble group which satisfies min-p for every
prime p. Suppose that G is the product of its locally nilpotent subgroups A and B. Then:

(a) G is countable and has a descending series of length < w whose factors are abelian.

(b) The set {A,B, | p € P} is a Sylow basis of G.

(c) For every set m of primes, O (G) is a factorized subgroup of G.

(d) For every set w of primes, O.(G) is a factorized subgroup of A, B
factorized subgroup of G.

(e) The Hirsch-Plotkin radical of G is factorized.

(f) If U is a prefactorized subgroup of G, then the Sylow basis {A,B, | p € P} of G reduces
into U.

B, hence is a pre-

Proof. (a) Since the p-components of A and B are locally soluble and satisfy the minimal
condition on subgroups, the p-components of A and B are Cernikov groups (see e.g. [KWT3,
Theorem 1.E.6]), hence are countable. Therefore also A and B are countable, and so G is
countable.

Moreover, since G is locally soluble, for every prime p, the factor group G/ Op/(G) is a
Cernikov group by [KW73, Theorem 3.17]. Hence these factor groups are soluble by the
theorem of Kegel and Wielandt. Since (,cp O,/(G) = 1, it follows that G has a descending
series of length < w whose factors are abelian.

(b) Since G/O,,(G) is a soluble Cernikov group and thus an $-group, it follows from Theo-
rem 2.4.1 that for every prime p, {A,B,0,/(G)/0,(G) | q € P} is a Sylow basis of G/O,, (G).
Therefore G/0,,(G) = (A,B,0,/(G)/0,(G)) - (A, B, /O,(G)) and so G = (A,B,)(A, B,).
Moreover, by Lemma 1.2.2, {A,B, | p € P} is a Sylow basis of G.

(c) Let 7 be a set of primes, and for every prime p, set P,/0,(G) = O, (G/0,(G)).
Then O, -(G) = ,ep P, since G is periodic. By Theorem 2.4.1, the subgroups P,/0,,(G)
are factorlzed for every p € P, and so every P, is factorized. Therefore by Proposition 1.1. 3 (c),
also their intersection O, . (G) is factorlzed

(d) By (c), O, (QG) is factorized. Therefore by Proposition 1.1.3 (b), the subgroup
(G) = O, (G) N A B, is factorized in A B, hence is a prefactorized subgroup of G.
(e) Let R(G) denote the Hirsch-Plotkin radical of G. Clearly, R(G) = [,cp O, ,(G) and so
R(G) is the intersection of factorized subgroups, hence is factorized by Prop081t10n 1.1.3 (c).

(f) Since U likewise satisfies min-p for every prime p, {(UNA,)(UNB,) |[p € P} is a
Sylow basis of U by (b). Since obviously (U N A,)(UNB,) < UN A_B,, it follows that

T 7

(UNA)UnNB,)=UnNA_B, for every set 7 of primes, as required. O

™,
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Chapter 3

Projectors of nilpotent-by-finite
groups

3.1. Schunck classes of periodic soluble
nilpotent-by-finite groups

Recall that 206" and 91G* denote the classes of all periodic soluble abelian-by-finite groups
and of all of all periodic soluble nilpotent-by-finite groups, respectively. Let $ be a class of
NMGS*-groups. In this section, we will show that every Q1G*-group possesses an H-projector if
and only if § is a 9G*-Schunck class. Moreover, in this case, the $)-projectors of an NG*-
group are conjugate. Here a subclass ) of M1G* is called an NG*-Schunck class if a group G
belongs to § if and only if

(SC1) every finite primitive image G/N of G is an $)-group and

(SC2) every semiprimitive image G/K of G is the union of an ascending chain X, /K <
X,/K < ...of finite H-groups X,;/K.

A finite group G is primitive if it has a maximal subgroup with trivial core. A group G is
semiprimitive if it is a semidirect product M x D of a nontrivial radicable abelian group D
of finite rank with a finite soluble group M such that M, =1 and every proper M-invariant
subgroup of D is finite. In particular, D is a p-group for some prime p.

While it is well-known that condition (SC1) is necessary (and sufficient) to guarantee the
existence of $)-projectors in every finite soluble group (see e.g. [DH92, III, Theorem 3.10]),
the following proposition shows that the second condition is also necessary for the existence
of projectors in every M&*-group; cf. also the example given in [Tom95, Section 3].

3.1.1 Proposition. Assume that $) is a class of groups such that every AS*-group has
an $-projector. Then a semiprimitive Cernikov group is an $-group if and only if it is the
union of an ascending chain of finite $)-groups.

Proof. If the semiprimitive Cernikov group G is the union of finite $-groups, then G is an
$-group by [Tom95, Lemma 3.1].

Conversely, suppose that G = M x D € § is an infinite semiprimitive Cernikov group,
where M is finite with trivial core and D is a radicable abelian p-group for the prime p.
Then also M = G/D € $). Put X, = M and for every positive integer n, put D, = D[p"]
and let X, be an $)-maximal supplement of D, in M D, which contains X,, ;. Then the X,
form an ascending chain of finite $)-subgroups of G. Moreover, for every integer n, the X,
are $)-projectors of M D, by [DH92, III, Lemma 3.14].
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Put X = {J,,cy X,,- Since M < X, we have X = XNMD = M(XND)andso XNDisa
normal subgroup of GG. Assume first that X is finite. Then we have X, = X, ,; = ... = X for
an integer n, and moreover, DN X < D, for some integer m € N. Now by [Tom95, Proposi-
tion 2.3 (ii)], there exists an isomorphism o : G — G/D,,, which maps M D, to MD,,,./D,,
and M to MD,,/D,, = X,,.,D,./D,,. This shows that the subgroup M is an $)-projector
of M D,,. Since the $-projectors of M D,, are conjugate by [DH92, III, Theorem 3.13], we have
M = X, , and since M < X, , it follows that M = X, = X.

Now let N = X, cn D,, be the (external) direct product of the D, and set H = M x N,
where M acts on the components of N in the natural way. Then H is an 2&*-group, hence
possesses an $)-projector Y. For every integer n, put

Kn = >< Di)
€N
then K, is a normal subgroup of H contained in N and H/K,, is isomorphic with M D,,.
Therefore MK, /K, and YK, /K, are $)-projectors of the finite group H/K, . By [DH92, III,
Theorem 3.21], there exists g € H such that YK, = MIK,, and so we have YK, NN =

n’

MIK, NN = K, (MYNN) = K, for every integer n. This shows that Y NN <, .y K, = L.

and Y complements N in H. Let r denote the rank of D and for every n € N, fix generators
dp1s- -5 dy,, of D[p"]. Let

n,

K=<dd,  ,|lneNjiec{l,. . r}>

n,t - n+1,4

then H/K = G and so YK/K is an $)-projector of H/K = G. Since Y K/K is finite, this
proves that G ¢ $). This contradiction shows that X must be infinite, and so also X N D is
infinite. As G is semiprimitive, we have X N D = D and so G = X is the union of the chain
{X, ey of finite H-groups. O

The next proposition shows that every local 91G*-formation is an G&*-Schunck class.

3.1.2 Proposition. Let X be a Qs-closed class of N&*-groups. Then every local f{—formatz'owl
is an NG*-Schunck class.

Proof. Let § be a local X-formation and G € X. Further, assume that G/N € § for every
finite primitive and every infinite semiprimitive factor group G/N of G. By [GHT71, Theo-
rem 5.4], the Y-group G possesses an §-projector H. If H < G, then by [Tom75, Lemma 2.3],
H is contained in a major subgroup M of G. Now G/M is a finite primitive or infinite
semiprimitive group by [Tom92|, hence is an F-group. Since H is an §-projector of G, we
have G = HMg < M. This contradiction shows that G = H € §. O

The proof of the second statement of the next lemma is similar to that of [Tom95,
Lemma 3.3].

3.1.3 Lemma. Let  be an NS*-Schunck class. Then:

(a) @9 = 9.

(b) LHNNG* = 9.

(¢c) BEwvery $-subgroup of an MS*-group G is contained in an $H-mazimal subgroup of G.
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Proof. (a) Let G € $ and N < G. Since every factor group of G/N is isomorphic with a
factor group of G, every finite primitive and every infinite semiprimitive factor group of G/N
belongs to $). Therefore G/N € $.

(b) Let G € LHNNG*. Since QLX < LEX for every group class X and ) = @$ by (a), the
class 1) is @Q-closed. Therefore every factor group of G belongs to the class ). Let G/N be a
finite primitive image of G. Then G = F'N for some finite $-group F, and so G/N =2 F/FNN
belongs to $. If G/N is an infinite semiprimitive image of G and D/N is the finite residual
of G/N, then G/N is the union of an ascending chain of finite subgroups L,;/N, and without
loss of generality, L,D = G for every integer i. As in the finite case, it is possible to find an
ascending chain {F;/N} of $-subgroups of G/N satisfying L,/N < F;/N and F; < F, +1 for
every i € N. Therefore G/N is the union of the finite $)-groups F;/N, hence is an $-group.
Thus G is an $-group by the definition of an 91&*-Schunck class.

(c) follows at once from (b). O

Since the definition of a 91G*-Schunck class $ depends only on the finite $-groups, it is no
surprise that there is a one-one correspondence between the Schunck classes of finite soluble
groups and the 91G*-Schunck classes.

3.1.4 Proposition. Let ), be a Schunck class of finite soluble groups. Then the class
consisting of all NS*-groups whose finite primitive factor groups are $,-groups and whose
infinite semiprimitive groups are unions of chains of §y-groups is the smallest Schunck class
of M&*-groups containing 9y, and the class H* of all finite H-groups coincides with .
Therefore there is a one-one correspondence between the Schunck classes of finite soluble
groups and the NMG&*-Schunck classes.

Proof. Clearly, $ is a Schunck class containing ), so that in particular $, C H*. If G is a
finite $-group, then every primitive image of G is an $),-group, and so by the definition of a
Schunck class of finite groups, G is an $),-group. This shows that H* C §, and so H, = H*.
Thus the map defined by $ — $H* for every 916G*-Schunck class ) is a bijection between the
9GS *-Schunck classes and the Schunck classes of finite soluble groups. O

The following proposition shows that not only semiprimitive Cernikov $)-groups are the
union of an ascending chain of $)-groups.

3.1.5 Proposition. Let $) be a Schunck class of N&*-groups. Then a Cernikov group G is
an $-group if and only if it is the union of an ascending chain {G; | i € N} of finite $-groups.

Proof. First, suppose that G is the union of an ascending chain {G, | ¢ € N} of finite $-
groups. If G/N is a finite primitive image of G, then G = NG, for some i and so G/N € §.
Moreover, if G/N is an infinite semiprimitive Cernikov group, then G /N is the union of an
ascending chain {G,N/N} of $-groups, hence belongs to $ by the definition of a Schunck
class of 916*-groups. Therefore every finite primitive and every infinite semiprimitive image
belongs to 9, and consequently G is an $)-group.

Conversely, suppose that the Cernikov group G belongs to the class $ and let D be the
maximal radicable abelian normal subgroup of G and H a finite supplement of D in G. Let
L be an $-projector of H, then H = L(D N H) because H/H N D € §. Therefore G = LD
and we may assume without loss of generality that H € $).
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Assume first that D does not have infinite G-invariant subgroups. Then D is a p-group
for a prime p. Let N = Cy(D), then N < HD = G and HND < N.If N =1, then G is
semiprimitive and thus possesses an ascending chain of $-groups by the definition of $.

If N # 1, then by induction on |G : D|, G/N = (H/N)(DN/N) possesses an ascending
chain {G;/N | i € N} of finite H-groups, and since H is finite, we may assume without loss of
generality that H < G, for every i. Hence G; = HD N G; = H(D N G,;) by the modular law.
Since N is finite, it suffices to show that every G, is an $)-group.

Fix an ¢ € N and let G;/K be a finite primitive image of G; with unique minimal normal
subgroup L/K = F(G;/K). If N < K, we have G;/K € $), as required. Therefore assume
that L < NK. Then L = LN NK = (LN N)K by the modular law. Moreover, the abelian
normal subgroup (DK N G;)/K of G;/K is contained in F(G;/K) = L/K. It follows that
G; = HL = H(LN N)K. Since N is contained in H, we even have G; = HK and so
G;/K = H/HN K € $. This shows that every primitive image of G; is an $-group, and so
G; € $ by the definition of a Schunck class.

Therefore G is the union of the finite $-groups {G, | i € N}. This completes the proof
when D does not have infinite G-invariant subgroups.

Finally, suppose that D has a proper infinite G-invariant subgroup E. By induction
on the rank of a maximal radicable abelian normal subgroup of G, the factor group G/E
possesses an ascending chain {G,/E | i € N} of finite $-groups. Since the G; are Cernikov
groups, by induction on the rank of a maximal radicable abelian normal subgroup of Gj,
each G, possesses an ascending chain {Gid | 7 € N} of finite $-groups. We define an ascend-
ing chain {G} |i € N} of finite $-groups satisfying G} < G, for every positive integer i:
firstly, let G7 = G4 ;. Now let n > 1. Since G,, is the union of its subgroups {G,, ; | j € N},
there exists an integer m such that the $-group G, ,,, = G}, contains the (finite) subgroups

Gin-1,Gon—9s-+1Gp_99,G,_11 and Gy, _; of G,. By construction, {G} } is an ascending
chain of $)-groups and G;; < G ; for every i, j € N. Therefore G is the union of the
chain {G}, | p € P} of finite $)-groups, as required. O

3.2. Existence of projectors in periodic soluble
nilpotent-by-finite groups

Let $ be an 916*-Schunck class. We will now prove the existence and conjugacy of $-
projectors in N1&*-groups. This generalizes a theorem of Tomkinson [Tom95] who established
the existence and conjugacy of $-projectors for Schunck classes of A&*-groups. Except for
some auxiliary results, our proofs are formally independent of the results in [Tom95].

As a first step, we show that the existence and conjugacy of $-maximal supplements of a
nilpotent normal subgroup of a semiprimitive group can be deduced from the finite soluble
case (cf. [DH92, III, Theorem 3.14]). Note that the next lemma can also be deduced from the
results about 2AG&*-groups in [Tom95].

3.2.1 Lemma. Let $) be an NS*-Schunck class and G = M x D a semiprimitive Cernikov
group, where M € ) is finite and soluble and D is a radicable abelian p-group. If G ¢ 9,
then:

(a) G possesses H-mazimal subgroups which supplement D.
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(b) If U and V are $H-maximal supplements of D, then there exists a finite nilpotent
normal subgroup N of G such that UN =V N.

(¢) Any two $H-maximal supplements U and V' of G are conjugate, and every Sylow basis
of G reduces into a unique H-maximal supplement of D.

(d) Every $-maximal supplement of D is an $-projector of G.

(e) M is an $H-projector of G. Hence every $-mazimal supplement of D is conjugate to M,
and every $-projector of G is a complement of D.

(f) Every supplement H of D contains an $-mazimal supplement of G.

Proof. (a) Since ) is closed with respect to unions of ascending chains by Lemma 3.1.3 (c),
there exists an $)-maximal subgroup of G' containing M.

(b) Let U and V be $-maximal supplements of D in G. Then U N D and V N D are
normal subgroups of G, and since G ¢ $ and G is semiprimitive, the normal subgroups
UND and V N D are finite. Thus U and V are finite. Therefore there exists an integer n
such that U < VD[p"] and V < UDI[p"]. This shows that UD[p"] = VD[p"] and U and V
are $)-maximal supplements of D[p"] in UD[p"].

(c) Let N be a finite nilpotent normal subgroup of G such that UN = V N, then by [DH92,
III, Lemma 3.14], U and V are $-projectors of N, hence are conjugate. Let {G,, | p € P} be a
Sylow basis of G reducing into U and V. Then by Lemma 1.2.3 (d), {G,, | p € P} also reduces
into UN = VN. Therefore the statement follows from [DH92, I, Theorem 6.6] and the fact
that $)-projectors of finite soluble groups are pronormal.

(d) Let N be a normal subgroup of G and assume that H is an $)-maximal supplement
of D in G. Moreover, let Y/N be an $)-subgroup of G which contains HN/N. In order to
show that H is an $)-projector of G, we have to prove that HN =Y.

Observe that YN D <Y D = G, and so Y N D is finite. Thus Y is finite, and so by [DH92,
III, Theorem 3.21], Y contains an -projector Y. Hence we have Y = Y,(Y N D). On the
other hand, we obtain Y = YN HD = H(Y N D) by the modular law. Therefore H is an
$H-projector of Y by [DH92, ITI, Lemma 3.14]. In particular H N/N is an $)-maximal subgroup
of Y/N, and so HN =Y.

(e) Let H be an $-projector of G. Since H N D < HD = G and G ¢ 9, the inter-
section H N D is finite. Therefore there exists an integer n such that H N D < DI[p"] and
HDI[p"]/D[p"] is an H-maximal subgroup of G/D[p"]. Since H = HNMD = M(H N D),
we have HDI[p"]/D[p"] = M. Moreover, by [Tom95, Proposition 2.3 (ii)], the factor group
G/D[p"] is isomorphic with G and so M is $-maximal in G.

(f) Since H N D is a normal subgroup of G, the subgroup H is finite or equals G, and
in the last case, the statement is trivial. Therefore assume that H is finite and let H be an
$H-projector of H. Then H = Hy(H N D) and so G = HyD. Let L be an $-maximal subgroup
of G containing H, then L is an $)-projector of G by (d). Therefore L complements D by (e),
and so L = LN HyD = Hy(L N D) = Hy, as required. O

The conjugacy of the H-projectors of a periodic soluble nilpotent-by-finite group will be
a consequence of the next proposition.

3.2.2 Proposition. Let 9 be a Schunck class of NS*-groups. Suppose that the NG*-
group G has a nilpotent subgroup N of finite index such that G/N € $). Then there exist
H-mazximal supplements of N in G, and any two are conjugate.
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Proof. Let H be a finite supplement of N in G, then by [DH92, III, Theorem 3.21],
the subgroup H possesses an $)-projector H. Since H/H NN = G/N € $), we have H =
Hy(H N N) and hence G = HyN. Therefore by Lemma 3.1.3 (c), there exists an )-maximal
subgroup U of G containing H,,. Clearly, U is the required $)-maximal supplement of N in G.

Now suppose that U and V' are H-maximal supplements of NV in G. Since the Sylow bases
of G are conjugate by [GHT71, Theorem 2.10], we may assume without loss of generality
that the Sylow basis {S), | p € P} of G reduces into U and V. We show that if G ¢ §), then G
possesses a proper subgroup H containing U and V such that the Sylow basis {Sp |p e P}
of G reduces into H.

By the definition of an 916&*-Schunck class, there exists a finite primitive or an infinite
semiprimitive image G/K of G which is not an $-group. In both cases, we have NK/K <
F(G/K), and so UK/K and VK/K are $-groups supplementing F(G/K). If G/K is finite
and primitive, UK/K and VK/K are conjugate maximal subgroups of G/K by [DH92,
A, Theorem 15.2] and [DH92, A, Theorem 16.1]. Hence UK/K and VK/K are pronormal
subgroups of G/ K into which the Sylow basis {S,K/K | p € P} of G/K reduces, and it follows
from [DH92, I, Theorem 6.6] that UK = VK. If G/K is an infinite semiprimitive group, we
have UK = VK by Lemma 3.2.1 (c). Since the Sylow basis {5, | p € P} of G reduces into UK
and VK by Lemma 1.2.3 (e), we put H =UK = VK.

Now the hypotheses of the proposition are inherited by the subgroup H. Put G, = G and
G, =H.Ift H ¢ 9, we can find a subgroup G, which is properly contained in G; and contains
U and V. Continuing like this, we obtain a descending chain

G=G,>G, >...>G,><U V>

of subgroups G of G' which can be continued transfinitely, since by Lemma 1.2.3 (c), the
Sylow basis {5, | p € P} of G also reduces into (5., Gg = G, for every limit ordinal A. This
process must terminate since the cardinality of a cannot exceed that of GG, and so we have
G, € 9 for some a. But then we find that G, = U = V because U and V are §)-maximal
subgroups of G. O

Although not needed in the sequel, we mention the following generalization of [Tom95,
Lemma 4.1] to the class of all periodic soluble nilpotent-by-finite groups.

3.2.3 Lemma. Let N be a normal nilpotent subgroup of the periodic soluble nilpotent-
by-finite group G and assume that X € $) is a subgroup of G such that G = XCq(N) and
G/XNNe€$H. Then G € 9.

Proof. Let C = C(N) and observe that X NN is indeed a normal subgroup of XC' = G.
Now let G/K be an image of G. If X N N < K, then obviously G/K € $. Moreover, if
(XNN)K =CK, then XK = XCK =G, and so G/K 2 X/XNK € §. Since § is an NS*-
Schunck class, it suffices to show that every finite primitive and every infinite semiprimitive
factor group of G belongs to 9.

First, let G/K be a finite primitive image of G. By our preliminary observations, we
may assume that X < (X N N)K. As (X N N)K/K is nilpotent and F(G/K) is the unique
minimal normal subgroup of G/K, we have (X N N)K/K = F(G/K). Since F(G/K) =
Cq/k(F(G/K)) by [DH92, A, Theorem 15.6], it follows that CK = (X N N)K, and so
G/K € $.
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Now let G/K be an infinite semiprimitive image of G. Then G/K = (M/K)(D/K), where
M/K is finite and D/K = Cg/k(D/K) is a radicable abelian p-group. If (X N N)K is finite,
it is contained in D, /K = (D/K)[p"] for some n € N. Since G/K = G/D,, by [Tom95,
Proposition 2.3 (ii)] and G/D,, € $) because D,, contains X N N, the factor group G/K is an
$-group. Therefore assume that (X NN)K is infinite. Since D/K = F(G/K) = Co(F(G/K))
by [Tom95, Proposition 2.3 (i)] and (X N N)K/K is nilpotent, we have (X N N)K = D and
CK = DK = (X N N)K. Therefore G/K is an $)-group by our introductory remarks. O

In order to prove the main theorem of this section, we first consider the following special
case:

3.2.4 Proposition. Suppose that G is an NS*-group and that $H is an NGS*-Schunck
class. Let X be an $H-mazimal subgroup of G supplementing a nilpotent normal subgroup N
of G. Let K < N be a normal subgroup of G such that G/K € §. Then G = XK.

Proof. Without loss of generality, we may suppose that N has finite index in G. Assume
that XK < G, then XK is contained in a major subgroup M of G, and so K is contained
in L =Mg. Now G/L = XL/L=X/XNLisan $H-group and by [Tom92], G/L is a finite
primitive or an infinite semiprimitive group. In both cases, G/L = M/L x F/L, where M /L
is finite and F'/L is the Fitting subgroup of G/L; see [DH92, A, Theorem 15.6] and [Tom95,
Proposition 2.3 (i)]. Therefore NL/L < F/L and clearly XL/L < M/L. Since G = XN, we
have FF= NL and M = X L.

Suppose first that G/L is finite, then also G/L N N is finite, and so there exists a finite
subgroup H of G such that G = H(L N N). Let Y, be an $)-projector of H, then H =
Yo(HNN)=Y,(HNL),since H/HNN = G/N € Hand H/HNL = G/L € §. Therefore we
have G = Y,L = Y;)N. Let Y be an $-maximal subgroup of G containing Y, then G =Y N
and so Y is conjugate to X by Proposition 3.2.2. But then |XL/L| = |YL/L| = |G/L| and
so G = XL = M, a contradiction.

Otherwise G/L is a semiprimitive Cernikov group. Since G/L is an $-group, G/L is the
union of an ascending chain of finite $-groups L;/L. Moreover, XL/L < M/L is finite,
and so there exists an integer i such that XL is properly contained in L;. Therefore L, N
contains XLN = DM = G and so L;N = G. Since G/N is finite, also the group L;/L NN
is finite. Thus there exists a finite subgroup H of G such that L, = H(L N N), and it follows
that G = HN. As above, let Y, be an $-projector of H, then H/HNL = HL/L=L;/L € $
and so H = Yy(HNL) and L; = YyL. Similarly, H = Y;(H N N) and so G = YyN. Let Y
be an $)-maximal subgroup of G containing Y{,, then by Proposition 3.2.2, there exists g € G
such that X9 =Y. Therefore XL < L; < XYL = G. But this is impossible since XL/L is
finite and so |XL/L| = |X9L/L|. This final contradiction shows that KX = G. O

From this, we deduce the crucial covering property of an $)-projector:

3.2.5 Proposition. Let $ be a Schunck class of NS*-groups and suppose that G is a
periodic soluble group having a nilpotent normal subgroup N of finite index such that G/N €
9. If X is an H-maximal supplement of N in G and K is a normal subgroup of G such that
G/K € 9, then G = XK.

Proof. If K < N, this follows from Proposition 3.2.4. We proceed by induction on the
order of the finite group K/K N N. Let L = K'(K N N), then K/L is an abelian normal
subgroup of G/L and so the normal subgroup N K/L is nilpotent. Let Y/L be an $-maximal
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subgroup of G/L containing the $-group XL/L, then G/L = (Y/L)(NKL/L), and so by
Proposition 3.2.4, it follows that G = YK. Now we have Y = Y N XN = X(Y N N) and
LNN = KNN. Moreover, |[L/KNN| < |K/KNN| because K is soluble and K/KNN is finite.
Since Y/L € §, we have Y = X L by induction hypothesis, and so G =YK = XLK = XK,
as required. O

Now we are ready to prove the existence and conjugacy of $-projectors of nilpotent-by-
finite periodic soluble groups.

3.2.6 Theorem. Let $ be a Schunck class of N&*-groups. Then every group G € NGS*
possesses $)-projectors, and any two are conjugate.

Proof. Let G € 916* and N a nilpotent normal subgroup of G which has finite index
in G. Moreover, let H/N be an $)-projector of the finite soluble group G/N, then by Propo-
sition 3.2.2, there exists an $)-maximal subgroup X of G such that H = X N. We show that
X is an $-projector of G.

Let K be a normal subgroup of G and suppose that XK/K is contained in the -
group Y/K. Then XNK/NK < YN/NK, and since H/N = XN/N is an $)-projector
of G/N, the group XNK/NK is an $)-maximal subgroup of G/NK. Thus XNK = HK =
Y N. Therefore Y = YN HK = (Y N H)K and consequently Y/K = (Y N H)K/K =
(YNH)/(HNK) is an $-group. Since X < Y NH, we have YNH = (Y NH)NXN =
X(YNHNN) by the modular law. Therefore X is an $)-maximal supplement of the nilpotent
normal subgroup YN H NN of Y N H. By Proposition 3.2.5, we have Y N H = X(H N K)
and so Y = X(H N K)K = XK. This shows that X is an $)-projector of G.

Now let X, and X, be $-projectors of G. We show that X, and X, are conjugate. Since
X|N/N and X,N/N are $)-projectors of G/N, by the finite case (see e.g. [DH92, III, The-
orem 3.21]), there exists an element g € G such that X;N = XJN. Thus X; and X§ are
$H-maximal supplements of N in the group X; N, and hence by Proposition 3.2.2, there exists
h € XN such that X, = X§", as required. O

The next corollary shows that $-projectors of periodic locally nilpotent-by-finite groups
are even $)-covering subgroups.

3.2.7 Corollary. Let $ be an NS*-Schunck class and suppose that G € NG*. If X is an
H-projector of G and X < H < G, then X is also an H-projector of H.

Proof. Let N be a normal subgroup of finite index in G. By the finite case (see e.g. [DH92,
ITI, Theorem 3.21]), the $H-projector X N/N of G/N is also an $-projector of HN/N and so
by an isomorphism theorem, X (HNN)/(HNN) is an $H-projector of H/HNN. Now let Y be
an $-projector of H, then Y(H N N)/(H N N) is also an $-projector of H/H N N. Therefore
we have X(H N'N) = Y"(H N N) for some h € H by Theorem 3.2.6. Now X and Y" are
$H-maximal supplements of the nilpotent subgroup H N N in the group X (H N N). Therefore
Proposition 3.2.2 shows that X and Y are conjugate. Hence X is an $)-projector of H. O

It is also possible to extend [DH92, III, Lemma 3.14] to periodic soluble nilpotent-by-finite
groups.

3.2.8 Corollary. Let $ be an NS&*-Schunck class and G € NG*. If N is a normal
nilpotent subgroup of G such that G/N € 9, then every $)-mazximal supplement of N in G is
an $H-projector of G.
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Proof. Let H be an -projector of G and L an $)-maximal supplement of N in G. Moreover,
by Fitting’s theorem, we may assume without loss of generality that N has finite index in G.
So H and L are conjugate by Proposition 3.2.2, and so L is an $)-projector of G. O

3.3. Pronormal subgroups of periodic soluble
nilpotent-by-finite groups

A subgroup P of a group G is called pronormal if, for every g € G, the subgroups P and PY
are conjugate in their join <P, P9>. If § is an 91G*-Schunck class, then by Theorem 3.2.6
and Corollary 3.2.7, every $)-projector of an 91&*-group G is a pronormal subgroup of G.

The finite case of following proposition has been proved by Mann [Man69, Corollary]; see
also [DH92, I, Theorem 6.6].

3.3.1 Proposition. Let G be a periodic soluble nilpotent-by-finite group. Then the fol-
lowing statements are equivalent:

(a) P is pronormal in G.
(b) Ewvery Sylow basis of G reduces into exactly one conjugate of P.

(c) If there exists g € G such that the Sylow bases {S, |p € P} and {S] |p € P} of G
reduce into P, then P = P9Y.

Proof. (a) = (b). Let g € G and suppose that {S, [ p € P} is a Sylow basis of G which
reduces into P and PY. By transfinite induction, we construct a descending chain

G=Gy>G, >...>G,=<P P>

of subgroups Gz of G such that for every 3 < a, the Sylow basis {S), | p € P} of G reduces
into G, and every G contains the pronormal subgroups P and P7. Suppose that we have
constructed the subgroup Gg. If <P, P9> is properly contained in Gg, then by [Tom?75,
Lemma 2.3], <P, P> is contained in a major subgroup M of G . Let N be the core of M
in G, then by [Tom92], the factor group G 3/N is finite or an infinite semiprimitive Cernikov
group.

Assume first that G /N is finite. Since PN/N is a pronormal subgroup of G5/N and the
Sylow basis {(S, NGz)N/N | p € P} of GzN/N reduces into PN/N and PYN, we have PN =
PIN by [DH92, I, Theorem 6.6]. Now PN < M < G and the Sylow basis {S, NGy | p € P}
reduces into PN by Lemma 1.2.3 (e). Thus we set Gz, ; = PN.

Otherwise, G/N is an infinite semiprimitive group. Let D/N be the maximal radicable
abelian subgroup of G/N, then Gg/N = M/N x D/N and M/N is finite. Therefore also
PN/N and PIN/N are finite. Let K/N be a finite normal subgroup of D/N such that
P9 is contained in PK. Then the Sylow basis {(S, N Gz)N/N |p € P} of GgzN/N reduces
into PN/N and PIN/N and also into the abelian group K/N. Therefore by Lemma 1.2.3 (d),
G3N/N also reduces into the finite group PK/N = PYK/N. Thus [DH92, I, Theorem 6.6]
yields that PN = PIN. Moreover, the Sylow basis {S, | p € P} of G reduces into PN by
Lemma 1.2.3 (e). Since the subgroup PN < M is a proper subgroup of G, we set G5, ; = PN.
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If A is a limit ordinal, then by Lemma 1.2.3 (c), {S, | p € P} also reduces into (5, G5 =
Gy. Therefore we have <P, P> = G, for every ordinal o whose cardinality exceeds that
of G.

This shows that we may assume without loss of generality that G = <P, P9>. Now
suppose that P is properly contained in G. Then P is contained in a major subgroup M
of G. Put N = M, then by the above arguments, PN/N is a finite subgroup of G/N,
and hence G/N = <PN/N,PYN/N> is finite. Hence by [DH92, I, Theorem 6.6], we have
G/N = PN/N = PIN/N, contradicting PN < M < G. Therefore G = P, as required.

The implications (b) = (c) and (c) = (a) can be proved as in [DH92, I, Theorem 6.6]. O

Since $H-projectors of periodic soluble nilpotent-by-finite groups are pronormal by Theo-
rem 3.2.6 and Corollary 3.2.7, we obtain:

3.3.2 Corollary. Let $ be a Schunck class of NM&*-groups and suppose that G is an
MNGS*-group. Then every Sylow basis of G reduces into exactly one $H-projector of G.



Chapter 4

Factorizers of subgroups of
products

4.1. Factorizers of $)-subgroups
of nilpotent-by-finite groups

In this chapter, we examine under which hypotheses the factorizer of an X-subgroup of a
product of two locally nilpotent subgroups is again an X-group, where X is a Schunck class
or a local formation. First, we consider $-maximal subgroups of nilpotent-by-finite products
of two locally nilpotent subgroups. Our theorems generalize the results obtained in [AH94]
and [Hoe93].

By a result of Gross [Gro73, Theorem 1], see also [AFG92, Lemma 2.5.2], a finite primitive
group G which is the product of two nilpotent subgroups A and B is either a p-group or A
and B are a Sylow p-subgroup or a Hall p’-subgroup of G. The following is a weaker version
for semiprimitive groups.

4.1.1 Theorem. Suppose that G is an infinite semiprimitive group with finite residual D
and suppose that D is a p-group. If G is the product of two locally nilpotent subgroups A
and B, then one of the groups AO,(G)/O,(G) and BO,(G)/O,(G) is a p-group and the
other is a p'-group. In particular, A or B is a p-group.

Proof. If G is a p-group, the statement is clear. Therefore suppose that G is not a p-group.
Since A,y B, is a Sylow p’-subgroup of GG, we must have Ay #1or By # 1. Assume without
loss of generality that B, # 1. Then D N Bﬁ is either finite or equals D. Assume first that
DﬂBﬁ is finite. Then DﬂBﬁ < D[p"] = N for some integer n and so D/NﬂBﬁN/N =1, and
in particular, B, is contained in C;(D/N). As in the proof of [Tom95, Proposition 2.3 (ii)],
there exists an isomorphism G — G/N mapping D to D/N, and so we have D = C,(D/N).
But then B, is contained in a p-group, contradicting B, # 1. This shows that we must have
D < BS.

Now O, (G) is contained in Ci(D) = D and so O,(G) = 1. Therefore [4,,D] <
[AIC;:, Bﬁ] = 1 by Lemma 2.7 and Lemma 2.1 of [FGS94]. But then A,, is contained in C (D) =
D and A is a p-group. Now Bf = B;l is contained in the Sylow p-subgroup AB,, of G. There-
fore BE < 0,(G) and BO,(G)/O,(G) is a p’-group.

|

The following lemma further investigates the structure of certain semiprimitive groups.

4.1.2 Lemma. Let $ be a Schunck class of MG*-groups of characteristic m and suppose
that G = M x D is an infinite semiprimitive Cernikov group, where D is a radicable abelian
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p-group for the prime p and M is finite and soluble. If G/D is an $-group and p € © but G
is not an $H-group, then M does not centralize any M -composition factor of D.

Proof. Since G ¢ $), the $-subgroup M is an H-projector of G by Lemma 3.2.1. Let U/V
be an M-composition factor of D which is centralized by M. Then MU/V = MV/V xU/V,
and since Schunck classes of finite groups are closed with respect to finite direct products
by [DH92, III, Corollary 6.2] and U/V is an elementary abelian p-group and p € 7, we have
MU/V € $. On the other hand, by Corollary 3.2.7, M is also an $)-projector of MU. This
contradiction shows that M does not centralize any M-composition factor of D. O

Next, we deduce an important property of groups satisfying the hypotheses of the preced-
ing Lemma 4.1.2.

4.1.3 Lemma. Suppose that G is an infinite semiprimitive Cernikov group which is a
semidirect product of a radicable abelian normal p-group D and a finite soluble group M.
Further, assume that M does not centralize any M -composition factor of D (of a given M-
composition series of D). If M is not a p-group, then ND(Mp/) =1 for every Hall p’-subgroup
M, of M.

Proof. Let

l=Dy«<D;«...<D,=D

be an M-composition series of D for an ordinal o whose factors are not centralized by M.
Since D does not contain infinite M-invariant subgroups, we have o < w, the least infinite
ordinal number. Therefore it suffices to show that Np (M,) = 1 for every integer n. We

P
proceed by induction on n, assuming that n >0 and N, (M) = 1.

H

MK C

MnC D

1

The structure of the group H in the proof of Lemma 4.1.3

Let H = MD, and C = Cy(D, /D, ;). Put K = CNMD,_, = (CnM)D,_, and
observe that K is a normal subgroup of H = D, M because K/D,,_; is centralized by D,
and normalized by M. Since D,, N K = D,, (D, N M) = D, _; by Dedekind’s modular
law, the factor group D, /D, _, is H-isomorphic with D, K/K = (CNM)D, /K =C/K. It
follows that C'/K is a self-centralized minimal normal subgroup of H/K. Therefore H/K =
(MK/K)(C/K) is a primitive group by [DH92, A, Theorem 15.8 (b)]. Let R/C = O,,(H/C)
and @ = M, N R, then @ is nontrivial because C/K = O,(H/K).
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Since the p’-group QK/K = O,(MK/K) cannot be normal in H/K and MK/K is
a maximal subgroup of H/K, it follows that MK = Ny(QK/K) and since QK/K is a
characteristic subgroup of MK/K, we also have Ny (M, K/K) < Ny(QK/K) = MK. It
follows that Ny (M,,) < Ny (M,,K/K) < MK. Therefore

Np,(M,) < MKND, =M(CNM)D,_,ND, =MD, ,nD,=D,_,,

and it follows that Np (M, )= Np  (M,) =1, as required. O

Combining Lemma 4.1.2 and Lemma 4.1.3, we obtain a first result about $)-maximal
subgroups of infinite semiprimitive Cernikov groups which are the product of two locally
nilpotent subgroups.

4.1.4 Proposition. Let $) be a Schunck class of M&*-groups and suppose that G is an
infinite semiprimitive Cernikov group. Further, assume that every finite image of G is an -
group and that G is not an $H-group. If G is the product of two locally nilpotent subgroups A
and B, then G possesses an $)-projector which contains A or B, hence is factorized.

Proof. Let D denote the finite residual of GG, which is a radicable abelian p-group for a
prime p. Suppose that B is not a p-group, then by Theorem 4.1.1, A is a p-group and B,
is a Sylow p’-subgroup of G. Let M be a complement of D in G which contains B, then
by Lemma 4.1.2 and Lemma 4.1.3, M contains B < Ng(B,,) because B is locally nilpotent.
Since M is an $-projector of G by Lemma 3.2.1 (e) and M contains B, it follows that M is
factorized. O

If G is a U-group with Sylow basis {G), | p € P} and H is a subgroup of G, then by
[Har71, Lemma 2.1] and [GHTT71, Theorem 2.10], there exists a g € G such that {G,, | p € P}
reduces into HY. Thus, with the notation of the following theorem, every $)-subgroup has
a conjugate H into which the Sylow basis {A,B, | p € P} reduces. For details, see also the
proof of Corollary 4.1.7 below.

4.1.5 Theorem. Let ) be an NS*-Schunck class of characteristic m and suppose that the
MNGS*-group G is the product of two locally nilpotent subgroups A and B. Further, let H be an
9-subgroup of G into which the Sylow basis {A,B, | p € P} of G reduces.

(a) If ™ contains w(A) N7 (B), then the factorizer of H is an $)-group.

(b) If H is a m-group, then the factorizer of H in A_B, is an $)-group. Hence H is
contained in a prefactorized $H-subgroup of G.

Proof. (a) Let X denote the factorizer of H. Since the Sylow basis
(X NA)(XNB,)|pePt={(XNA,B,)|peP}

reduces into H, we may assume without loss of generality that G = X. Therefore it remains
to show that G € $. Now $) is a Schunck class and our hypotheses are inherited by factor
groups. Hence it suffices to consider the cases when G is a finite primitive group or an infinite
semiprimitive Cernikov group.

Suppose first that G is finite and primitive. Then by [Gro73, Theorem 1], either G = A = B
is a cyclic p group for some prime p, or A is a Sylow p-subgroup of G and B is a Hall p'-
subgroup of G. In the first case, we have p € m and so G € §. Otherwise, the Sylow basis
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{A,B, | p € P} of G reduces into H. Therefore the subgroup H = (HNA,B,)(HNA,B,) =
(HNA)(H N B) is factorized and hence G = H € §.

If G is an infinite semiprimitive Cernikov group, we have G = M x D, where D is a
radicable abelian p-group for the prime p and M is finite. Since every primitive image of G/D
belongs to $), we have M =2 G/D € § because §) is a Schunck class. Now suppose that G ¢ $.
Then by Theorem 4.1.1 and Proposition 4.1.4, without loss of generality, A is a p-group
containing D and B < M is finite. Now every subgroup containing B is factorized, so that
the subgroup M D[p"| = MD[p"] N AB = (MDI[p"] N A)B is factorized for every n € N.
Since G = |J,,cy M D[p"], this shows that every finite subgroup U of G is contained in a
finite factorized subgroup of G. In particular, the factorizer of every finite subgroup of G is
finite.

By Proposition 3.1.5, the Cernikov group H is the union of an ascending chain {H, | i € N}
of finite H-groups. Since HN D has finite index in H, we may assume without loss of generality
that H = H,(H N D). Since G is an i-group, there is a g € G such that the Sylow basis
{A,B, | p € P} of G reduces into HY. Replacing H; by HY for every i € N, we may assume
that the Sylow basis {A,B, | p € P} of G reduces into H;. Now H, = H,(H; N D) by the
modular law, and so by Lemma 1.2.3 (d), the Sylow basis {A4,B,} reduces into every H,.
Therefore the factorizers X; of the H; are $)-groups by the finite case. Now the union U
of the factorizers of the H, is a factorized subgroup of G which contains H. Thus G = U
and {X, | i € N} is an ascending chain of $-subgroups of the semiprimitive group G. By the
definition of a Schunck class, this contradicts G ¢ $, and so G € .

(b). Since H is a m-group and the Sylow basis {A,B,, | p € P} of G reduces into H, we have
H < A_B,. Applying (a) to the group A_B,_, we obtain that the factorizer of H in A_B,_ is

s s
an $H-group, as required. O

From this theorem, we derive a necessary and sufficient condition for an $-maximal sub-
group of G to be factorized.

4.1.6 Corollary. Let $ be an MG*-Schunck class of characteristic T and suppose that the
NGS*-group G is the product of two locally nilpotent subgroups A and B. If H is an $-mazimal
subgroup of G, then:

(a) If m contains w(A) N w(B), then H is prefactorized if and only if the Sylow basis
{Apo | p € P} of G reduces into H. Thus an $)-mazimal subgroup of G is prefactorized if
and only if it is factorized.

(b) If H is a w-group, then H is prefactorized if and only if the Sylow basis {A,B, | p € P}
of G reduces into H.

Proof. If H is any prefactorized subgroup of G, then by Theorem 2.3.7, the Sylow basis
{A,B, | p € P} of G reduces into H. This shows the necessity of our conditions.

Conversely, if 7 contains 7(A) N 7(B) and the Sylow basis {A,B, | p € P} of G reduces
into H, then the factorizer X of H is an $)-group by Theorem 4.1.5. Hence H = X by the
$H-maximality of H, and so H is factorized.

As in the proof of Theorem 4.1.5, statement (b) now follows by considering the Sylow
m-subgroup A, B, instead of G. O

Since every $i-maximal subgroup of an 9Q&*-group possesses a conjugate into which a
given Sylow basis of G reduces, we also have:
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4.1.7 Corollary. Let X be an NS*-Schunck class of characteristic m and suppose that
the NG*-group G is the product of two locally nilpotent subgroups A and B.

(a) If m contains w(A) N w(B), then every $H-mazimal subgroup of G has a factorized
conjugate.

(b) Ewvery $-mazimal subgroup of G which is a m-group has a prefactorized conjugate.

Proof. Let H be an $)-maximal subgroup of G, then a Sylow basis of H can be extended
to a Sylow basis {G, | p € P} of G (see [Har71, Lemma 2.1]). Therefore by [GHT71, The-
orem 2.10], there exists an element g € G such that {GY [p € P} = {A,B, | p € P}. Thus
{A,B, | p € P} reduces into H 9™, The result now follows from Corollary 4.1.6. O

Since $-projectors are in particular $-maximal subgroups, we also obtain

4.1.8 Corollary. Let X be an NS*-Schunck class of characteristic m and suppose that
the M&*-group G is the product of two locally nilpotent subgroups A and B. If m contains
m(A) N7 (B) or an $H-projector of G is a w-group, then G possesses a unique $-projector H
which is prefactorized. If w contains w(A) N w(B), then H is even factorized.

Proof. By Corollary 3.3.2, the Sylow basis {A,B, | p € P} of G reduces into a unique -
projector of G. Therefore by Theorem 2.3.7, G has at most one prefactorized $-projector.
Since G possesses a prefactorized $)-projector by Corollary 4.1.7 and this projector is factor-
ized if 7 contains w(A) N7 (B), the proof is complete. O

The above results can also be applied to trifactorized groups.

4.1.9 Corollary. Let $ = Qs be an NG*-Schunck class and suppose that the NG™*-
group G has a triple factorization G = AB = AC' = BC by its subgroups A, B and C, where
A and B are locally nilpotent and C € $. If 7(A) Nw(B) is contained in the characteristic
of 9, then G € 9.

Proof. In view of Lemma 3.1.3 (c), we may assume without loss of generality that C'is an
$H-maximal subgroup of G. Hence C has a factorized conjugate by Corollary 4.1.7. Therefore
G = C by [AH94, Lemma 1]. O

If § is a local formation of characteristic 7, then by Lemma 1.5.1, every F-group is a
m-group . This shows that the hypothesis of Theorem 4.1.5 (b) is always satisfied if = § is
a local formation. Thus we obtain:

4.1.10 Theorem. Let X = QsX be a class of MG&*-groups and § a local X-formation of
characteristic w. Further, suppose that the X-group G is the product of two locally nilpotent
groups A and B. If H is an §-subgroup of G into which the Sylow basis {A,B, | p € P} of G
reduces, then H is contained in a prefactorized §-subgroup of G. If 1(A) N7 (B) C m, then H
is even contained in a factorized F-subgroup of G.

Proof. By Lemma 1.5.1, the §-group H is a w-group. Hence H is contained in the Sylow
m-subgroup A, B, of G. Since by Proposition 3.1.2, § is a Schunck class of nilpotent-by-finite
groups. Therefore by Theorem 4.1.5, the factorizer X of H in A_B, is an §-group. Since A B,
is a prefactorized subgroup of G, the subgroup X is the required prefactorized subgroup of G.
If 7(A) Nm(B) C 7, then AN B is a m-group and so AN B = A_N B, is contained in X.
Hence X is a factorized subgroup of G. O
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4.2. Factorizers of §-subgroups
of FFC- and CC-groups

In this section, we will show that for local formations of periodic F'C- and C'C-groups, results
similar to those of Section 4.1 can be obtained. Since the concept of Schunck classes has
not yet been extended to the class of all periodic locally soluble C'C-groups, we formulate
our theorems for local X-formations of periodic locally soluble C'C-groups only. Note also
that F'C-groups are C'C-groups, so that our results hold in particular for local formations of
periodic locally soluble F'C-groups.

First, we show that, as in the case of M1G*-groups, every §-subgroup of a CC-group G is
contained in an §-maximal subgroup of G.

4.2.1 Lemma. Let X = QsX be a class of periodic locally soluble CC-groups and § a local
X-formation of characteristic w. Moreover, let G be an X-group.

(a) The group G is an F-group if and only if G is a w-group and G/Cq(z%) € § for every
x e qG.

(b) The class § is closed with respect to unions of chains of subgroups.

Proof. (a) If G is an §-group, then clearly every factor group of G belongs to §. Conversely,
suppose that G/C(2¢) € § for every z € G. Since Z(G) = (,cq Ca(2%), we have G/Z(G) €
§ by Lemma 1.5.2. Therefore also G € § by Lemma 1.5.3.

(b) Let {G,} be a chain of §-subgroups of the X-group G and assume without loss of
generality that G = |JG,. If © € G, then G/Cg(z%) is a Cernikov group. Since § N NG* is a
local 9M1G*-formation, hence a 91&*-Schunck class by Proposition 3.1.2, by Lemma 3.1.3 (c) the
factor groups G/Cg(x¥) are §-groups for every z € G. Therefore G € § by Lemma 4.2.1 (a).

a

Now we can prove an analogue of Theorem 4.1.5 for periodic C'C-groups which are the
product of two locally nilpotent subgroups.

4.2.2 Theorem. Let X = QsX be a class of periodic locally soluble CC-groups and §
a local X-formation of characteristic w. Further, suppose that the X-group G is the product
of two locally nilpotent groups A and B. If H is an F-subgroup of G into which the Sylow
basis {Apo | p € P} of G reduces, then H is contained in a prefactorized §-subgroup of G.
If 1(A)Nw(B) C m, then the factorizer of H is an §-subgroup of G.

Proof. Suppose first that 7(A) N 7(B) C 7 and let X denote the factorizer of H in G.
By Theorem 2.3.7, the Sylow basis {A,B, | p € P} of G, reduces into X. Therefore we may
assume without loss of generality that G = X. Hence it remains to show that G € §.

Let z € G, then G/Cq(2%) is a Cernikov group. Moreover, the Sylow basis

{4,B,Cc(x%)/Cq (=) | p € P}

of G/Cq(x%) reduces into the group HCq(x%)/Cq(x%). Since F N NG* is a MS*-Schunck
class by Proposition 3.1.2, the factorizer Y/Cg(x%) of the F-group HCq(2%)/Cq(2®) is also
an §-group by Theorem 4.1.5. Now Y is a factorized subgroup of G containing H, and so
G =Y and G/C;(2%) € §. Therefore G € § by Lemma 4.2.1 (a).
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In the general case, the m-group H is contained in the Sylow m-subgroup A, B, of G because
{A,B, | p € P} reduces into H. Therefore by the first part, the factorizer of H in A, B, is a
prefactorized §-subgroup of G which contains H. O

As in the case of Theorem 4.1.5, we deduce a number of useful consequences, whose proofs
are similar to the corresponding results about nilpotent-by-finite groups. First, we derive a
necessary and sufficient condition for an §-maximal subgroup of G to be factorized.

4.2.3 Corollary. Let X = QsX be a class of periodic locally soluble CC-groups and § a
local X-formation of characteristic w. Further, suppose that the X-group G is the product of
two locally nilpotent subgroups A and B and let H be an §-mazximal subgroup of G.

(a) H is prefactorized if and only if the Sylow basis {A,B, | p € P} of G reduces into H.

(b) If m contains m(A) N 7(B), then the subgroup H is factorized if and only if the Sylow
basis {A,B, | p € P} of G reduces into H.

Since the Sylow bases of a periodic locally soluble C'C-groups are locally conjugate by
[OP91, Theorem 4.3], the following lemma shows that in Theorem 4.2.2, every §-subgroup H
has a local conjugate into which the Sylow basis {A,B, | p € P} of G reduces.

4.2.4 Lemma. Let G be a periodic locally soluble CC-group and H a subgroup of G. Then
every Sylow basis of H can be extended to a Sylow basis of G.

Proof. Let {H, | p € P} be a Sylow basis of H. For every prime p, put
H,=<H,|[q€Pq#p>.

Moreover, let G,, be a Sylow p’-subgroup of G' which contains H, . Define

G, = ﬂ Gy

q€P,q#p
then {G,, | p € P} is a Sylow basis of G' by [OP91, Lemma 4.2]. Since H,, is contained in G,
for every prime p, the Sylow basis {G,, | p € P} reduces into H. O

For §-maximal subgroups, this has the following consequence.

4.2.5 Corollary. Let X = QsX be a class of periodic locally soluble groups satisfying
min-p for every prime p and § a local X-formation of characteristic w. Suppose that the
CC-group G is the product of two locally nilpotent subgroups A and B. Then:

(a) Ewvery §-mazimal subgroup of G is locally conjugate to a prefactorized F-mazximal
subgroup of G.

(b) If m contains w(A) Nw(B), then every §F-maximal subgroup of G is locally conjugate
to a factorized §F-mazximal subgroup of G.

To prove that a periodic locally soluble CC-group which is the product of two locally
nilpotent subgroups has at most one prefactorized §-projector, we need the following result.

4.2.6 Proposition. Let X = QsX be a class of periodic locally soluble CC-groups and § a
local X-formation of characteristic w. If the X-group G has an §-projector, then every Sylow
basis of the reduces into a unique §-projector of G. Thus the §-projectors of G are locally
conjugate.
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Proof. Let H be an §-projector of GG, then by Lemma 4.2.4, there exists a Sylow basis
{G, | p € P} of G which reduces into H. Now assume that L is an §-projector into which
{G, | p € P} reduces. Let = € G, then the Sylow basis

{GyCo(2%)/Ca(a%) | p € P}
of G/Cq(z%) reduces into both HC(2%)/Cq(x%) and LC;(2%)/Cq(z%). Therefore
HCG(xG)/CG(CCG) = LCG@G)/CG@G)
by Corollary 3.3.2. Put H* =, HCq(2®), then
H*Cg(2%)/Cq(2%) = HCg(2%) /Cg(a) € 3.

Thus by Lemma 1.5.2, H*/Z(G) € §, and finally H* € § by Lemma 1.5.3. Since H* contains
both H and L, it follows that H = H* = L by the §-maximality of H and L.

Now let H and H* be arbitrary §-projectors of G and suppose that {G, | p € P} and
{G}, | p € P} are Sylow bases of G reducing into H and H*, respectively. Since the Sylow bases
of G are locally conjugate by [OP91, Theorem 4.3], there exists a locally inner automorphism
¢ of G such that G = G for every p € P. Now the Sylow basis {G} | p € P} reduces into H?
and H*, and so we have H* = H? by the first part. O

Although it seems to be an open question whether every periodic locally soluble C'C-group
possesses §-projectors, there is also a result analogous to Corollary 4.1.8, provided that the
CC-groups in question possess §-projectors.

4.2.7 Theorem. Let X = @sX be a class of periodic locally soluble C'C-groups and § a
local X-formation of characteristic w. If G is an X-group which is the product of two locally
nilpotent subgroups A and B, then G has at most one prefactorized §-projector. If G has
$-projectors, then G possesses a unique F-projector which is prefactorized. If ™ contains
m(A) N7 (B), then this §-projector is factorized.

For periodic locally soluble F'C-groups, the existence and local conjugacy of §-projectors
has been proved by Tomkinson [Tom69a]; see also [Tom84]. Thus we obtain:

4.2.8 Corollary. Let X = @sX be a class of periodic locally soluble FC-groups and §
a local X-formation of characteristic w. Then every X-group G which is the product of two
locally nilpotent subgroups A and B possesses a unique §-projector which is prefactorized. If
7 contains w(A) N w(B), then this §-projector is factorized.

Despite the fact the Sylow bases of a periodic locally soluble C'C-group need not be
conjugate, also a result similar to Corollary 4.1.9 can be obtained.

4.2.9 Theorem. Let X = @sX be a class of periodic locally soluble C'C-groups and § a
local X-formation of characteristic w. Moreover, suppose that the X-group G has subgroups A,
B and C such that G = AB = AC = BC. If A and B are locally nilpotent, C € § and
w(A) N7 (B) is contained in 7, then G € X.

Proof. Let x € G, then G/Cg(x%) is a Cernikov group. Since by Proposition 3.1.2, FNNG*
is a MG*-Schunck class, we have G/Cg(z%) € § by Corollary 4.1.9. Therefore G € § by
Lemma 4.2.1 (a). O
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4.3. Factorizers of §-subgroups of groups
with min-p for all primes p

Since periodic locally soluble groups satisfying the minimal condition on p-subgroups for every
prime p are residually Cernikov groups by [KW73, Theorem 3.17], the methods applied to
periodic C'C-groups which are the product of two locally nilpotent subgroups yield essentially
the same results for periodic locally soluble groups satisfying min-p for every prime p. The
main difficulties are due to the fact that Sylow bases of the latter class of groups are not so
well-behaved as in the case of C'C-groups.

4.3.1 Theorem. Let X = QsX be a class of periodic locally soluble groups satisfying min-
p for every prime p and § a local X-formation of characteristic w. Further, suppose that the
X-group G is the product of two locally nilpotent groups A and B. If H is an §-subgroup of G
into which the Sylow basis {A, B, | p € P} of G reduces, then H is contained in a prefactorized
§-subgroup of G. If m(A) N w(B) C 7, then H is even contained in a factorized F-subgroup
of G.

Proof. Let X denote the factorizer of H in A _B,, then we may assume without loss
of generality that G = X. Since the factor group G/O,,(G) is a Cernikov group for every
finite set 7 of primes by [KW73, Theorem 3.17], an argument similar to that in the proof
of Theorem 4.2.2 shows that G/O,,(G) € §. Now the intersection of all subgroups O_./(G),
where 7 is a finite set of primes, is trivial, we have G € § by Lemma 1.5.2. O

For §-maximal subgroups, this has the following consequence.

4.3.2 Corollary. Let X = QsX be a class of periodic locally soluble groups satisfying
min-p for every prime p and § a local X-formation of characteristic w. Further, suppose that
the X-group G is the product of two locally nilpotent subgroups A and B and let H be an
§-mazimal subgroup of G.

(a) H is prefactorized if and only if the Sylow basis {A,B, | p € P} of G reduces into H.

(b) If m contains w(A) N7w(B), then the subgroup H is factorized if and only if the Sylow
basis {A,B, | p € P} of G reduces into H.

The proof of the next theorem does not use the above results about periodic locally soluble
products satisfying min-p. Instead, it relies on the nilpotent-by-finite case.

4.3.3 Theorem. Let X = QsX be a class of periodic locally soluble groups satisfying min-
p for all primes p and § a local X-formation of characteristic w. Further, suppose that the
X-group G has a triple factorization G = AB = AC = BC by its subgroups A, B and C,
where A and B are locally nilpotent and C € §. If n(A) Nnw(B) C w, then G € §.

Proof. Let 7 be a finite set of primes. By [KW73, Theorem 3.17], the factor group
G/0,.(G) is a Cernikov group. So by Corollary 4.1.9, we have G/O,.(G) € § for every
finite set 7 of primes. Since the intersection of the subgroups O,..(G), where 7 is a finite set
of primes, is trivial, we have G € § by Lemma 1.5.2. O
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The next proposition will be used to show that a periodic locally soluble group satisfying
min p for every prime p which is the product of two locally nilpotent subgroups has at most
one prefactorized F-projector.

4.3.4 Proposition. Let X = QsX be a class of periodic locally soluble groups satisfying
min-p for every prime p and § a local X-formation. If the X-group G has an F-projector, then
every Sylow basis of the reduces into at most one §-projector of G.

Proof. Let H and L be §-projectors of G into which the Sylow basis {G,, | p € P} of G
reduces. Let p € P, then the Sylow basis {G,0,/(G)/O,(G) | p € P} of G/O,,(G) reduces
into HO,,(G)/0,/(G) and LO,(G)/O,(G). Thus by Corollary 3.3.2, we have HO,(G) =
LO,,(G). Since (,cp O,y (G) = 1, it follows from Lemma 1.6.1 that H = L. O

Although the Sylow bases of a periodic locally soluble group G satisfying min-p for every
prime p are locally conjugate by [DT80], G may have LOM-projectors into which no Sylow
basis reduces [Dix82, Section 5], even if G is countable. Therefore our next result might also
be of independent interest. Recall that a group G is co-Hopfian if it does not contain a proper
subgroup isomorphic with G. In particular, every periodic radical group satisfying min-p is
co-hopfian (cf. [Bae70]).

4.3.5 Proposition. Let X = QsX be a class of countable locally finite-soluble group sat-
isfying min-p for all primes p. If G € X and § is a class of co-Hopfian groups, then every
Sylow basis of G reduces into a unique §-projector of G.

Proof. Let {G, | p € P} be a Sylow basis of G' and let {p;,p,,...} denote the set of all
Primes in their natural order and set N; = Oy, ..., for every ¢ € N. Then G/N; is a
Cernikov group by [KW73, Theorem 3.17]. Hence it has an §-projector H;/N; into which the
Sylow basis {G,N;/N; | p € P} of G/N; reduces. Let H =, oy H;, then by Lemma 1.2.3 (c),
the Sylow basis {G, | p € P} also reduces into H. Continuing as in the proof of [Dix82,
Theorem 3.4], H is an §-projector of G. The uniqueness statement now follows from Propo-
sition 4.3.4. O

Since every countable periodic locally soluble group satisfying min-p for every prime p
possesses §-projectors by [Dix82, Theorem 3.4], we thus obtain:

4.3.6 Corollary. Let X = QsX be a class of periodic locally soluble groups satisfying min-
p for every prime p and § a local X-formation of characteristic w. Then every X-group G
which is the product of two locally nilpotent subgroups A and B has at most one prefactorized
§-projector. If § is a class of co-Hopfian groups, then G possesses a unique §-projector which
is prefactorized. If, in addition, m contains w(A) N (B), then this §-projector is factorized.

4.4. Triply factorized groups

Throughout this chapter, we have frequently encountered trifactorized groups, i.e. groups G
possessing subgroups A, B and C such that G = AB = AC = BC. In Corollary 4.1.9,
Theorem 4.2.9 and Theorem 4.3.3, we have shown that under certain additional assumptions,
G is an §-group if A and B are locally nilpotent and C' € §, where § is a local formation.
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Since by [AFG92, Lemma 1.1.4], the factorizer X of a normal subgroup NN of a product G =
AB has a triple factorization

X = (ANBN)(AN N B) = (AN BN)N = (AN N B)N,

it is also of interest to study triply factorized groups, i.e. groups G which possess subgroups A
and B and a normal subgroup N such that G = AB = AN = BN. We will show below that in
this case, in order to prove that G is an §-group, it suffices that A and B are §-groups and N
is locally nilpotent. The following example shows that even in the finite case, the assumption
that NV is normal in G cannot be replaced by the assumption that A and B are normal
subgroups of G. It also shows that in Corollary 4.1.9, Theorem 4.2.9 and Theorem 4.3.3 it is
not enough to assume that A is locally nilpotent and B and C belong to the local formation §.

4.4.1 Example. Let p be a prime, P an extraspecial p-group of order p® and let 4, and
B, be distinct maximal subgroups of P. Let ¢ # p be a prime and F' = GF(q) the field with ¢
elements, then by [DH92, B, Corollary 10.7], the p-group P has a faithful irreducible FP-
module N. Put G = Px N and let A = AyN and B = ByN, then G = AB = AP = BP, and
the normal subgroups A and B of GG belong to the local G*-formation § = 9T*A*of all finite
nilpotent-by-abelian groups. But since N = F(G) and P is nonabelian, we have G ¢ 9T**.
Moreover, if we choose ¢ > p, then A and B even belong to the local &*-formation of all
finite supersoluble groups, but since G is not nilpotent-by-abelian, it cannot be supersoluble.

Now we come to our first theorem about triply factorized groups.

4.4.2 Theorem. Let $) be a Schunck class of N&*-groups. Suppose that the NS*-group G
has $-subgroups A and B and a normal locally nilpotent subgroup R such that G = AB =
AR = BR. Then G is an $-group.

Proof. We may assume without loss of generality that A and B are $-maximal subgroups
of G. Then A and B are conjugate by Proposition 3.2.2. Then by direct calculation or by
[Wieb8, Hilfssatz 10], we have G = A = B, and so G is an $)-group. O

Theorem 4.4.2 may be used to obtain a similar theorem for local formations of F'C- and
CC-groups.

4.4.3 Theorem. Let X = QsX be a class of periodic locally soluble C'C-groups and § a
local X-formation. Suppose that the X-group G has §-subgroups A and B and a normal locally
nilpotent subgroup R such that G = AB = AR = BR. Then G is an §-group.

Proof. Let € G and put N = Cg(2%). Then the factor group G/Cg(z%) is a Cernikov
group and G/N = (AN/N)(BN/N) = (AN/N)(RN/N) = (BN/N)(RN/N) and so G/N €
§ by Theorem 4.4.2. Since this holds for every z € G, we have G € § by Lemma 4.2.1 (a). O

The same argument can also be used to prove Theorem 4.4.2 for groups satisfying the
minimal condition on p-subgroups.

4.4.4 Theorem. Let X = QsX be a class of periodic locally soluble groups satisfying min-p
for every prime p. Moreover, let § be a local X-formation. Suppose that the X-group G has §-
subgroups A and B and a normal locally nilpotent subgroup R such that G = AB = AR = BR.
Then G is an §-group.
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Proof. Let 7 be a finite set of primes and put N = O,,(G). Then G/N is a Cernikov
group by [KW73, Theorem 3.17]. Moreover, G/N = (AN/N)(BN/N) = (AN/N)(RN/N)
(BN/N)(RN/N) and so G/N € § by Theorem 4.4.2. Since the intersection of all O, (G
where 7 is a finite set of primes, is trivial, we have G € § by Lemma 1.5.2.

~—

)

|

In order to obtain a theorem similar to Theorem 4.4.3 and Theorem 4.4.4 for i-groups,
we need a result like Proposition 3.2.2 for local formations of i-groups.

4.4.5 Theorem. Let X be a QS-closed subclass of 34 and § a local X-formation. Further,
suppose that G is X-group such that G/R is in § for some locally nilpotent subgroup R of G.
Then the §-maximal supplements of R in G coincide with the §-projectors of G and the
§-normalizers of G. Hence the §-maximal supplements of R are conjugate in G.

Proof. Let H be an §-maximal supplement of R in G. Since H € §, by [GHT71, The-
orem 4.6 (iii)], the group H coincides with its F-normalizer. Therefore by [GHT71, The-
orem 4.9], there exists an F-normalizer D of G containing H. Since D € § by [GHTT1,
Theorem 4.6 (vi)] and H is §-maximal, it follows that D = H. Now [GHT71, Theorem 5.1]
shows that the §-projectors of G coincide with the §-normalizers of G. The conjugacy of the
F-maximal supplements of R now follows directly from the fact that the §-projectors of G
are conjugate by [GHTT71, Theorem 5.4]. O

Our theorem about triply factorized i-groups generalizes a result of B. Amberg and
A. Fransman [AF94, Corollary 2], replacing the nilpotency hypothesis on the normal sub-
group by local nilpotency, at the same time shortening the proof considerably.

4.4.6 Theorem. Let X be a Qs-closed subclass of M and § a local X-formation. Suppose
that the X-group G has §-subgroups A and B and a normal locally nilpotent subgroup R, such
that G = AB = AR = BR. Then G is an §-group.

Proof. Without loss of generality, we may assume that A and B are §-maximal subgroups
of G. Therefore A and B are conjugate by Theorem 4.4.5. As in Theorem 4.4.2, this yields
G = A = B and so G is an §-group. O



Chapter 5

Projectors and injectors of products

5.1. Projectors in soluble and hypoabelian
Sl-groups

Let § be a local U-formation. Although we have not been able to prove the existence of pre-
factorized §-maximal subgroups of a 4-group G which is the product of two locally nilpotent
subgroups, we have nevertheless obtained positive results for the most important class of §-
maximal subgroups of GG, namely for §-projectors of G. As a first step, we consider periodic
locally soluble groups which are the extension of a p-group by an §-group.

Let G be a group and suppose that § is any class of groups. Then G¥ denotes the intersec-
tion of all normal subgroups N of G such that G/N € §. Observe that if § is an X-formation
for some @-closed class of groups, then G/ GS € 3.

5.1.1 Proposition. Suppose that § is a local X-formation of characteristic ™ for some
Qs-closed class X of locally finite groups. Let G be an X-group such that GS is a p-group for
some p € m and suppose that H is an F-mazimal subgroup of G which satisfies G = HGS.
Then:

(a) H = Ng(Oy(H)).

(b) If the Sylow p'-subgroups of every subgroup S of G are conjugate in S, then every
Sylow p’-subgroup of G reduces into at most one conjugate of H.

(c) If GS is abelian, then H complements GS.

(d) If G3 is abelian, then then every Sylow p'-subgroup of G reduces into at most one
complement of GS.

Proof. (a) Let @ = O,,(H) and set L = Ng(Q), then clearly, H < L. We will show that
L € 3. Then the desired result will follow from the §-maximality of H. Since § is a local
X-formation, we have

F=X.N()6,6,/(a)

qe™

by Lemma 1.5.1 (d). Now if ¢ # p is a prime, then G/N € &,6,f(q) by hypothesis, where
N = G3, and so also L/L N N belongs to that class. Since N is a ¢’-group, this shows that
Le&,6,f(q) for every prime g # p.

Now L=LNHN =H(LNN)and (HNN)NQ(LNN)=Q(HNN) by the modular
law, and so

L/QILNN)=H(LNN)/QILNN)=H/QHNN) € &,f(p)
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because H/Q € &,f(p). Therefore also L/Q € &,f(p) and consequently L € &,6,f(p).
Since G is a w-group contained in X, the same is true for L, and we have L € § by Lemma 1.5.1.
Therefore H = Ng(O,,(H)). )

(b) Suppose that the Sylow p-subgroup G, reduces into H and H9. Then Gg, reduces
into H. Let H, be a Sylow p-subgroup of H, then H = (HNG,/)H, by [GHTT71, Lemma 2.1].
Therefore G,y = G, NHN =G, N(HNG,)H,N = (HN GE,)(GP, NH,N)=(HNG,)is a
Sylow p’-subgroup of H, and by the same argument, also Gz, is a Sylow p’-subgroups of H.
Since H is a i-group, it follows that Gi/ = GZ’ for some h € H. Therefore gh € Ng(G,,).
Since G, is contained in H, we clearly have N (G,/) < N;(O,(H)) and so gh € H by (a).
This shows that g € H, proving that H = HY.

(c) Put N = G¥ and Q = O, (H) and observe that N@ is a normal subgroup of G.
Therefore also K = [N, Q] = [N, NQ)] is normal in G.

First, we show that G/K € §. Since N/K is a p-group, we have G/K € 6,6, f(q) for
every prime ¢ # p. Now G/NQ € &,f(p) as in the proof of (a). Since QN = Q[Q,N] = QK
and @) < H, the subgroup QK is normalized by NH = G and so QK is a normal subgroup
of G. Now QN/QK is a p-group, and so also G/QK € &,f(p). But then G/K € 6,86, f(p),
and so G/K € §. Therefore we have N = G¥ < K and so N = [N, Q).

Next, we show that Cy(Q) = 1. Let 2z € Cn(Q). Since z € N, we have z = [[;,[y;, 4],
where y; € N and ¢; € Q. Let Qy = <q;,...,q,> < @ which is a finitely generated subgroup
of @, hence is finite, and so also Y = <:c,y1,...yn>Q° < N is finite. Applying [Hup67,
I11.13.4] to the finite group @Y, we obtain that ¥ = [Y, Q] x Cy(Qp). In particular, we
have z € [Y,Qy] N Cy(Qy) =1 and so Cy(Q) = 1.

Now the normal p-subgroup H N N of H centralizes Q = O,,(H) and so HN N =1, as
required.

(d) Suppose that the Sylow p’-subgroup G, of G reduces into H and H*. Since both H
and H* complement N = G¥ by (c), we have O, (H)N/N = O, (G/N) = 0O, (H*)N/N. So
O, (H*)=G,NNO,(H)=0,(H) and thus H = H* by (a). O

Our next lemma is the key for finding a prefactorized §-projectors.

5.1.2 Lemma. Let w be a set of primes and suppose that the group G is the product of
two subgroups A and B. Further, assume that A and B have Sylow subgroups A, A/, B, and
B, respectively such that A= A_x A and B= B,_x B_,. If A_B, is a Sylow 7-subgroup
of G and N is a normal ©’'-subgroup of G such that L/N = O,(G/N) is a prefactorized
subgroup of G/N, then LN A_B, is a prefactorized Sylow 7-subgroup of L.

Proof. By hypothesis, we have L/N = (L/N N AN/N)(L/N N BN/N) and so
L=(LNAN)(LNBN)=(LNA)N(LNB)

by the modular law. Since L/N is a m-group, it follows that A, N L < N and B, NL <
N. Since A = A_ x A, we have LN A = (LNA,) x (LNA,), and hence we obtain
L=(LNnA.)LNB,)N. Now the set (LN A,)(L N B,) is clearly contained in LN A _B,
which is a m-group. Put A* = (LN A,)N and B* = (LN B,)N, then Proposition 2.1.4 (a),
applied to L = A*B*, shows that (LN A_)(L N B,) is a Sylow m-subgroup of L, and so
LNA.B,=(LNA.)(LNB,), as required. O

Recall that a group is hypoabelian if it has a descending series with abelian factors. Hence
every soluble group is hypoabelian. Note also that the following theorem does not claim that
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$-projectors do exist in the group G or, in case they exist, that any Sylow basis of G reduces
into an §-projector of G.

5.1.3 Theorem. Let X be a QS-closed class of periodic locally soluble groups and suppose
that § is a local X-formation. Assume that G € X and that H is an §-projector of G. If G is
hypoabelian or an U-group, then every Sylow basis of G reduces into at most one §-projector

of G.

Proof. Suppose that {G, | p € P} is a Sylow basis of G and that H and L are §-projectors
of G into which {G, | p € P} reduces.
Since G is hypoabelian or an 4-group, there exists an ordinal « such that G possesses a
descending series
G=Ny> N >--->N,=1

whose factors Ng/Ng,, are p-groups for some prime p depending on 3 < a. In case G is
hypoabelian, we may also assume that every factor Ny /N, 3+1 is abelian. Let 8 < «, then
{G,Ng/Ng | p € P} reduces into the §-projectors HNg/Ng and LNg/Ng of G/Ng, and so by
transfinite induction, we have HNg = LNy for all 8 < . Thus if « is a limit ordinal, then
we have
H=()HNy=()LN;=L
[B<a B<a

by Lemma 1.6.1.

Otherwise, a has a predecessor o« — 1. Then N, _; is a p-group for a prime p, and
HN,_; = LN, ;. Now H and L are §-maximal subgroups of HN, ; and {G, | p € P}
reduces into HN,,_; by Lemma 1.2.3 (d). In particular, if G, = <G, | ¢ € P,q # p>, then
G,y reduces into HN,,_y, H and L. The result now follows from Proposition 5.1.1 (b) if G € 4
and from Proposition 5.1.1 (d) if G is hypoabelian. O

Since every i-group G possesses §-projectors by [GHT71] and by [Har71, Lemma 2.1],
there exists a Sylow basis of G reducing into a given subgroup of G, we have:

5.1.4 Corollary. Let X be a QS-closed class of -groups and suppose that § is a local
X-formation. If G € X, then every Sylow basis of G reduces into exactly one §-projector
of G.

Now we are ready to prove the main theorem of this section.

5.1.5 Theorem. Let X be a QS-closed class of U-groups and suppose that § is a local
X-formation of characteristic w. Moreover, let the X-group G be the product of two locally
nilpotent subgroups A and B. If G has a normal subgroup N such that G/N € § and N has
a hypoabelian Sylow m-subgroup, then G has a unique prefactorized §-projector H, and this
§-projector contains A, N B,.. Thus if the characteristic m of § contains 7(A) N w(B), then
H is factorized.

Proof. By Corollary 5.1.4, there exists a unique §-projector H of GG into which the Sylow
basis {A,B,, | p € P} of G reduces, and by Theorem 2.3.7, this is the only §-projector of G
which may be prefactorized.

In view of Lemma 1.5.1, every §-group is a m-group. Thus H is contained in the Sylow
m-subgroup A_B_ of G. Since H is also an §-projector of G by [GHT71, Theorem 5.4], it will
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suffice to show that H is a factorized subgroup of A B, . Since N N A, B, is hypoabelian, we
may assume without loss of generality that G = A B, and that N is hypoabelian.
Now let

N:N1[>N2[>[>Na:1

be a descending normal series of N with abelian factors which are p-groups for suitable
primes p. Clearly, we may assume that a > 1. Let 8 < «, then the Sylow basis

of G/Ng reduces into the F-projector HNyz/Ny of G/Njg and hence by induction on «a, the
subgroup H Ny is factorized for all § < a. If v is a limit ordinal, then by Lemma 1.6.1,

H= () HN,
B<a

and so H is factorized. Therefore assume that « has a predecessor. Now the Sylow ba-
sis {A4,B,, | p € P} of G reduces into the factorized subgroup HN,_;, and consequently it
suffices to consider the case G = HN,_,. Since G/N,_; € § and N is an abelian p-
group, also the F-residual GS of G is an abelian p-group. Thus we may assume without
loss of generality that N = GS. Then H complements N by Proposition 5.1.1 (c), and so
O, (G/N) = Oy (H)N/N. Since O,(G/N) is a prefactorized subgroup of G/N by Theo-
rem 2.4.1, it follows from Lemma 5.1.2 that O, (H) = A, B, N O, (H)N is prefactorized.
Moreover, A, N O, (H)N = A, N O,(H) is a normal subgroup of A,, hence of A, and
similarly, B, N O,,(H) is a normal subgroup of B. Therefore by [Wie58, Hilfssatz 7] (see also
[AFG92, Lemma 1.2.2]), the normalizer N (O, (H)) of O, (H) = (A,NO,,(H))(B,NO,, (H))
is factorized. Since we have H = N (O, (H)) by Proposition 5.1.1 (a), it follows that H is
factorized. O

Since by [Weh68, Theorem Al], every periodic locally soluble linear group is a soluble
il-group, we also have:

5.1.6 Corollary. Let X be a class of periodic locally soluble linear groups and suppose
that § is a local QsX-formation of characteristic w. Moreover, let the QsX-group G be the
product of two locally nilpotent subgroups A and B. Then G has a unique prefactorized §-
projector, and this §-projector contains A, N B,.. Thus if the characteristic m of § contains
m(A) N7 (B), then this §-projector is factorized.

5.2. System normalizers and Carter subgroups
of sl-groups

Let G be an U-group which is the product of two locally nilpotent subgroups. If G is not
hypoabelian, the techniques used in the last section to prove the existence of a prefactorized
$-projector of G cannot be applied any more. This is mainly due to the fact that then
Proposition 5.1.1 (¢) does not hold if GS3 is a nonabelian p-group. However, we have a positive
result about L91-projectors of G which will be proved using the following proposition. If G is
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a group with Sylow basis {G,, | p € P}, then the subgroup H = ﬂpE]P’ Ng(G)) is the system
normalizer of G associated with the Sylow basis {G,, | p € P}.

5.2.1 Proposition. Suppose that the M-group G is the product of two locally nilpotent
subgroups. Then G has a factorized system normalizer.

Proof. Let {A,B, | p € P} be the Sylow basis of G consisting of prefactorized Sylow sub-
groups of G. Then for each p € P, A, and B, are normal subgroups of A and B, respectively,
and so by [Wie58, Hilfssatz 7], N (A,B,) is factorized. Therefore also the system normalizer
D =,ep N¢(A,B,) is factorized. O

We define a Carter subgroup of an 4-group to be an L1-projector. For equivalent definitions
of a Carter subgroup, see also [GHT71, Lemma 5.6]. The preceding result can now be used
to prove the existence of a unique factorized Carter subgroup.

5.2.2 Theorem. Suppose that the U-group G is the product of two locally nilpotent sub-
groups. Then G has a unique prefactorized Carter subgroup, and this Carter subgroup is
factorized.

Proof. By Corollary 5.1.4, there exists a unique Carter subgroup C of G into which the
Sylow basis {A,B,, | p € P} of G reduces. Therefore by Theorem 2.3.7, this is the only Carter
subgroup of G which may be prefactorized.

Let n denote the length of the Hirsch-Plotkin series of G. If n < 2, the Carter subgroups
of G coincide with its system normalizers (see [GHT71, Theorem 5.1]). So in this case, the
result follows from Proposition 5.2.1. Therefore assume that n > 3 and let R denote the
Hirsch-Plotkin radical of G. Then CR/R is a Carter subgroup of G/R into which the Sylow
basis {A,B,R/R | p € P} of G/R reduces. Thus by induction on n, the subgroup CR of G is
factorized. Since C' is also a Carter subgroup of CR and n(CR) = 2 < n, the subgroup C is
factorized in CR, hence in G. O

5.3. Injectors and radicals of F'C-groups

Let G be a locally soluble F'C-group and F a Fitting set of G. Then by a result of Beidleman
and Karbe [BK87], G possesses Finjectors, and the Finjectors of G are locally conjugate. A
similar result about §-injectors, where § is a Fitting class of F'C-groups, has been proved by
Tomkinson [Tom69b]; see also [Tom84].

The following theorem is the key to apply the results on finite products of two nilpo-
tent subgroups obtained in [AH94| to FC-groups being the product of two locally nilpotent
subgroups.

5.3.1 Theorem. Suppose that the periodic F'C-group is the product of two locally nilpo-
tent subgroups A and B. Then every finite subset of G is contained in a finite subnormal
prefactorized subgroup of G.

Proof. Let X be a finite subset of G, then by [Tom84, Theorem 1.8], X is contained in a
finite normal subgroup N of G. By [Cer80, Lemma 3], cf. also [Keg65], N is contained in a
finite prefactorized subgroup H of G, and we may assume without loss of generality that no
proper prefactorized subgroup of H contains N.
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Similarly, K = H® is contained in a finite prefactorized subgroup L of G. Now let Y/N =
F(L/N), then by [Amb73] or [Pen73], Y is a factorized subgroup of L, and so H NY is
a prefactorized subgroup of G containing N. Therefore H < Y by the choice of H and
H/N < F(G/N) is a subnormal subgroup of L/N. Since H is contained in L, the subgroup
H is also subnormal in H < G and so H is a prefactorized subnormal subgroup of G which
contains X. O

For our purposes, it will be necessary to consider finite subsets of a factorizer of a normal
subgroup.

5.3.2 Proposition. Suppose that the periodic F'C-group is the product of two locally
nilpotent subgroups A and B. If N is a normal subgroup of G and X = AN N BN, then
every finite subset of X is contained in a finite prefactorized subgroup of X which is subnor-
mal in G.

Proof. Let {x;,...,x,} be a finite subset of X. By Theorem 5.3.1, {z{,...,z,} is con-
tained in a finite prefactorized subset S of G. We show that the prefactorized subgroup X NS
is also subnormal in G. Let R/N = R(G/N), then R is factorized by Theorem 2.4.5, we have
X/N < R/N.Thus SNX is contained in SNR. Since S is finite, (SNR)/(SNN) = (SNR)N/N
is nilpotent, and so S N X is a subnormal subgroup of SN R. Since RN .S < S is subnormal
in G, this proves that X N.S is also a subnormal subgroup of G. O

The next proposition follows directly from Proposition 5.3.2 and Lemma 1.6.3. It can be
used to reduce questions about injectors and radicals in F'C-groups to factorizers of normal
subgroups.

5.3.3 Proposition. Suppose that the periodic F'C-group is the product of two locally
nilpotent subgroups A and B. Let N be a normal subgroup of G and X = AN N BN. If
F is a Fitting set of G and I is an F-injector of G, then X N1 is an F-injector of X and
Xr=XNGg.

For finite groups, the following theorem has been proved in [AH94, Proposition 3|. A
similar result also holds for C'C-groups, see Theorem 5.4.4 below.

5.3.4 Theorem. Suppose that the periodic F'C-group is the product of two locally nilpo-
tent subgroups A and B. If F is a Fitting set of G and I is a prefactorized F-injector of G,
then Gz is prefactorized.

Proof. Let X = AGxNBG £, then X N1 is a prefactorized Finjector of X and Xr = G £
by Proposition 5.3.3. Therefore we may assume that G = X. We show that in this case
I = Gr. Let g € I and let N be a finite normal subgroup of G that contains g. Then
N/N NGr = NGz/Gf is finite. Since G/G is locally nilpotent, this shows that I N N is
subnormal in N and hence I NN is contained in Ny = GNN. Thus g € G, as required. O

The following example shows that even a finite product of two nilpotent subgroups having
a factorized F-radical need not have a prefactorized F-injector.

5.3.5 Example. Let p and ¢ be distinct primes and F' = GF'(q) Moreover, let H be the
semidirect product of a cyclic group H,, of order p with a faithful irreducible F'H,-module H,
(such a F'H,-module exists by [DH92, B, Corollary 10.7]). Now let G = H x K, where K = H,
and put A = H,x K, and B = H, x K. If h and k are generators of H, and K, respectively,
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set I = <hk> and F = {1,19 | g € G}. Now I is a Sylow p-subgroup of the normal subgroup
H,K,I of G, and so it follows from [DH92, VIII, Theorem 3.8] or by direct calculation that
F is a Fitting set of G. Clearly, I is an F-injector of G and G = 1. Since AN B = 1, this
shows that the F-radical of G is factorized.

Moreover, N(I) N H,K, =1 and so Ng(I) = H,K,, is factorized. Thus [AH94, Proposi-
tion 1] shows that I is the only candidate for a prefactorized F-injector. But evidently [ is
not prefactorized.

Let G be a periodic F'C-group which is the product of two locally nilpotent subgroups A
and B and suppose that F is a Fitting set of G. The next lemma shows that in order to prove
that G is prefactorized, it suffices to investigate the Fradicals of the finite prefactorized
subnormal subgroups of G.

5.3.6 Lemma. Let the periodic FC-group G be the product of two locally nilpotent sub-
groups A and B and F a Fitting set of G. Furthermore, suppose that for every finite subnormal
prefactorized subgroup S of G, the F-radical Sr is prefactorized (factorized) in S. Then G £
is prefactorized (factorized). Conversely, if G is factorized, then S is a factorized subgroup
of S for every finite prefactorized subgroup S of G.

Proof. Suppose first that S is prefactorized for every finite prefactorized subnormal sub-
group S of G and let ¢ € G . Then by Theorem 5.3.1, g is contained in a finite subnormal
prefactorized subgroup S of G. Therefore ¢ € SN G = Sz. Since the latter subgroup
is prefactorized, it follows that g € (AN Sz)(BNSg) C (AN Gx)(B N Gg). Therefore
Gr=(ANGg)(BNGyg), as required. Now suppose that, in addition, the Fradical of every
prefactorized finite subnormal subgroup S of G contains AN BN S. Then every g € AN B is
contained in a finite subnormal prefactorized subgroup V and g€ VNANB CVy C G, as
required.

Conversely, if G £ is a factorized subgroup of G and S is a subnormal prefactorized sub-
group of G, then S = SN G £, hence is a factorized subgroup of S. O

The following proposition shows that an F'C-group which is the product of two locally
nilpotent subgroups cannot have more than one prefactorized Finjector.

5.3.7 Proposition. Let F be a Fitting set of the FC-group G. If G is the product of two
locally nilpotent subgroups A and B, then G has at most one prefactorized F-injector.

Proof. Suppose that I and J are prefactorized F-injectors of G. By Theorem 2.4.5, the
set {A,B, | p € P} is a Sylow basis of G, and by Theorem 2.3.7, {A, B, | p € P} reduces into
both I and J.

Now by Theorem 5.3.1, every element g € I is contained in a finite prefactorized subnormal
subgroup S of G. By Theorem 2.3.7, the Sylow basis {A,B, | p € P} also reduces into S.
Therefore by Lemma 1.2.3 (c), the Sylow basis {A4,B,N S | p € P} reduces into SN I and
SNdJ. Since SN I and SN J are Finjectors of S and the Finjectors of S are pronormal in S
by [DH92, VIII, Proposition 2.14], it follows from [DH92, I, Theorem 6.6] that /NS = JNS.
Therefore g € J and consequently I = J, as required. O

Now the main theorem of this section can be proved. It shows that, in order to determine
whether an Finjector or the Fradical of an F'C-group which is the product of two locally
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nilpotent subgroups is factorized, it suffices to consider Finjectors or the Fradical of its
finite prefactorized subgroups.

5.3.8 Theorem. Suppose that the periodic F'C-group is the product of two locally nilpo-
tent subgroups A and B and let F be a Fitting set of G. Then the following statements are
equivalent:

(a) For every prefactorized subgroup S of G, there exists a unique F-injector which is a
prefactorized (factorized) subgroup of S.

(b) For every prefactorized subgroup S of G, there exists an F-injector which is a pre-
factorized (factorized) subgroup of S.

(¢) For every prefactorized subgroup S of G, the F-radical of S is a prefactorized (factor-
ized) subgroup of S.

(d) For every finite prefactorized subgroup S of G, there exists a unique F-injector which
is a prefactorized (factorized) subgroup of S.

(e) For every finite prefactorized subgroup S of G, there exists an F-injector which is a
prefactorized (factorized) subgroup of S.

(f) For every finite prefactorized subgroup S of G, the F-radical of S is a prefactorized
(factorized) subgroup of S.

Proof. The implications (a) = (b), (a) = (d), (b) = (e), (c) = (f) and (d) = (e) are
trivial. Moreover, (b) = (c) and (e) = (f) are a direct consequence of Theorem 5.3.4.

(f) = (d). Let S be a finite prefactorized subgroup of G. Since the Fradical of every
factorized subgroup of S is prefactorized (factorized), S has a unique prefactorized (factorized)
Finjector by [AH94, Theorem C*].

Thus it remains to show that (d) implies (a). Since G has at most one prefactorized
F-injector by Proposition 5.3.7, we only have to prove the existence of a prefactorized (fac-
torized) F-injector.

Let I be an Finjector of G into which the Sylow basis {A,B, | p € P} reduces and let
g € I. By Theorem 5.3.1, there exists a finite prefactorized subnormal subgroup S of G
which contains g. Since S is prefactorized, the Sylow basis {A,B, | p € P} reduces into S.
Therefore by Lemma 1.2.3 (c), the Sylow basis {A,B, | p € P} of G also reduces into the
intersection S N I. Since S satisfies the hypothesis of [AH94, Theorem C*|, SN I is a pre-
factorized Finjector of S. Therefore g € (SNINA)(SNINB) C (INA)(INB). This shows
that I is the unique prefactorized Finjector of G.

Now suppose that S is factorized for every finite prefactorized subgroup of G. Then G~
is factorized by Lemma 5.3.6. Therefore we have AN B < Gz < I and so I is factorized. O

For Fitting classes of periodic F'C-groups, we thus obtain:

5.3.9 Corollary. Let X be a subgroup-closed class of periodic FC-groups and § an X-
Fitting class. If the X-group G is the product of two locally nilpotent subgroups A and B, then
the following statements are equivalent:

(a) For every prefactorized subgroup S of G, there exists a unique F-injector which is a
prefactorized (factorized) subgroup of S.
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(b) For every prefactorized subgroup S of G, the §-radical of S is a prefactorized (factor-
ized) subgroup of S.

(¢c) For every finite prefactorized subgroup S of G, there exists an §-injector which is a
prefactorized (factorized) subgroup of S.

(d) For every finite prefactorized subgroup S of G, the §-radical of S is a prefactorized
(factorized) subgroup of S.

The following is a simple criterion for a prefactorized §-radical and an F-injector of a
periodic F'C-group to be factorized.

5.3.10 Proposition. Let § be a Fitting class of periodic locally soluble FC-groups of
characteristic m and suppose that the periodic F'C-group G is the product of two locally nilpo-
tent subgroups A and B. Then AN BN Gz = A, N B,. Thus if Gz is prefactorized, then
Gy is factorized if and only if AN B is a m-group. Moreover, a prefactorized §-injector is
factorized if and only if AN B is a w-group

Proof. Tt follows from Proposition 5.3.3 that (ANB)gz = ANBNGy. Since Gz is a m-group
by [Dix88, Lemma 2.2] and by Theorem 2.4.5 (e), the intersection A N B is contained in the
Hirsch-Plotkin radical of G, we have AN BN Gz = A, N B,. The statement about §-injectors
follow from the fact that G5 is contained in every §-injector of G' by Lemma 1.6.2. O

Although we are mainly concerned with locally finite groups, it is also possible to deduce
from the above theorems some results about Fitting sets F of F'C-groups which are not
necessarily periodic. For example, it is clear that Theorem 5.3.8 holds for non-periodic F'C-
groups if we assume that F consists of periodic subgroups of G only and that the torsion
subgroup of G is factorized. For the prefactorized case, it obviously suffices to assume that
the torsion subgroup of G is prefactorized. Trivial examples show that the torsion subgroup
of an F'C-group need not be prefactorized.

For Fitting classes of F'C-groups containing infinite cyclic groups, a different result is
possible. To prove this, we need the following lemma, which might also be of independent
interest.

5.3.11 Lemma. Let G be a group such that G/Z(G) is periodic (locally finite) and let
G be the product of two subgroups A and B. Then there exists a prefactorized torsion-free
subgroup M of Z(G) such that G/M is periodic (locally finite).

Proof. By Zorn’s lemma, there exists a maximal torsion-free subgroup N of Z(G). Then
G/N is periodic. Let M = (AN N)(BNN), then also M < Z(G) is a normal subgroup of G.
Let g € Z(G), then there exist a € A and b € B such that g = ab. Since A/AN N and
B/BN N are periodic, there exists an integer n such that " € AN N and b” € BN N. Since
g € Z(G), we have ¢g" = a"b" € M and so Z(G)/M is a periodic abelian group, hence is
locally finite. Therefore also G/M is periodic, and if G/Z(G) is locally finite, then also G/M
is locally finite. O

We state the result about Fitting classes of F'C-groups containing an infinite cyclic sub-
group in a slightly more general form.
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5.3.12 Theorem. Let the FC-group G be the product of two locally nilpotent subgroups
A and B. If F is a Fitting set of G which contains every torsion-free subgroup of Z(G), then
the following statements are equivalent:

(a) For every prefactorized subgroup S of G, there exists a unique F-injector which is a
prefactorized (factorized) subgroup of S.

(b) For every prefactorized subgroup S of G, the F-radical of S is a prefactorized (factor-
ized) subgroup of S.

(¢) For every central-by-finite prefactorized subgroup S of G, there exists an F-injector
which is a prefactorized (factorized) subgroup of S.

(d) For every central-by-finite prefactorized subgroup S of G, the F-radical of S is a pre-
factorized (factorized) subgroup of S.

Proof. By Lemma 5.3.11, G possesses a torsion-free central prefactorized subgroup M
such that G/M is periodic, and since F contains every torsion-free subgroup of G, we have
M € F. Now let

Fom ={U/M | M <U <G,U € §},

then it is easy to verify that F ) is a Fitting set of G /M. 1f S is a prefactorized subgroup S
of G containing M, then Sz/M is the F/y-radical of G/M, and the subgroup I/M is an
Feyu-injector of G/M if and only if I is an an Finjector of Gi; see e.g. [Ens90, Proposition 8.1].
Therefore Theorem 5.3.8 may be applied to the factor group G/M with the Fitting set F, M
and so the desired result follows from Proposition 1.1.3 (h). O

For Fitting classes, this may be formulated as follows.

5.3.13 Corollary. Let the FC-group G be the product of two locally nilpotent subgroups
A and B. If § is a Fitting class of locally soluble FC-groups which contains an infinite cyclic
group, then the following statements are equivalent:

(a) For every prefactorized subgroup S of G, there exists a unique F-injector which is a
factorized subgroup of S.

(b) For every prefactorized subgroup S of G, the F-radical of S is a factorized subgroup
of S.

(¢) For every central-by-finite prefactorized subgroup S of G, there exists an F-injector
which is a prefactorized subgroup of S.

(d) For every central-by-finite prefactorized subgroup S of G, the F-radical of S is a pre-
factorized subgroup of S.

Proof. Let F be the Fitting set consisting of all §-subgroups of G. Since § contains an
infinite cyclic group, F clearly contains all torsion-free subgroups of Z(G). Assume now that G
satisfies one of the above statements, then by the prefactorized case of Theorem 5.3.12, every
prefactorized subgroup S of G has a unique prefactorized §-injector, and S is prefactorized.
Thus it remains to prove that the latter subgroups are factorized. Since § contains an infinite
cyclic group, by [Dix88, Lemma 2.2], it contains every locally nilpotent F'C-group. Moreover,
by Theorem 2.4.8, the Hirsch-Plotkin radical of the prefactorized subgroup .S of G is factorized
in S, and so ANBNS < R(S) < Sz. Since Sg is contained in every §-injector of S, also
every prefactorized §-injector of G is factorized. O
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5.4. Injectors and radicals of C'C-groups

We will now generalize some of the results about injectors and radicals of F'C-groups which
are the product of two locally nilpotent subgroups to CC-groups. Note that if § is a Fitting
class of CC-groups, then by [Dix88], every locally soluble C'C-group has F-injectors.

The following elementary observation is the key to transfer our results about FC-groups
to C'C-groups.

5.4.1 Lemma. Suppose that the periodic CC-group is the product of two locally nilpotent
subgroups A and B. Then every finite subset of G is contained in a subnormal factorized
subgroup of G which s locally nilpotent-by-finite.

Proof. Let {x,...,z,} be a finite subset of G. If R denotes the Hirsch-Plotkin radical
of G, then G/R is an FC-group by Lemma 2.4.7. Therefore by Theorem 5.3.1, HR/R is
contained in a finite prefactorized subnormal subgroup K/R of G/R. Since R is factorized
by Theorem 2.4.5 (e), also H is a factorized subgroup of G by Proposition 1.1.3. O

For our results about Fradicals of C'C-groups, we need a result similar to Proposi-
tion 5.3.2.

5.4.2 Proposition. Let G be a periodic CC-group which is the product of two locally
nilpotent subgroups A and B. If N is a normal subgroup of G and X = ANN BN, then every
finite subset of X is contained in a (locally nilpotent)-by-finite subgroup of X which is serial
n G.

Proof. Let {x4,...,x,} be a finite subset of X and S a locally nilpotent-by-finite subnor-
mal factorized subgroup of G containing {z{,...,z,}. Then also X NS is factorized. Now
let R/N = R(G/N), then (X N S)N/N < R/N because R is factorized by Theorem 2.4.5.
Therefore X NS is a subgroup of RN S, hence is locally nilpotent. This shows that X N S is
a serial subgroup of RN .S. Now RN S is a normal subgroup of the subgroup .S, which is in
turn subnormal in G. Hence X N S is the required serial subgroup of G. O

The next Proposition 5.4.3 is now a direct consequence of Lemma 1.6.3.

5.4.3 Proposition. Suppose that the periodic CC-group is the product of two locally
nilpotent subgroups A and B. Let N be a normal subgroup of G and X = AN N BN. If
F is a Fitting set of G and I is an F-injector of G, then X N1 is an F-injector of X and
Xr=XNGg.

We are now able to prove the equivalent of Proposition 5.3.10.

5.4.4 Theorem. Suppose that the periodic CC-group G is the product of two locally nilpo-
tent subgroups A and B. Let F be a Fitting set of G and suppose that G has a prefactorized
(factorized) F-injector I. Then Gr is prefactorized (factorized).

Proof. Let X = AGr N BGy, then Xz = X NGr = G and I N X is a prefactorized
(factorized) injector of X. Therefore it suffices to consider the case when G = AGr = BG .
But then G/G £ is locally nilpotent, and hence I is serial in G. It follows that I < Gz and
I = G# which is prefactorized (factorized), as required. O
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In view of Lemma 5.4.1, it is natural to study (locally nilpotent)-by-finite products of two
locally nilpotent subgroups. Note that by [Dix88, Lemma 2.2], the condition that G must
contain the Hirsch-Plotkin radical of A_B,_ in the next proposition is automatically satisfied
if F is the set of all §-subgroups of G, where § is a Fitting class of CC-groups. We have not
been able to provide a version which avoids this condition.

5.4.5 Proposition. Suppose that the periodic (locally nilpotent)-by-finite group G is the
product of two locally nilpotent subgroups and let F be a Fitting set of G and let ™ be a set
of primes such that every F-subgroup of G is a w-group. If G contains the Hirsch-Plotkin
radical of A, B, and Sr is a prefactorized (factorized) subgroup of S for every prefactorized
subgroup S of G, then G has a prefactorized (factorized) F-injector I. Moreover, I is the
unique prefactorized F-injector of G.

Proof. By Lemma 1.6.3 and Lemma 5.4.1, N = G £ is the union of the subgroups S,
where S is a prefactorized (locally nilpotent)-by-finite subnormal subgroups of G. Therefore
by Proposition 1.1.3 (d), N is prefactorized if the Sz are prefactorized. Since A N B is the
union of the subgroups AN B NS, it follows that G'r is factorized if the S are factorized.
In this case, by Lemma 1.6.2, also every F-injector of G contains A N B. Hence it suffices to
show that I prefactorized.

Let I be an Finjector of G into which the Sylow basis {A4,B, | p € 7} of A B, reduces.
Then the m-subgroup I is contained in A, B, and so by [Ens90, Satz 7.2], I is also an F-
injector of A, B,. Now assume that .J is a prefactorized Finjector of G, then {A,B, | p € P}
reduces into J, and since J is a m-group, it follows that J < A_B_. Therefore we may assume
without loss of generality that G = A_B_. Let R denote the Hirsch-Plotkin radical of G, then
by hypothesis, R is contained in N. Now by[Ens90, Lemma 8.1], the set

is a Fitting set of G/, and I/N and J/N are F /y-injectors of G/N. Let S be a prefactorized
subgroup of G containing N, then Sz/N is the F y-radical of S/N and SN and SN J are
Finjectors of S. Therefore G/N, together with its Fitting set F; /N satisfies the hypothesis
of Theorem 5.3.8 (e), whence I/N = J/N is the unique prefactorized F y-injector of G/N.
Since N is prefactorized, it follows that I itself is prefactorized and I = J, as required. O

As in the case of FC-groups, we state first the result about Fitting classes of C'C-groups
containing an infinite cyclic subgroup in a slightly more general form.

5.4.6 Theorem. Let the CC-group G be the product of two locally nilpotent subgroups A
and B and suppose that F is a Fitting set of G. If G contains the Hirsch-Plotkin radical
of G, then the following statements are equivalent:

(a) For every prefactorized subgroup S of G, there exists a unique F-injector which is a
factorized subgroup of S.

(b) For every prefactorized subgroup S of G, the F-radical of S is a factorized subgroup
of S.

(c) For every (locally nilpotent)-by-finite prefactorized subgroup S of G, there exists an
F-injector which is a prefactorized (factorized) subgroup of S.

(d) For every (locally nilpotent)-by-finite prefactorized subgroup S of G, the F-radical of S
is a prefactorized (factorized) subgroup of S.
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Proof. Let R = R(G) and put
For={U/R|R<U<G,U€eF}

then Fg p is a Fitting set of G/R. Let S be a prefactorized subgroup S of G containing R,
then Sy/R is the F p-radical of G/R, and the subgroup I/R is an F; p-injector of G/R
if and only if I is an an Finjector of G; see e.g. [Ens90, Proposition 8.1]. In view of Propo-
sition 1.1.3 (h), the result now follows by applying Theorem 5.3.8 to the Fitting set Fa/r
of G/R. O

Note that, as in Corollary 5.3.13, the radicals and injectors in the following theorem are
factorized if the Fitting class contains an infinite cyclic group.

5.4.7 Theorem. Let the CC-group G be the product of two locally nilpotent subgroups A
and B and suppose that § is a Fitting class of CC-groups. If G is periodic or § contains an
infinite cyclic group, then the following statements are equivalent:

(a) For every prefactorized subgroup S of G, there exists a unique F-injector which is a
prefactorized (factorized) subgroup of S.

(b) For every prefactorized subgroup S of G, there exists an §-injector which is a pre-
factorized (factorized) subgroup of S.

(¢c) For every prefactorized subgroup S of G, the §-radical of S is a prefactorized (factor-
ized) subgroup of S.

(d) For every central-by-finite prefactorized subgroup S of G, there exists an §-injector
which is a prefactorized (factorized) subgroup of S.

(e) For every central-by-finite prefactorized subgroup S of G, the F-radical of S is a pre-
factorized (factorized) subgroup of S.

Proof. Suppose first that § contains an infinite cyclic group. Then by [Dix88, Lemma 2.2],
§ contains the Hirsch-Plotkin radical of G. Therefore the Fitting set F consisting of all §-
subgroups of G satisfies the hypotheses of Theorem 5.4.6, and by that theorem, the above
statements are equivalent.

Otherwise G is periodic. Let 7 denote the characteristic of §, then by [Dix88, Lemma 2.2],
every §-group is a m-group, where 7 is the characteristic of §, and every C'C-group which
is a locally nilpotent m-group is contained in §. Now consider the Sylow m-subgroup A, B,
of G. Then the Hirsch-Plotkin radical of A, B, is contained in the §-radical of A B, and so it
satisfies the hypotheses of Theorem 5.4.6. Thus if G satisfies (d) or (e), then Proposition 2.1.9
shows that also A_B,_ satisfies (d) or (e). Therefore every prefactorized subgroup of A B,
has a factorized F-injector, and in view of [Ens90, Satz 7.2], the fact that every F-subgroup
is a m-group and Theorem 2.3.7, these §-injectors are the F-injectors of the prefactorized
subgroups of G. So by Theorem 5.4.4, also the §-radical of every prefactorized subgroup is
prefactorized. O

Remark. The proof periodic case of Theorem 5.4.7 can also be formulated for Fitting
sets F of G. In this case, the following additional assumptions have to be made: (1) G is
periodic; (2) 7w is a set of primes such that every F-subgroup of G is a m-group; (3) the
Hirsch-Plotkin radical of the Sylow m-subgroup A_B_ of G is contained in F.



Chapter 6

Miscellaneous results

6.1. The class of all subgroups of products
of two finite nilpotent groups

In this section, we will study groups which can occur as subgroups of a product of two
nilpotent subgroups. First, we collect some properties of a product of two nilpotent groups.

6.1.1 Lemma. Suppose that the periodic radical group G is the product of two nilpotent
subgroups A and B. Then {A,B,|p € P} is a Sylow basis of G and A,B,/0,(G) is a
nilpotent p'-group of class ¢ + d, where ¢ and d are the nilpotency classes of Ay and B,

Proof. By [FGS94, Proposition 2.6] and Lemma 1.2.2, {A,B, | p € P} is a Sylow basis
of G. Moreover, [FGS94, Lemmas 2.1 and 2.7], we have [A,, B,| < O,/(G). Therefore the
group A, B, /O,,(G) is the product of its normal nilpotent subgroups 4,,0,,(G)/0,,(G) and
B, 0,(G)/0,(G) of classes c and d, respectively. Thus by Fitting’s theorem (see e.g. [Rob82,
Theorem 5.2.8]), A, B, /O,/(G) is nilpotent of class at most ¢ + d. O

Conversely, groups satisfying the properties obtained in Lemma 6.1.1 can often be embed-
ded in a product of two nilpotent subgroups.

6.1.2 Proposition. Suppose that the group G possesses a Sylow basis {Gp | p € P} and
Jor every set of primes 7, let G, = <G, | p € m>. Then:

(a) If m(G) is finite and G, /O, (G) is nilpotent (locally nilpotent) for every prime p, then
G can be embedded into a periodic product H of two nilpotent (locally nilpotent) groups which
satisfies |m(H)| < oo.

(b) If there exist integers ¢ and d such that for every prime p, the group G, s nilpotent
of class at most ¢ and the factor group Gp,/Op,G) is nilpotent of class at most d, then G can
be embedded into a product H of two nilpotent groups of classes at most ¢ and d, respectively.
If G has finite exponent n, then H can be chosen to have exponent n.

Proof. Form the cartesian product
H=]]6/0,(G),
peP

then clearly the map o : g — (9O, (G)),ep is @ monomorphism from G to H. Now put

A=]]G,0,(@)/0,(G) and  B=][G,/0,(G),

pelP peP
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then we have H = AB since it follows from Lemma 1.2.2 that
G/Op,(G) = (GpOp,(G)/Op/(G))(Gp//Op,(G))

for every prime p.

If 7(G) is finite, then the above cartesian products are in fact finite direct products, and
so A and B are nilpotent (locally nilpotent) and 7 (H) is finite. If G is finite, then also H, A
and B are finite. This proves (a).

Now suppose that for every prime p, the groups G, and G, /O,, (G) have nilpotency classes
at most ¢ and d, respectively. Then also their cartesian products A and B have nilpotency
classes ¢ and d, respectively. Moreover, if G has finite exponent n, then also the cartesian
product H has exponent dividing n. Since the homomorphism « is a monomorphism, H has
exponent n. |

Thus from Lemma 6.1.1 and Proposition 6.1.2 (a), we obtain:

6.1.3 Corollary. Let G be a periodic radical group such that w(G) is finite Then G can
be embedded into a group which is the product H of two nilpotent subgroups if and only if
G possesses a Sylow basis {G,, | p € P} such that G, /O,,(G) is nilpotent for every prime p,
where G, = <G, | ¢ € P,q # p>. Moreover, in this case, H may be chosen such that H is
periodic and w(H) is finite.

A similar argument also allows to characterize the class of all finite groups which can be
embedded into a product of two finite nilpotent subgroups. In the next lemma, we investigate
this class of groups further. Note also that every finite group G satisfying one of the statements
of the following lemma possesses Hall m-subgroups for every set 7 of primes, hence is soluble
by a well-known theorem of Hall.

6.1.4 Lemma. Let G be a finite group. Then the following statements about G are equiv-
alent.

(a) G/O,(G) has a nilpotent Hall m-subgroup for all sets m of primes.

(b) G/O; (G) has a nilpotent Hall w-subgroup for all sets w of primes.

(c) G/Oy(G) has a nilpotent Hall p'-subgroup for all primes p.

(d) G/O, ,(G) has a nilpotent Hall p'-subgroup for all primes p.

(e) G/O{pvq}(G) has a nilpotent Hall {p, q}-subgroup for all primes p, q.

Proof. Clearly, (a) implies (c) and (e); moreover, (d) follows from (b). If G/O,.(G) has a
nilpotent Hall 7-subgroup, the same is clearly true for G/O, ./(G). Therefore (a) implies (b)
and (d) is a consequence of (¢). Thus it remains to show that (a) follows from both (d) and
(e).

Suppose first that G satisfies (d) and let m be a set of primes. Moreover, for every prime p,
let H, /O, ,(G) be a nilpotent Hall p’-subgroup of G. Then by the Schur-Zassenhaus the-
orem, O, (G)/O,/(G) has a complement L, /O, (G) in H,/O,(G). Clearly, L, is a Hall
p'-subgroup of G and L,,/O,,(G) is nilpotent. Now L = ﬂpETr’ L, is a Hall m-subgroup of G
and L/O,(G) = L/L N(\,enr Op(G) which is nilpotent. Therefore G satisfies (a).

Finally, assume that the finite group G satisfies (e). As a first step, we prove that G is
a soluble group. Since condition (e) is inherited by factor groups of G, by induction on the
group order of G, we may assume that G possesses a unique minimal normal subgroup K such
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that G/K is soluble. Since O{pyq}(G) is soluble by Burnside’s p-g-theorem, we may assume
that O{p’q}(G) = 1 for all primes p, g. Therefore G has a nilpotent Hall {p, q}-subgroup G
for all primes p and ¢. Fix a prime p dividing |G| and let P be a Sylow p-subgroup of G. If
q is a prime distinct from p and G, and G are the unique Sylow p- and Sylow g-subgroup
of G{pyq}, then P = G for a suitable element g € G. So the Sylow g-subgroup G; = GJ of G
centralizes P. Therefore also the subgroup C' = <Gy | ¢ € P, q # p> centralizes G, and so P
is a normal subgroup of <P,C> = G. But then K < P is soluble, hence G is soluble. This
proves that every finite group G satisfying (e) is soluble.

Thus if 7 is an arbitrary set of primes, and G is a group satisfying (e), then G possesses
a Hall m-subgroup H, and since for every p € 7, a Sylow p-subgroup H,, of H is a Sylow
p-subgroup of G , we have [H,, H ] < Oy, 1(G) < O,(G) for all primes p, g € 7. This shows
that H/O,(G) is nilpotent. Therefore G satisfies (a). O

Let X be a class of periodic groups and § a local X-formation of characteristic 7. A
preformation function f for § is called full if &,f(p) = f(p) for every prime p € 7. It is called
integrated if f(p) C § for every p € m. Note that by [DH92, IV, Theorem 3.7], every local
formation of finite groups has a unique formation function which is both full and integrated.

6.1.5 Theorem. Let § denote the class of all finite groups such that G/O,.(G) has a
nilpotent Hall m-subgroup for every set m of primes. Moreover, let ) be the class of all groups
which are the product of two finite nilpotent subgroups. Then the class § has the following
properties:

(a) § is a class of finite soluble groups; hence if G € §, then every Hall m-subgroup
of G/O,(G) is nilpotent.

(b) For every prime p, let f(p) be the class of all finite soluble groups having a nilpotent
Hall p'-subgroup. Then f(p) is closed with respect to subgroups, factor groups and products of
finitely many normal subgroups. In particular, f(p) is a formation of finite soluble groups.

(¢) § is the local formation of finite soluble groups defined by the formation function f.
Moreover, f is a (the unique) full and integrated local function for §.

(d) § is a subgroup-closed Fitting class of finite soluble groups.
(e) § =59, i.e. § is the class of all subgroups of products of two finite nilpotent subgroups.

(f) § is the smallest Schunck class of finite soluble groups which contains all products of
two finite nilpotent subgroups.

(g) § is the smallest subgroup-closed Fitting class of finite soluble groups which contains
all products of two finite nilpotent groups.

(h) § is the smallest formation of finite soluble groups which contains §.

Proof. (a) If H/O,(G) is a Hall m-subgroup of G/O,(G), then H is a Hall m-subgroup
of G. Therefore every G € § possesses Hall subgroups for every set 7 of primes, and so every
§-group is soluble. In particular, the Hall w-subgroups of G/O,(G) are conjugate, hence
isomorphic.

(b) Let p be a prime. Then it is straightforward to check that f(p) is closed with respect
to factor groups and subgroups. Now suppose that the finite soluble group G has normal
subgroups Ny and Ny € f(p) such that G = Ny N, and let G, and G, be a Sylow p-subgroup
and a Hall p’-subgroup of G. Since G, and G}, reduce into every normal subgroup of G, we
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have Ny = (G, N N;)(G,y N Ny) and Ny = (G, N Ny)(G,y N Ny); in particular G, N Ny and
G, N Ny are Hall p/-subgroups of Ny and N,, respectively. Therefore by order reasons G, is
the product of its normal nilpotent subgroups G,, M N; and G, N N,. It follows from Fitting’s
theorem that G, is nilpotent. Consequently, f (p) is closed with respect to products of finitely
many normal subgroups. Since f(p) is in particular closed with respect to subgroups of finite
direct products, it is residually closed with respect to the class of all finite soluble groups.

(c) If G/O,(G) € f(p), then G € f(p) by the Schur-Zassenhaus theorem. so that f is a
full formation function. Now let & be the saturated formation defined by f, then

6 =()6,6,/() =) &, /()

peP peP

and so @ is the class of all groups G such that G/O,,(G) has a nilpotent Hall p’-subgroup for
every prime p. Therefore = § by Lemma 6.1.4. Since every group in f(p) is the product two
nilpotent subgroups, namely of a Sylow p-subgroup and a Hall p’-subgroup, we have f(p) C §
by Lemma 6.1.1 and so f is integrated.

(d) By [DH92, 1V, Proposition 3.14], § is closed with respect to subgroups and products
of finitely many normal subgroups. Therefore by [DH92, II, Proposition 2.11], § is a Fitting
class of finite groups.

(e) Suppose that the group G is the product of two nilpotent subgroups A and B. Then
by Lemma 6.1.1 and Lemma 6.1.4, for every set of primes m, the group G/O,(G) has a
nilpotent Hall m-subgroup. Therefore ) is contained in §, and since § is closed with respect
to subgroups, we also have s9) C §.

Conversely, if G € §, then by Proposition 6.1.2, G can be embedded in a product of two
finite nilpotent groups, and so § C 59).

(f) Let $ be the intersection of all Schunck classes of finite soluble groups containing ).
Then $ C §F because every local formation of finite soluble groups is a Schunck class by
[DH92, IV, Theorem 3.3] and [DH92, III, Proposition 4.1]. Conversely, in order to show that
§ is contained in 9, it suffices to show that every primitive §-group G belongs to §). Since G is
soluble, G has a unique minimal normal subgroup N which is an elementary abelian p-group
for some prime p and O, (G) = 1; see [DH92, A, Theorem 15.6]. But then the §-group G has
a nilpotent Hall p’-group and so G is the product of a Sylow p-subgroup and a nilpotent Hall
p’-subgroup. Thus G € 9 C 6.

(g) Since § is evidently the smallest subgroup-closed class containing all products of two
finite nilpotent groups, this follows at once from (d).

(h) Since 9 is closed with respect to finite direct products, we have RYNS* C spYPYNGS* C
S(DFNG*) = F; see [DHI2, II, Lemma 1.18]. On the other hand, if G' € §, then G/O0,,(G) is
the product of a Sylow p- and a nilpotent Hall p’-subgroup. Since mpEP 0, (G) = 1, it follows
that G € RY N G* and so § = RY N G*. Now let & be an G*-formation containing ), then
§ = RY N G* is contained in RG N G* = &. Since § is in particular a formation, this shows
that § is the unique smallest formation which contains 9). O

Recall that a class § is saturated if G € § whenever G/N € § for some normal subgroup N
of G which is contained in the Frattini subgroup of G. In particular, every Schunck class, and
thus every local formation is saturated; see [DH92, III, Lemma 2.10].
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It seems to be an open question whether § is the smallest Fitting class (the smallest
S,-closed class, the smallest Ny-closed class, the smallest saturated class) containing every
product of two finite nilpotent subgroups.

The following example shows that the class of all products of two finite nilpotent subgroups
is not closed with respect to subnormal subgroups, and in particular that a subgroup of a
product of two finite nilpotent groups need not be a product of two nilpotent groups.

6.1.6 Example. Let p and r be distinct primes. Then by Dirichlet’s remainder theorem,
for every choice of p and r, there are infinitely many primes ¢ and s such that p divides ¢ — 1
and pr divides s — 1. In particular, ¢ and s may be chosen such that p, ¢, r and s are distinct.
(For instance, take p=2,r=3,¢=5and r=7.)

Now let C,, = <z,> x <z,> be a direct product of a cyclic group <z,> of order ¢
and a cyclic group <z,> of order 7. Let n be a primitive p-th root modulo ¢ and let x,, be
the automorphism of C, defined by Ty = zy and z" = x,. Let L = Cy X <x,>, then
L' = <x,> is cyclic of order ¢ and L = L' x <z,z,>. Moreover, F'(L) = C,, and so by
[DH92, B, Corollary 10.7], L has a faithful irreducible GF(p)-module N of order p™, say. (If
p=2,7=3and q =5, then N has order 2%). Form the semidirect product H = L x N.
Furthermore, let y,, be an automorphism of order pr of a cyclic group <y,> of order s and
put K = <y,,.> x <y,>. Form the direct product G = H x K, then clearly, G is the product
of its nilpotent subgroups H, x K and H, x K.

The structure of the group G in Example 6.1.6

Now let M = <N, x,,x, - ¥, - Y,., Y5> which is a normal subgroup of G with |G : M| = pr.
We show that M is not the product of two nilpotent subgroups.
Assume that M = AB with A, B nilpotent. Since G = M H = MK, the factor groups

MH/H = K and MK/K = H are primitive. Then by [Gro73, Theorem 1], without loss
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of generality AK/K is a Sylow p-subgroup of G/K. Since the order of a Sylow p-subgroup
of G/K equals that of M, the p-component A, of A is a Sylow p-subgroup of M. Since A is
nilpotent, the Sylow r-subgroup A, of A centralizes N < M, < A, hence A, K /K is contained
in Cq g (NK/K). Since Cg ) (NK/K) = NK/K by [DH92, A, Theorem 15.6] and NK/K
is a p-group, it follows that A. < K N M, which is an s-group. Consequently A, = 1. If ¢
divides the order of A, then A is a Sylow g-subgroup of M, hence G /N K = L has a nilpotent
Hall {p, ¢}-subgroup, a contradiction. This shows that A, = 1. Similarly, if we had A, # 1,
then G/H would have a nilpotent Hall {p, s}-subgroup. This contradiction shows that A, =1
and A is a Sylow p-subgroup of M. Thus B must contain a Hall p’-subgroup of M. But then
G/K and G/H would have to have nilpotent Hall p’-subgroups. Since this is not the case, M
is not the product of two nilpotent subgroups.

6.2. Products of more than two
finite nilpotent groups

While the main results in Section 1.1 hold for arbitrary products of groups, most theorems
about prefactorized subgroups products of two nilpotent groups and products of locally nilpo-
tent groups do not hold for products of more than two subgroups. The only exception known
to the author is the existence of prefactorized Sylow bases in such products; see [Wiebl,
Satz 1]. The next proposition shows that even in the finite case, the main results of Chap-
ter 2 cannot be extended to products of more than two locally nilpotent subgroups.

6.2.1 Proposition. There is a finite group which is the product of three pairwise per-
mutable nilpotent subgroups A, B and C such that F(G) # (ANF(GQ))(BNF(G))(CNF(G)).
In addition, G may be chosen such that

(a) |G| = p*q® for given distinct primes p and q and suitable integers o and (3.
b) A=G"=O0,(G) and BC is a Sylow p-subgroup of G.

c) A<F(G) and BNF(G)=CNF(G)=1

d) The subgroups O,(G), F(G), Oy ,(G) of G are not prefactorized.

e) If B9 #+ B, then BY does not permute with C. In particular, there exists a g € G such
that C' does not permute with BY.

(
(
(
(

Proof. Let p and ¢ be distinct primes and let H be the product of a normal g-group A
with a cyclic group B = <b> of order p such that B does not centralize A (for example, let
H be the regular wreath product of a group of order ¢ with a group of order p). Now let
G = H x <r>, where <x> is a cyclic group of order p. Let C' = <bz>, then A = O,(G)
and BC' is a Sylow p-subgroup of G. This shows that AB, AC and BC are subgroups of G
and G = ABC. Now BNO,(G) =CNO,(G) =1 and so O,(G) = <z> is not prefactorized.
Also, F(G) = Ax <z>and BNF(G) =CNF(G) =1 Wthh shows that FI(G) = O, ,(G)
is not prefactorized.

We show that the conjugates of B do not permute with C: Let g € G with BIC = CBY.
Then BYIC is a Sylow p-subgroup of G and so <x> = O,(G) is contained in BIC. Since

P
bx € C, the subgroup BY9C contains b. Since H < G, we have B9 < H and so BICNH = BY
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is a Sylow p-subgroups of H containing b and b9. Since BY is a cyclic p-group, we have
BY = <b9> = <b> = B and so g € Ng(B). This shows that BIC is a group if and only if
B = B9. O

Let G be the product of three pairwise permutable finite nilpotent subgroups. The fol-
lowing proposition shows that in general, no term of the upper Fitting series of G except 1
and G is prefactorized.

6.2.2 Proposition. For every integer k > 2, there is a finite group of Fitting length k
which is the product of three pairwise permutable nilpotent subgroups A, B and C, such that
for everyn with1 <n<k—1, F,(G) # (ANF,(G))(BNF,(G))(CNEF,QG)). The example
may be chosen such that

(a) For any two prescribed primes p and q, G is a {p,q}-group.
(b) The subgroups ANF,(G), BNF,(G) and CN F,(G) are mutually permutable.

Proof. Let p and ¢ be distinct primes and suppose that Z, and Z, are groups of order
p and g respectively. Further, set Hy = 1 and H; = Z, and for every integer n > 2, let
H,=(H, ,"UZ,)"UZ, Then each H, has Fitting length n and H,, = Z, x OP(H,,). Now

let G, = Z, x H,, then G,, can be identified with the group
{(x,y,2) |2,y € Z,, € OP(H,,)}

with (zq,91,21)(Tg,Ys, 29) = (T129,Y1Ys, 21°25) as the rule of multiplication. Now let A,
and B, be a Sylow p- and a Sylow g-subgroup of H, = {(1,y,2) |y € Z,, 2 € OP(H,,)}
respectively and C,, = {(z,x,1) | x € Z,}. Then A, B, = H,, A, C,, is a Sylow p-subgroup
of G, and it is straightforward to check that also B,C, = {(z,7,2)|r € Z,, 2 € B,} is a
subgroup of G,,. Therefore G,, = A, B, ,C,, is the product of the pairwise permutable subgroups
A, B, and C,. Now let K,, = F,,_,(G,) = Z, x OP(H,,), then A, N K,, and B, = B, N K,
are a Sylow p- and a Sylow g-subgroup of OP(H,,) respectively and C, N K, = 1. Therefore
the (pairwise permutable) subgroups 4, N K,,, B, N K,, and C,, N K,, do not generate K,,.
Therefore K, is not prefactorized.

Now let G = Xf:g G,, then G is the product of its pairwise permutable subgroups A =
XF oA, B=X B and C =XF ,C,. 1t 1 <n<k—1, then F,(G) = X", F (G,). Let ¢
be the canonical projection of G onto G,, ;. Then A® = A, B® =B, ; and C? =C, ;.
Moreover, F,(G)? = F,(G,,,1) = K, 1. So if F,,(G) were prefactorized, then K, ,; would be

a prefactorized subgroup of G, = A,,,1B,,1C, 1, a contradiction. O

Let the finite group G be the product of two subgroups A and B. If A; and B, are normal
subgroups of A and B, then by a result of Wielandt [Wie58, Hilfssatz 7], see also [AFG92,
Lemma 1.2.5], the normalizer N (<A, By>) is factorized. However, also this important result
does not hold in finite products of more than two nilpotent subgroups.

6.2.3 Example. Let p and g be two primes with p | q — 1. Let H and K be nonabelian
groups of order pg and put G = H x K. Let A= H,x K, and B = H, x K. Then G = AB.
Let z and y be generators of H, and K respectively, then C' = <zy> permutes with A
and B. Now L = Ng(C) has index p in G but ANL = K, and BN L = H, which shows
that the group (LN A)(L N B)(LNC) = H, x H, has index p* in G. Therefore L is not
prefactorized in G = ABC.
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List of symbols

Generally, uppercase Latin letters denote groups (A, B, G, H, ...) or sets, lowercase (Latin)
letters symbolize elements of sets or groups. Uppercase Fraktur letters (§, &, 9, X, ...)
represent classes of groups, while Script (F, G, ...) is used for sets of (sub)groups. Lowercase
and uppercase Greek letters usually denote homomorphisms of groups (a, 3, ...) and sets of
automorphisms (T') or sets of primes (7, o, 7 ...).

In the following, G and H will be groups, A and B are subgroups of G and g, h € G. T’
will be a set acting on G via endomorphisms and « € I'. X and Y represent sets, while the
letters k, m, n and p denote integers and p is a prime. Moreover 7 is a set of primes. § is a
set of subgroups of G and X is a class of groups.

XCY the set X is contained in the set Y

X\Y the difference of the set X and the set YV

N the set of positive integers

Ny the set of nonnegative integers

GF(p") the finite field of order p"

(m,n) the greatest common divisor of the integers m and n

P the set of primes

7’ the set P\ 7

P the set P\ {p}

G<H G is a subgroup of the group H

G=H G is isomorphic with H

GxH the direct product of G and H

G'UH the regular wreath product of G and H

<X> the subgroup of G generated by the elements of X C G
<Zy,Ts,...>  the subgroup generated by the set {z,z,,...}

9" =h~"gh

X the set {z | x € X}

Xt the subgroup of G generated by the set {z% |z € X, a € T'}

Xr = maer X

lg, a] the commutator of g and a; [g,a] = g 1g®

[A, B] the subgroup of G generated by all [a,b] where a € A and b € B
Np(X) normalizer of the set X: Np(X) ={a el |[r,a] € X forall z € X}
Cr(X) centralizer of the set X: Cp(X) ={a €T |[z,a] =1 for all z € X}
Z(Q) centre of the group G; Z(G) = C(G)

G™ n-th derived subgroup of G defined recursively by G0 = @

and GHD =[G GM)] for n >0
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e ONelS)

Hirsch-Plotkin radical of G, the subgroup generated by the normal locally
nilpotent subgroups of G

Fitting subgroup of G, the subgroup generated by the normal nilpotent
subgroups of G

the intersection of all normal subgroups of G which have finite index in G
Frattini-subgroup of G, the intersection of all maximal subgroups of G, or
&(G) = G if no maximal subgroups exists.

the intersection of all normal subgroups N of G such that G/N is a
m-group

= 0m(0™(G))

the maximal normal 7-subgroup of G

defined by O™ (G)/O0™ (G) = O, (G/O™ (G))

a Sylow m-subgroup of the group G

the subgroup of G generated by all g € G with ¢" =1

the intersection of all normal subgroups N of G such that G/N € X

the subgroup of G generated by the subgroups S € § which are serial in G
the cardinality of the set G

the set of primes dividing the order of some element of G

the class of all periodic abelian groups

the class of all periodic nilpotent groups

the class of all periodic locally soluble groups

the class of all X-groups which are w-groups

the class of all finite X-groups

the class of all factor groups of X-groups

the class of all subgroups of X-groups

the class of all group G such that every finite subset of G is contained in
an X-subgroups of G

the class of all subnormal subgroups of X-groups

the class of all groups which are the product of their normal X-subgroups
the class of all groups which possess a set N of normal subgroups such
that yen IV =1 and G/N € X for every N e N

the class of all groups which are the direct product of X-groups
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